$ 2.35 


THE THEORY OF GROUP 

REPRESENTATIONS 

BY FRANCIS □. MURNAGHAN 



• 9 
































Dover Books on Advanced Mathematics 


Elementary Concepts of Topolo^’, Paul Alexandroff $1.00 

Maihematical Analysis of Electrical and Optical Wave-Motion, 

Harry Bateman $1.60 

A Collection of Modern Mathematical Classics, R. Bellman $2.00 

Numerical Integration of Differential Equations, Bennett, Milne & Bateman $1.35 

Almost Periodic Functions, A. Besicovitch $1.75 

Lectures on the Calculus of Variations, Oskar Bolza $165 

Non-Euclidean Geometry, Roberto Bonola $1.95 

Calculus of Finite Differences, George Boole $1.85 

The Laws of Thought, George Boole $2.00 

Introduction to Bessel Functions, Frank Bowman $1.35 

Theory of Groups of Finite Order, W. Burnside $2.45 

Theory of Probability, l\'illiam Burnside $1.00 

Theory of Equations, with an Introduction to the Theory of Binary Algebraic 

Forms, W. Burnside & A. Panton 2-vol. set $3.70 

Fourier's Series and Spherical Harmonics, D’. £. Dyerly $1.75 
Contributions to the Founding of the Theory of Transfinite Nufubers, 

Georg Cantor $125 

Introduction to the Theory of Groups of Finite Order, R. Carmichael $2.00 
Theory of Numbers and Diophantine Analysis, R. Carmichael $1.35 
Introduction to Symbolic Logic and Its Applications, R. Carnap $1.85 
Introduction to the Theory of Fourier’s Series and Integrals, H. S. Carslaw $2.00 
Elernentary’Treatise on Elliptic Functions, A. Cayley $2.00 
Textbook of Algebra, G. Chrystal 2-vol. set $4.70 
A Treatise on Algebraic Plane Curves, J. L. Coolidge $2.45 
Elements of Projective Geometry, L. Cremona $1.75 
Statistics Manual, E. Crow, F. Davis, M. Maxfield $1J5 
Elementary Statistics, With Applications in Medicine and the Biological Sciences, 

F. Croxton $1S5 

Algebraic Equations, Edgar Dehn $1.45 
Algebraic Theories, L. E. Dickson $1J0 
Algebras and Their Arithmetics, L. E. Dickson $iJS 
Linear Groups, With an Exposition of the Galois Field Theory, 

L. E. Dickson $1S5 

Introduction to the Theory of Numbers, L. E. Dickson $1.65 
The Taylor Series, an Introduction to the Theory of Functions of a 

Complex Variable, P. Dienes $2.75 
Mathematical Tables, H. B. Dwight $1.75 
Continuous Groups of Transformations, L. P. Eisenhart $1.85 


(continued on inside back caver) 























































































Copyright © 1938 by Francis D. Mumaghan. 

All rights reserved under Pan American and 
International Copyright Conventions. 


Published in the United Kingdom by Constable 
and Company Limited. 10 Orange Street, London 

W.C. 2. 



80939 


This Dover edition, first published in 1963, is an 
unabridged and corrected republication of the work 
first published by the Johns Hopkins Press in 1938. 



M 








Library of Congress Catalog Card Number: 63-21677 

Manufactured in the United States of America 

Dover Publications, Inc. 

180 Varick Street 
New York 14, N. Y. 




PREFACE 



The function of a preface is to entice readers to a perusal of the book, 
to which it is written, by explaining its object and scope. In the present 
instance this explanation may be given quite briefly. We have attempted 
to give a quite elementary and self-contained account of the theory of 
group representations with special reference to those groups (particularly 
the symmetric group and the rotation group) which have turned out to 
he of fundamental significance for quantum mechanics (especially nuclear 
physics). We have devoted particular attention to the theory of group 
integration (as developed by Schur and Weyl); to the theory of two¬ 
valued or spin representations; to the representations of the symmetric 
group and the analysis of their direct products; to the crystallographic 
groups; and to the Lorentz group and the concept of semi-vectors (as 
developed by Einstein and Mayer). We had originally planned a chapter 
devoted to actual applications of the theory to concrete problems in 
nuclear physics and had secured the cooperation of Professor J. A. 
Wheeler, whose distinguished work in this field is so well known. How¬ 


ever, considerations of space have prevented the inclusion of this chapter 
in the present volume; we hope to give an account of these applications 
in a future public^tioq^ 

The three outstahdmg names in the theory of group representations 
are Frobenius, Schur, and Weyl, Any formal dedication would be pre¬ 
sumptuous, but we hope tha^ some of,the flavor of their work may have 
been caught in the present book. ' * 


If this work possesses merit, it is due to the following circumstances. 
In the first place, we are fortunate in having as colleagues at Johns 
Hopkins, 0. Zariski, A. Wintner, J. Williamson, E, R. van Kampen, and 
0. F. G. Schilling, and owe much to their friendly cooperation. Secondly 
the Institute for Advanced Study, Princeton, N. J., generously invited 
us to be a guest member during 1936-37; amongst our many debts 
incurred during our association with the Institute, we must here record 
those to Weyl and Wedderbum. We highly appreciate the painstaking 
care and eflBciency of the J, H. Furst Company in this somewhat difficult 
piece of printing; and we wish to thank the manager of the Johns 
Hopkins Press for his courteous service which has made our relations 
with the Press so agreeable. 
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PBEFACE 


In the days when Ireland was known as the Land of Saints and Scholars 
the usual inscription on an illuminated missal or literary effort was 
To the Glory of God and Honor of Ireland.” In imitation of this pious 

practice we close our preface with the inscription: 

TO THE GLORY OF GOD, HONOR OF IRELAND 

AND 

FAME OF AMERICA 


Baltimore, 
August, 1938 



F. H. Murnaghan 
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CHAPTER ONE 

GKOUPS AND MATRICES 

The object of this work is a study of those groups which are of im- 
portoce in quantum mechanics (particularly, nuclear physics) and our 
main interest is in the theory of the representations of these groups by 
linear groups. We proceed, therefore, to explain what is meant by a 
group; by a linear group; by a representation of a group; and we list 
the particular groups in which we shall be interested. 

1. The group concept. 

We suppose that we have a collection C, finite or infinite, of elements 
• • • and an associative law of combination, termed product, which 
associates with any two of these elements (s, <)> say, taken in a definite 
order, a third element u in C. When this is the case we say that the 
collection C possesses the group property. If, in addition to possessing 
the group property, C possesses another property which we shall shortly 
describe, we shall term it a group; but before describing this second 
property, we think it desirable to say a few words concerning the law of 
combination which we term product and denote by ts. As remarked 
above, the order in which the elements s, t are taken is, in general, 
material so that ts is not, necessarily, identifiable with st. We term, 
therefore, st the product oi t by s and ts the product ot s by t; the order 
in which the factors s, t of the product are named, or taken, being from 
Tight to left The product ts is itself an element of C: ts = u; but it is 
not assumed that t and s are distinct nor that u is different from either 
« or t Thus ss (written s®) is an element u ot C and it may happen 
that U’^s, Expressed somewhat technically, fs is a function on ordered 
pairs of elements (a, t) of C to elements of G. It is essential that the 
function ts be one-valued; i. e. when s and t are given u is uniquely 
determined. The adjective associative means the following: if 5 , u are 
any three elements of C we may first form the product 1 ; of s by f 
and then the product w =^uv of v by u: w uv u(ts) \ but we may 
also first form the product x^ut ot thy u and then the product y = ars 
of a by a;; y -"jw =■ {ut)s. The product function is termed associative 
when «) — y; i. e. when u(ts) *= (ui)® for every triad of elements 5 , t, u 
of C. The parentheses may, accordingly, be omitted and we may write 
simply uts for the common value of u{t8) and (mD^* R is clear that if 
s, t, u, V are any four elements of C we have 

v(uts) — v(tt(fa)) — (t;u)(/a) — (vut)s 
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and in general if Si, $ 2 ,' • • Sn are any n elements of (7, n = 3, 4, 5, • • • 

Si(S 2 ■ • - Sn) = (SiSz) (Ss - '• Sn) = (SiSzS^) (^4 * ' * Sn) = ' * ' 

= (SiS2* • -SXiXsXi+l- • • SXi+Xa) (SXi+X^l * ••)('■ ' 

where Ai, A 2 , • ■ • A* is any partition of n into positive integers: 

71 = Ai -f" ^2 *4" ■ * ' “h 

This associative law is very significant and important. A product uts 
may be complicated to evaluate in the form w(^s) but trivially easy in 
the form (w<)s. 

As has been emphasized above the order of the factors s, t in the 
product is, in general, material so that there is no presumption that 
st = t$. If, however, our collection 0 of elements (s, f, «, * • *) possesses 
the additional property relative to the product function ts that st = ts, 
every s, f in C, we term the collection C commutative or Abelian relative 
to the given product fimction. 

Examples 

1 . If the elements s, ■ • * of C are numbers, real or complex, 
and the law of combination, which we term product, is ordinary addition 
(e. g. 3.5 = 8 , not 15) we have as obvious collections possessing the 
group property 

(a) Cf the collection of all complex numbers (b) C, the collection of 
all real numbers (c) ( 7 , the collection of all integers, positive, negative, 
or zero (d) ( 7 , the collection of all real numbers ^ p where p is any non¬ 
negative number (e) ( 7 , the collection of all even integers, including zero. 

2. If the elements of 0 are as in Ex. 1 but the law of combination is 
ordinary multiplication all of the collections of Ex. 1 save (d) possess 
the group property, (d) will possess the group property if p ^ 1 . 

3. If the elements of C are tti X matrices (i. e. matrices of m rows 
and n columns) and the law of combination is ordinary matrix addition: 

-H Sk^j where denotes the element in the ;-th row and fc-th 
column of s: then the collection of all such matrices with complex (or 

real) elements possesses the group property. 

All of the collections, possessing ^e group property, of Examples 
1, 2, 3 are Abelian. As an important example of a non-Abelian collection, 

we cite 

4. The elements of (7 are n X « matrices (or, as we shall say, matrices 
of dimension n) and the law of combination is ordinary matrix multi¬ 
plication : 

(ts)ki = tJSk^ 
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(the double use of the Greek label a indicating summation over the range 
1 to n; thus ijsk°- is an abbreviation for -j- t 2 ^Sk^ ; 

then the collection of all such matrices with complex (or real) elements 

possesses the group property. That the associative law is obeyed follows 

from 

(U{ts))k^ =Ua^(tp^SkP) = (v^Hfi^)Sk^= {{ut)s)k^ 

(the occurrence of the two Greek labels <x,fi indicating a double summa¬ 
tion where a, ^ take, independently, all values from 1 to n so that there 
are terms in the double summation). 

It is clear that the collection is not Abelian for is not, in gen¬ 
eral, the same as If, however, we consider the collection of all 

n-dimensional diagonal matrices; i. e. of all matrices s of dimension n 
whose non-diagonal elements are all zero; = A* if ; = fc; = 0 if 

)^k: and if the law of combination is ordinary matrix multiplication 
then the collection possesses the group property and is Abelian. In fact 
on writing ^ if y = fc j = 0 if ; ^ A; we have 

(ts)ic* = tjsk^ = 0 unless ; = Ar in which case it = fikXjt 

so that is is diagonal and st = is li s is diagonal and, tn addition, has 
all its diagonal elements equal: 


we term it scalar. It is clear that the collection of all scalar matrices of 
a given dimension n possesses the group property (with respect to either 
ordinary matrix addition or ordinary matrix multiplication as the law of 

combination). 

The additional requirement we impose upon a collection C of elements 
(s,t,u,' • ■), which possesses the group property relative to a given law 
of combination is, before we agree to term the collection a group is the 
following: we demand that for every a in (7 there exists an a in (7 with 
the property ae =» a and also a 4 iu (7 such that st» — e. (The placing 
of the subscript a on f is to emphasize the fact that t, will vary with a). 
As far as this imposed requirement is concerned we would be satisfied if 
e or/and t, is/are not unique; we shall see, however, immediately that 
the already imposed requirement (that C possesses the group property) 
guarantees the uniqueness of e and t; We may express our second 
requirement as follows: we demand the existence of (at least) one right 
unit and of (at least) one right inverse of each a relative to this unit; 
the sense of the word right being'that the unit and inverse elements are 
taken first in forming the products. 
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If s is an arbitrary element of C there exists a tg such that stg — e 
and so Ustg = tge = tg. If u» is a right inverse of tg with respect to e 
(the existence of Ug being guaranteed by our second requirement) we have 

igStgUg tgUg = 6 

and writing the left hand side in the form it evaluates as 

= tgs so that tgS = e. In other words the assumed right inverse 
of s, with respect to e, is at the same time a left inverse of s with respect 
to c. Furthermore es— (s<«)s = s(<as) = se = s so that the assumed 
right unit e is also a left unit. The uniqueness of e is then evident; 
for suppose there existed a second right unit e* se =s: then, in par¬ 
ticular, ee' = e; but we have already shown es = 5, and, in particular, 
ee' = e'. Hence c = /. In other words the postulated right unit e is 
unique and is at the same time, a left unit. There is no other left unit 
e'; for from e's = $ we obtain e = stg = (^s)tg = e'{stg) = efe === el'* 
In other words there exists in C a unique right and left unit e : i. e., 
a unique element e such that for every s in C 

se = es = s. 

It follows also that the assumed right inverse t. of s, which is also a left 
inverse of s, is unique. More precisely there is no other right inverse 
nor left inverse of s. In fact let t’, be a second, assumed, right mverse: 
St’. = e. Then t. = t.e = t,(sf,) = (,t,s)t', = et'. = If, so that there 
is no other right inverse of s than Let u be any left mverse of 
s;us = e; then = e(, == (lis) «.=«(«<.) = “ proving the 

uniqueness of the left inverse of s. Hence associated with each element 
s of C is a uniquely determinate element of C (which we term the mverse 
of s and which we denote by s'*) satisfying the equations 

= e. 

It follows that not only is the product u^ts^ one-valued function of 
its arguments s, i but s = is a one-valued function of t and 
t = is a one-valued function of 5,«. The essential feature of this 
result is the foUowing: if t is any fixed element of the group 0 (we 
denote by G a coUection C possessing the group property which is at the 
same time a group) then as s runs over G so also does ts and st there 
being a one-to-one correspondence between the elements s of G and the 
elements u^tSyV = st of the two rearrangements of G. 

The following collections of elements, possessing the group property, 
also satisfy the second requirement and, hence, constitute groups 

1 ) The coUection of aU complex (or of aU real) numbers with ordi- 
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nary addition as the law of combination; the unit e = 0 and s~^ == — s. 
Here ^5 = f -|- s is obtained from s by the translation t. This word is 
carried over into the general case and the rearrangement of G indicated 
by 5 <5 is termed the left-translation of G induced by t; the rearrange¬ 

ment indicated hy s-^st being termed the right translation induced by t. 
For Abelian groups (to which belongs the present example) both trans¬ 
lations, right and left, are the same. 

2) The collection of all integers (or of all fractions = rational num¬ 
bers) with ordinary addition as the law of combination; the unit e = 0 
and s"' = — s. 

3) The collection of all complex numbers, or of all real numbers, or 
of all rational numbers, with the exception of zero^ with ordinary multi¬ 
plication as the law of combination; the unit ^—1 and = 1-r-s. 

4) The collection of all non-singular matrices, of dimension w, with 
complex elements with ordinary matrix multiplication as the law of com¬ 
bination ; the unit e = J^n where En is the n-dimensional diagonal matrix 
all of whose elements are unity. The inverse s'^ of s is constructed as 
follows: set up the matrix of the cofactors of s, transpose it (i. e., inter¬ 
change its rows and columns) and divide it (i. e. divide each of its 
elements) by dets, the determinant of s. This particular group, and 
various subgroups of it, will engage a considerable portion of our atten¬ 
tion and we shall refer to it as the full linear group (of dimension n); 
the subgroup of it which consists of all non-singular matrices, of dimen¬ 
sion n, with real elements we term the real linear group. The collections 
of all non-singular diagonal matrices, of dimension n, with complex ele¬ 
ments (or with real elements) are Abelian subgroups of the full linear 
or real linear group, respectively; neither the full linear group, nor the 
real linear group, being themselves Abelian ( = commutative). Simi¬ 
larly the collection of all non-singular scalar matrices of dimension n 
with complex elements (or with real elements) constitutes an Abelian 
group, the law of combination being ordinary matrix multiplication; 
we refer to this group as the scalar group (complex or real as the case 
may be) of dimension n. 

2. The symmetric group. 

Of fundamental importance for us is the symmetric group or the group 
whose elements are the nl permutations on n symbols (1,* * •,«.). It 
must be clearly understood that the elements of the group are not the 
sets of n letters but the operations involved in passing from a standard 
arrangement, say (1,* • *,«), to any arrangement of these n letters. 
A typical element s may be indicated thus: 
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^ = T 




the notation implying that the operation s replaces 1 by Si, 2 by 53 ?' ‘ * > 
n by Sn where each of the sjTnbols 5i, • • •, ^ assumes one of the values 
(1, • ■ ‘ ,n) no two of them assuming the same value. It is clear that if 






is any permutation of our collection s may be represented by 

t2. • • -.tj ^\tj 

since this means that s replaces ti by tz by and, in general fk by st ^; 
since 1 is in the set 4 this means that 5 replaces 1 by Si and, similarly, 

2 by S 2 and so on. Hence the operation indicated by is really a 

permutation (i. e. the values assumed by the symbols st, lie in the set 

1 , • ■ ■ ,n, and are all different) and is, in fact, the permutation 

By the law of combination ts we understand that we first perform the 
operation s on the symbols ( 1 , ■ • *, «) and then follow this by the opera¬ 
tion t. Since is sent by s into and Sf is sent by t into ts, the sequence 
of the two operations, in the order first s then t, sends j into It is, 
therefore, by the remark just made, itself a permutation so that the col¬ 
lection C whose elements s are the permutation operators s (of which 
there are n\) is a collection possessing the group property relative to a 
law of combination which is defined by mere sequential performance. 
That the collection is a group follows at once from the observation that 


is a right unit and that 




is a right inverse of s = f respect to c. A permutation which 

sends </, ; = 1, ■ ■ •, n — 1 into t}.i and U into h (he. where each of 


the letters < 1 , tzj- ■ •, fn, supposed arranged along a circle, is sent into 
its successor) is termed a cycle on n letters and is conveniently denoted 
by the symbol (ti, # 2 , * * ■><»)• 
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T 


( ^ 2 > tzy‘ ' ) \ 

^ 1 ) ^ 2 > ■ ’ ■ > in) 


*(';:) 


and it is immediately clear that 



In other words it is immaterial with which of its letters a cycle starts off; 
what is significant is the sequence in which the letters are written. It is 
also clear that the inverse of the cycle t = (ii, * • ■, <n) is itself a cycle, 
namely, the cycle t with the sense reversed: 


\*2} * * * yti / 


(^ 2 > ^ny in~Xy ‘ ‘ y ^ 3 )- ■ ■ ■ -(^n> ^n-\y 



It is also clear that any permutation whatever can be written in a unique 
manner as the product of cycles; the order in which the factor cycles are 
written being immaterial (since no two of the cycles have a common 

letter). E.g., n = 5, s = t(i’(*5^) = (13) (254); 

where we understand by a cycle on less than 5 letters, such as (13) or 
(245) the permutation on 5 letters in which the letters not written down 
are unchanged. Thus 




^ ^ ^ y r • 

We shall denote by cti the number of unary cycles (i. e. cycles on one 
letter, or fixed letters), by cez the number of binary cycles (= cycles on 

/3,5,1,2,4\ 

two letters or iranspo^iiions) and so on. Thusfors=Tl j g 3 4^5 J 
*2 = 1, <Xa = 1, «< = 0, aa = 0 whilst for 


0 , 


/2,3,1,4,5\ 

Vl, 2 , 3 , 4 , 5 y 


2 , *2 =. 0 , 0!3 = 1 , <x^ = 0 , 


0 . 


Since for any permutation s on n letters the total number of letters in 
the various cycles into which it is factored (including the unary cycles) 
is n we have the basic relation 


(1.1) Ofi 2*2 + ■ * • + “ ”• 

We say that a permutation s which factors into cti unary cycles, a 2 binary 
cycles etc., has the cycle structure (ot) and we shall refer to the collection 
of permutations each of which has a stated common cycle structure (a) 
as the class (ct) of permutations on n letters. It follows then that the 
number of distinct classes is the number of distinct solutions in integers 
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(positive or zero) of the equation (1.1). It is important for us to notice 
that this is precisely the number of partitions of n into integers positive 
or zero; in fact if we write 


( 1 . 2 ) 


«! + ^2 4- • • • + an == Ai 

aa + • • • + On = A2 


it is clear that 



Ai 4" A 2 4" * ‘ 4" An ^ > Ai — Aj ^ ^ Afi — 0, 

Conversely given any such partition of n we may associate with it a 
solution (a) of (1.1) defined by 

(1.3) Otj = Ai-A 2 j A 2 — As > * * " I On = An. 

It is convenient to omit the zeros which may occur at the end of a parti¬ 
tion of n; thus if A* > 0, Afc*i = Ajfe +2 = • ' ■ = An — 0 we denote the 
partition (Ai, • • ’ of n by (Ai, • * - jA*) using an exponential nota¬ 
tion when two or more adjacent A’s are equal. Thus the partition 
(3, 2, 2,1,1,1, 0, 0, 0, 0) of 10 is written (3, 2*, 1*). For smaU values 
of n the various partitions of n and their number r are as follows: 

« = (1); r = l. 

n-=2; (2), (1^); r = 2 
n=.3; (3), (2,1), (1»); r==3 
n^4; (4), (3,1), (2^), (2,P), (1*); r = 5 
n = 6; (5), (4,1), (3,2), (3,1*), (2*,1), (2,1»), (1“) ; r=7 
n = 6; (6), (5, 1), (4, 2), (4, P), (3^), (3, 2,1), (3,1»), (2»), (2^ V), 
(2,1‘), (1«); r = ll 


The number of partitions of n, and hence of classes of the symmetric 
group, increases rapidly with n. For n = 10 it is 42, for n = 16 it is 
231 whilst for n = 20 it is 627. It is convenient to arrange, as has been 
done above, the partitions of n in dictionary order: (Ai, * • •, A«) precedes 
(A'l,•■•,A'n) if the first of the differences Ai — A'i,A 2 — A' 2 ,*-*,An — A'l. 
which does not vanish is positive. 

It is important to know, and easy to find, the number of permutations 
s which belong to the class (a). We imagine the unary cycles written 
first, the binary cycles next, the ternary cycles “next etc., and examine 
any particular permutation s of the class (fit). All permutations of this 
class will be found in the collection obtained by subjecting the n letters 
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appearing in the cycle description of s to the n\ permutations of the 
symmetric group; but since the order in which the unary cycles, or the 
binary cycles, or the ternary cycles etc. are written is immaterial, each 
permutation will be found (at least) ai! az !•■■,««! times in this 
collection. In addition since each of the binary cycles may start off with 
either of its two letters, and since each of the ternary cycles may start 
off with any one of its three letters, and so forth, without affecting the 
permutation having the indicated cycle structure, the number just written 
must be multiplied by any other permutation of the letters 

appearing in the cycles will change the permutation furnished by their 
product so that the number of permutations of the symmetric group on 
n letters which belong to the class (a) is 


(1.4) 


71 ( 0 ) — 


n\ 


«!! 2** • a2! 3®* • *31 • • • 71*" • an! 


(where we follow the usual convention according to which 0! — 1). 

The reciprocal of any permutation s may be obtained by analysing $ 
into a product of cycles (there being no letter common to any two of the 
factor cycles) and so s~^ and s have the same cycle structure. In other 
words each class contains the reciprocal of each of the permutations 
contained in it. Again if 5 and p are any two permutations of the 
symmetric firoun on n letters: 


we have 

psp '^» f 


(•;)■ 




• -»(/;) 




s. In 


(since in forming the product we read from right to left so that first 
Pi j and secondly j —» Sj and then, finally, sj —> pt,)> The cycle struc¬ 
ture of t fe) depends only on s and not at all on p; in particular it 

must be the same as the cycle structure of 

other words all permutations of the form psp~^, s fixed, p variable, have 
the same cycle structure or, as we express it, belong to the same class. 
For a reason which will be made clear in the next paragraph we term 
psp'^ the transform of s by p~^. Our argument shows that if s and t are 
permutations with the same cycle structure and if the factor cycles of s 
and t are arranged in the same order (so that if (5„ Sp+i, • • •, Sp^) is a 
factor cycle of s then (^p, • • *, W) a factor cycle of i) then 
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transforms s into t: psp ''^; in fact 


p ^ sends tj into Sj, after which s sends Sj into Sf^x finally p sends 
5/+1 into tj^x so that psp-^ sends tf into Thus t 2 i 3 5 ) 


= (134) transforms 5 = (123) (45) into < = (421) (35). Of course the 
transforming permutation p~^ is not unique (owing to the variety of 
possibilities in writing the cycle factorisation of either s or t). Thus in 
the example given we may write t in the forms (214) (35), (142) (35), 
(421) (53), (214) (53), (142) (53) so that in addition to the trans¬ 
forming permutation p"' = (134) already given we have the transform¬ 
ing permutations (12)(34), (234), (1354), (12)(354), (2354). 

If (xi, • • ', Xn) are n indeterminates we denote by A(x) the difference 
product 

n (a^i—Xk) = (Xx-’X2)(Xx—X^) - ■ • (Xn-I—Xn) 

i<k 


and it is clear that any permutation p of the subscripts 1 , • • ‘ ,n 
attached to the x*s can, at most, change the sign of A(x), since this is 
all it can do to each of the factors {xj — x*). If p contains but one 
cycle on m^n letters (in addition to n — m unary cycles, if m < n) 
i. e. if p is of the form {ti, ' ‘ ‘ can analyse it into the product 

of wi — 1 binary cycles (transpositions) thus: 


p = {txj * * ' } fm) = (^ij (^IJ fm-l) ’ ’ ’ (^1> ^ 2 )* 

Of course this is not a cycle analysis of the type considered above (where 
no two cycle factors had a common letter) since each of the m — 1 
binary cycles has the common letter tx- Since each of the m — 1 trans¬ 
positions ' *, (iiyh) changes the sign of A(x), p will change 

the sign of A(x) if m is even and leave it unaltered if m is odd. Hence 
a general permutation, of cycle structure (a), will leave A(x) unaltered 
if *2 -[- a* + • • • is even and will change its sign if «2 + *4 4" * 
is odd. We shall term a permutation even if it leaves A(x) unaltered 
and odd if it changes the sign of A(x). We see then that a class (a) 
contains only even permutations if az -f* a* + «6 -f* ' ' ' is even and 
we refer to such a class as an even class ; the classes for which 
0-2 0-4 -4“ 4“ ■ ■ * is odd being termed odd. It is clear from the 

definition of evenness that the collection of all even permutations on n 
letters possesses the group property; and that it is a group (since it 
contains the unit permutation e and since the reciprocal of any even 
permutation p is even belonging, as it does, to the same class as p). 
If i is an odd permutation the left translation of the symmetric group 
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induced by t: s-^ts translates the even permutations into odd permuta¬ 
tions and the odd permutations into even permutations so that there are 
exactly as many even permutations as odd ones in the symmetric group 
on n letters. The group of n !/2 even permutations on n letters is known 
as the alternating group on n letters. We refer to a group containing a 
finite number of elements as a finite groups and term the finite number 
of elements in the group the order of the group. Thus the symmetric 
group on n letters is a finite group of order n\\ whilst the alternating 
group on n letters is a subgroup of the symmetric group on n letters of 
order n!/2. 

3. The full linear group. 

Before we can describe this group (which, with its subgroups and the 
symmetric group, will principally engage our attention) it is necessary 
to say some words about what is meant by a linear vector space. This 
ifl, in the first place, an Abelian group containing elements 5, u, • • • 
with a law of combination termed addition (rather than multiplication 
as before) and denoted by + (thus we write < -}- s instead of the pre¬ 
vious symbol is) ; the Abelian nature of the group is described by the 
formula = every s, and we denote the unit e of the group 

by 0: s + 0 = s, every s. In the second place we assume that the opera¬ 
tion of multiplication by any complex number is defined over the group 
and that the group is closed with respect to it; in other words if s is any 
element of the group and a any complex number then as has a meaning 
and is, in fact, itself a member of the group. Terming the process of 
multiplication by a complex number an operator we may say that a linear 
vector space is, firstly, an Abelian group over which there is defined an 
operator (on elements s of the group to elements t of the group), namely, 
multiplication by an arbitrary complex number a: t = as. Thus, briefly, 
a linear vector space is an instance of a group with an operator. As 
properties of the operator we assume the following: 

(a) (a + )3)s = a 5 + ^s; fi{o:s) = every s of the group and 

every pair of complex numbers a, 

(b) as = s, every s, when a => 1; that as — 0 (the unit of the group), 
every s, when a is the complex number zero follows from (a) on setting 
j8-0. 

(c) a{t -fa) =. a< -f as; every s, t of the group and every complex 
dumber a. 

We refer to the elements (s, • * ■ ) of the group as vectors and to 

the multiplying complex numbers as scalars. 
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On setting i = 0 in (c) it is clear that aO = 0, every ct and so the 
group consisting of the single vector 0 is a linear vector space; we refer 
to it as the zero dimensional space^ or briefly, the zero space. If there 
exists a vector s other than 0, whilst every vector of the space is of the 
form as, we term the linear vector space one-dimensional; and we say 
that any two vectors as and )3s of .the one-dimensional linear vector space 
are linearly dependent. In general n vectors Si,S 2 , * • ‘jSn of a linear 
vector space are termed linearly dependent if there exists a linear relation 
a^Si -j- a“S 2 + • • • -j- a"Sn = 0 (other than the obvious, but trivial, one 
which obtains when all the scalar coefficients a^, a*, • ■ •, a'^ are zero) 
amongst the n vectors; in the contrary case, i. e. when no such non-trivial 
linear relation exists, we say that the n vectors Si, * * •, Sn are linearly 
independent. In other words a hypothecated relation a^Si + a^S 2 -}-••• 
-j- a"s„ = 0 together with the datum that the n vectors Si, • • , Sn are 
linearly independent forces the conclusion: all a* = 0, A; = 1, 2, • • •, ft. 
When a linear vector space contains n and not more than n linearly 
independent vectors we term it n dimensional. If Si, • • •, Sn are n 
linearly independent vectors of an n dimensional linear vector space 
and t is any vector of the space we can hypothecate the relation 
at -{- a^Si + •*•-}- a”s„ = 0 and be assured that there exists a non- 
trivial relation of this type (since the n + 1 vectors 5i, • • •, Sn are by 
hypothesis linearly dependent). In such a non-trivial relation a^O 
for if a = 0, 

a^Si “h * * ' “h 

and this would force a^ = 0, a^ = 0, • • •, a" =» 0 since 5i, • • ‘ ,Sn are, 
by hypothesis, linearly independent; but, then, the non-trivial relation 
would be trivial. On multiplying through by a*' and transposing we 
obtain 

t = t^Si + • • • + t”Sn; (i^ = — a*/a) 

=5 being equivalent io t — 5*=0). In other words every vector t 
of an n-dimensional linear vector space is expressible as a linear combina¬ 
tion of any n linearly independent vectors (5i, • • 'jSn) and the linear 
combination is unique; for if < = t^Sx -f- • • • = r^Sx -f" ’ ’ ‘ 

are two such analyses of t we have — t')^ + ‘ ‘ ‘ 4* (^" — t")s»» = 0 
and the linear independence of (si, • * ’, Sr») then forces = f*, 
4 ; ‘ ^n. The n linearly independent vectors (si, • ■ •>Sn) are 

said to form a basis ; the individual vectors being termed the basis vectors. 
The complex numbers are termed the coordinates of the 

vector t relative to the basis (Si, • • - jSn). It is clear that an n dimen¬ 
sional linear vector space has many bases; in fact if («i, * * 'Un) is one 
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such basis (the existence of one basis being assured by hypothesis) the 
set (vi, • • •, Vn) defined by 

Vf = i/uj ; (;' = 1, 2, ■ • •, n); 

is a second basis if T =» is any non-singular n dimensional matrix. 
In fact an hypothecated relation c^V 0 = 0 would appear as = 0 

(double summation!) and the linear independence of the n vectors 
(^^i> ■ ' ' >y^) would force ; = 1, • • ' ,n; finally the non¬ 

singularity of the matrix T (i. e. the non-vanishing of its determinant) 
would then force c^‘ = 0, A; — 1, 2, • • •, n. In other words there does 
not exist a single non-trivial relation c^Vfi = 0 so that the vectors 
(vi, * • ' ,Vn) are linearly independent and, hence, constitute a basis. 
It is convenient to indicate the n vectors (ui, • * ■ ,Un) of a basis by the 
single symbol u so that u is a 1 X « matrix whose elements are vectors. 
Then the equations V} = tj^Ua which furnish the new basis v appear in 
the convenient form (note carefully the order of the factor matrices u 
and T) 

(1. 5) V = uT. 

It is clear that all bases are obtainable in this way from a given basis u; 
for if V is any basis and denote the coordinates of Vf 

relative to the basis u we have, by the very definition of coordinates, 
= - -.n; i.e. v^uT. That T must 

be non-singular is evident since the columns of T are the coordinates, 
relative to the basis u, of the vectors (Vi, ■ ■ ■, v^); if T were singular 
there would exist at least one non-trivial linear relation connecting the 
vectors (Vi, • • •,«„) (it being known from the elementary theory of 
determinants that if the rank of T is r there are n r independent 
such relations and the statement that T is singular implying r ^ n 1). 

The essential thing to keep in mind is that the coordinates of a vector 
are not properties of the vector’, they describe the relationship of the 
vector to a basis. When the basis is changed the coordinates will change 
whilst the vector remains the same. If the coordinates of a vector ( 
relative to a given basis u be wTitten as an X 1 matrix x = ..., x ) 

we have 

t — “h • * ■ = ux 

and if the coordinates of the same vector t relative to a new basis 
V — uT are y = (y^, * • •, y") we have t — vy = uT'y so that «x uTy. 
The linear independence of the vectors of the basis u then forces 

(1.6) x^Ty, y=T-^x. 
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In other words the change of basis v = uT induces the change 
of coordinates x^y~T~‘^x. In particular the vector whose coor- 
dinatcs relative to the basis ii are Tx has coordinates x relative to the 
basis V. On denoting by T{t) the vector whose coordinates relative to 
the basis n are the same as those of t relative to the basis u. it is clear 
that the coordinates of T{t) relative to the basis u are Tx. Writing the 
one-to-one relationship between a vector t and its matrix of coordinates 
X in a given basis u in the form t x, x t we have T(^) Tx. If a 
is any complex number we have > ax and so T(at) T(ax) = aTx 
—> aT (<) ; if s y is any other vector of our n-dimensional linear vector 
space s t ^ y -\~ X and so 7(5 + 0 '^(y + 2 :) =Ty Tx^ T(s) 

+ !r(<). In other words the transformation t—^T(t) on vectors of our 
space to vectors of our space possesses the two basic properties: 

(1.7) T(at)=aT(t)‘ T(s + t) ^ T(s) + T(t). 

We shall term any transformation of the vectors of our space which pos¬ 
sesses these two properties linear', and so we have the theorem: given 
any two bases u,v the transformations from vectors t to vectors T(t) 
which have the same coordinates with respect to the bases u and t>, 
respectively, is linear. If the coordinates of t relative to the basis of u 
are furnished by the « X I matrix x the coordinates of T{t) relative to 
the same basis are Tx where the connecting relation between the two 
bases is » = uT. We say that the non-singular n 'X. n matrix T presents, 
in the basis «, the linear transformation t~^T(t), If w = uP is 
another basis the coordinates of t relative to w are furnished by the 
nXl matrix P~^x (by (1.6)); and x—^Tx induces P~^x—=> P~'^Tx 
= P~^TP • P~'x, In other words the transformation t-^T(t) from 
vectors t of our space to vectors T{t) which have the same coordinates 
with respect to the bases u and v, is presented in the basis tc by the 
n X w matrix P'^TP', the relationships between the various bases being 
v = uT; to = uP. Although the two matrices T and p-^TP which 
present the linear transformation t—¥T{t) in the bases u,ic, respec¬ 
tively, are different, the linear transformation is the same. Regarded, 
therefore, in the role of presenting linear transformations the two 
matrices T and P~^TP are not essentially different; we term them 
equivalent and say that P~^TP is the transform of T by P. 

The non-singularity of T assures us that the linear transformation 
>r(0 n-dimensional linear vector space is exhaustive: as t 

mns over the entire space so does T(t). In fact if the n X 1 matrix x 
furnishes the coordinates of an arbitrary vector of our space in the basis 
u we obtain this vector in the collection T(t) by choosing for t the vector 
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whose coordinates relative to the basis « are furnished bv the « X 1 
matrix T~^x. It is convenient to refer to the linear transformation of 
the vector space into itself as a linear mapping of the vector space on 
itself; and to term the linear vector space itself the carrier space of the 
linear mapping or the carrier space in which the representative matrices 
TyP‘^TP of the linear mapping operate. 

It is immediately evident that all linear mappings of the carrier space 
are of the type just described. In fact if t~^ L(t) is an arbitrary linear 
transformation of the carrier space and u an arbitrary basis we denote 
■^(“/) by (vy); if the n X 1 matrix x furnishes the coordinates of t 
relative to the basis u we have t = ux so that L{t) = L(iLa)af- = VaXf^ 
= where •• •>^>") denote the coordinates of Vf relative to 

the basis u. Hence the coordinates of L(t) are furnished by the matrix 
Tx. 

The collection of all linear mappings (s, t,u,' • •) of an n-dimensional 
linear vector space into itself is a collection possessing the group property 
relative to the law of combination which is defined by mere sequential 
performance; by this we mean that if s is presented in a basis u by the 
nXn matrix S and t is presented in the same basis by the n X n 
matrix T (so that under 6- an arbitrary vector whose coordinates relative 
to the basis u are furnished by the n X 1 matrix x goes into the vector 
whose coordinates relative to the same basis are presented by the n X 1 
matrix 8 x) then ts is presented in the basis « by the n X « matrix TS. 
In fact x-^ Sx under s and 8 x->T ■ Sx = TS • x under t so that 
x-^TSx under ts. The argument shows that linear transformations of 
our carrier vector space whose presenting matrices T are singular (and 
which are, accordingly, not mappings of the carrier space on itself but 
which, rather, transform the carrier space into a linear subspace of itself 
of dimension < n) may be included as far as ‘‘possessing the group 
property” is concerned. Such linear transformations are termed singu¬ 
lar and it is now clear that the collection of all non-singular linear 
transformations of our w-dimensional linear vector space into itself con¬ 
stitute a group (the law of combination being defined by mere sequential 
performance). In fact the identity transformation x—*x (whose pre¬ 
senting matrix in any basis is the w-dimensional unit matrix Pn) is a 
right unit and x-^T-^x is a right inverse of x-^Tx. This group is 
known as the full linear group of dimension n; it is presented in any 
basis by the collection of all non-singular n X n matrices (with complex 
elements). If the elements of the n X « matrices are restricted so as to 
be real we have the real linear group of dimension n. We shall shortly 
enumerate certain important subgroups of the full linear group but we 
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pass at once to a description of the main topic of the present work: 
the theory of the representation of groups. 


4. Group representations. 

Let C be a collection of elements (s, w, • • •) which possesses the 
group property relative to a law of combination ts'y and let us suppose 
that we are able to associate with each element s oi C ny, n matrix 
D(s) having the property that D{ts) = D(t)D{s)y every Syt in C. 
Then it is a triviality that the collection of n X « matrices i)(5) pos¬ 
sesses the group property relative to ordinary matrix multiplication as 
the law of combination. We term the collection of n X ^ matrices 
D{s) a representation (of dimension n) of the collection C of elements 
Syty' ' ' . Observe that we do not require any more than we have said; 
we do not, for example, require that t^s implies D{i) ^D{s)’, nor 
do we require that any or all of the matrices D{s) be non-singular; but 
we do require that D(s) be unambiguously determined by s. A quite 
trivial representation of any collection (possessing the group property) 
is found by assigning to each element s the n-dimensional zero matrix. 
A less trivial but equally evident representation (one-dimensional) of 
any collection which possesses the group property is found by assigning 
to each element s the one-dimensional unit matrix i. e. the number unity. 
We shall refer to this one-dimensional representation as the identity 


representation. 

When the collection C not only possesses the group property but 


actually is a group G (i. e. possesses a unit e and an inverse 5"^ of each 
of its elements) the n X n matrices D(s) constitute an n-dimensional 


representation of the group G provided they are all non-singular. It is 
clear that the representation contains, as the representative of the unit 


element e, the n X ^ unit matrix En. In fact from se^s follows 


D(s)D{e) ^D{s) and this implies, on multiplication on the left by 
D-^{s)y I){e) = En- Also s-^s = e implies i>(5"^)I?(5) =D(e) = En 
so that the collection of matrices D{s) contains the reciprocal of each of 


its members. Hence the distinct elements of the collection E{$) form a 


group. 

If the elements s oi G are non-singular n y n matrices the association 
2 >( 5 ) —s furnishes an n-dimensional representation of G; so that G is 
an n-dimensional representation of itself. In particular the full linear 
group of dimension n is an n-dimensional representation of itself. We 
shall devote considerable attention to the problem of determining all 
representations (of a certain very general class) of the full linear group 
bub we pass now to a representation of dimension n, of the symmetric 
group on n letters. 
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6. Representation of the symmetric group by permutation matrices. 

Let ^ ” t ^ 2 *^. . ’ = t ^ be a typical element of the sym¬ 

metric group (= group of nl permutations) on n letters. Denote by 
i?(5) the n X w matrix of which all the elements in the ;-th column are 
zero save the one in the ^/-th row which is unity: D{s) = (o’/) where 
<r/ «= 0 unless Ar — 5/, ; = 1, 2, • • *,71. Then the matrices D{s) furnish 
a representation, of dimension n, of the symmetric group. In fact the 
element in the fe-th row and j-th column of the product 2?(/)D(s) =t/o’/ 
and this will be zero unless the labels fe, j are such that we can have 
simultaneously at «= sy, Jc = 1^=^ ts,. Hence D{t)D{s) is the matrix 

associated with the permutation ^ ^ 

D{t)D{s) =D(t$). The matrices D (5) are termed permutation matrices; 
all elements in each column are zero, by definition, save one which is 
unity. And since the numbers (^i, • * *, Sn) are all different all elements 
in each row of D($) are zero, save one which is unity. If u is any basis 
in our carrier space and we introduce the basis r = uD(s) we have 
vj = = u,f 80 that the y-th vector of the new basis v is the sy-th 

vector of the original basis u. In other words the basis transformation 
associated with D{$) amounts merely to a renumbering of the basis 
vectors. 


If {tjJ) is any n X ^ matrix and P is the permutation matrix 
D(p) associated with the permutation p*=t transform of T 

by P, namely P-^TP is readily calculated. In fact | ^ ^ ^ and 


P-^ -a Z>(pri) go that the element in the fc-th row and /-th column of 
p-^PPo-t (t*>») all terms but one vanishing in the double summation 
(P-‘)a*<y 3 ®(P)y^. In other words P-^TP is obtained from T by applying 

the same permutation p"' I' (p ) columns of T. Con¬ 

versely, a fact which is of importance to us later, two matrices which are 
such that one is obtainable from the other by applying the same permuta¬ 
tion to its rows and columns are transformable, one into the other, by 
means of a permutation matrix. 


6. Linear metric spaces. 

In order to describe certain subgroups of the full linear group which 
are of importance for us it is necessary to discuss certain classes of linear 
vector spaces which we term metric. We say that a linear vector space 
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is metric when we can associate with each ordered pair of vectors of the 
space a complex number (known as the scalar product of the first of the 
two vectors by the second) and having the properties about to be given. 
We shall denote the scalar product of the vector s by the vector t by the 
S)Tnbol (.?|0> so that (5|0 is a function on ordered pairs of vectors 
of our linear vector space to complex numbers. In describing the postu¬ 
lated properties of the scalar product we shall denote, as is usual, the 
conjugate complex of a given complex number by superposing a bar on 
the symbol for the number. The postulated properties are as follows: 


( 1 ) ( 5 i + ^21 0 = (^1 I 0 + (^2 I 0 

(2) ^i\s) = (s\tj 

(3) ® complex number 

(4) (5 U) — 0; the equality implying s — 0. 


It is easy to draw a series of immediate implications of these postulates. 

Thus (1) implies (5i + 52 + ‘ * ' + s«lO == (^i|0 + (52|0 + ' * * + (^'•10* 
Combining (1) and (2) we obtain + ==■ (5|ii) + (5|^2) and, 

generally, (s| -j- ^2 + * ‘ ■ + ^m) =» (a| <i) + (^ | < 2 ) + ■ * • (s\tm) 

n m 

and this combined with the previous generalization yields ((2^/)l(2^*)) 

/=1 * = 1 

= 2 2 A combination of (2) and (3) yields (5|a0 =a(s|0 

k^l n m 


and so if a^, ^ are arbitrary complex numbers (( 2/3*^*)) 

n m 

=>2 2®^^* ( 5^1 4). It follows at once that if our linear vector space 


j=i 

is n dimensional we can express (sjO as a function of the coordinates 
of s and t relative to any basis; the function being linear in the coor¬ 
dinates of-s and linear in the coordinates of t. In fact if the coordinates 
of 5 in the basis u are furnished by the n X 1 matrix x whilst those of t 
in the same basis are furnished by the n- X 1 matrix y we have s = ux^ 
i^uy so that 

(s|0 == (ux\uy) = {'u^3 f'\u0yP) 




We denote by H the n- X « matrix of which the element in the /-th row 
and &-th column is {uk\uj) and observe that H is Hermitian: H = H *; 
the star or adjoint A* of any given n X matrix A being the m 
matrix obtained from A by interchanging its rows and columns and then 
taking the conjugate complex of each of the elements. Thus the ( 7 , fc) 
element of A* i. e. the element in the /-th row and A:-th column is given 
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by a*k^ — a/; it being an immediate consequence that (AB)* = 

In particular the star of the n X 1 matrix (= vector) y is the 1 X ^ 
matrix y* whose elements are y', • ■ •, y”. In this notation, then, 

(s| i) =: — y*Hx and we may term H the metrical matrix rela¬ 

tive to the basis u. It is clear from (2) that (^l^) is real and we express 
the postulate that (s | s) == x*Hx is ^ 0, the equality implying x = 0, 
by the statement that the Hermitian matrix H is positively definite. 
It is clear that if we introduce a new basis v ~ uT the new metrical 
matrix will be T*HT; for if z,w are the new presentations of s and t, 
respectively, we have x = Tz, y = Tw so that y*Hx = w*T*HTz. If T 
has the property that T* is the reciprocal of T (in which case we shall 
term it unitary and denote it by U) the new metrical matrix is merely 
the transform of by U: U*HU. The collection of unitary n X ^ 
matrices is defined by 

U*U = UU* = En 

and it is clear that this collection possesses the group property: in fact if 

= En and U 2 *U 2 = U 2 U 2 * = En 

then 

(U,U 2 )*(U,U 2 ) = (U 2 *Ux*)U^U 2 =U 2 *(Ut*Ui)U 2 = U 2 *U 2 =En 
and 

(U,U 2 ){U,U 2 )* — (UrU 2 )(U 2 *U,*) *== U 2 (U 2 U 2 *)U,* =- U^Ur=En. 

Moreover the collection contains the unit En(En* = Enl) and the 
reciprocal U* of any of its elements {{U*)* = U\). Hence the collec¬ 
tion of all n X w unitary matrices U constitute a group; this is an impor¬ 
tant subgroup of the full linear group and is known as the n-dimensional 
unitary group. If we observe that det {A*) =det^, A any n X ^ 
matrix, and that det (AB) = det A det Ay B any two n X » matrices, 
it is clear that the defining equation U*U = UU* = En implies that 
I det U \ =« 1 ; i. e. det U is, for every element of the n-dimensional 
unitary group, a complex number of unit modulus. If we select from 
the n-dimensional unitary group those matrices whose determinants are 
actually unity (and not merely of modulus unity) we obtained a collec¬ 
tion obviously possessing the group property and actually constituting a 
group; this subgroup of the n-dimensional unitary group (and, hence, 
also of the full linear group) is termed the n-dimensional unimodular 
unitary group. The subgroup of the full linear group obtained by taking 
all n \ n matrices (unitary or not) of determinant unity is known, 
similarly, as the n-dimensional full unimodular group. If we take that 
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subgroup of the n-dimensional unitary group which consists of all unitary 
matrices 0 with real elements we have the n-dimensional full^ real 
orthogonal group. Since the elements of O are real 0* is simply the 
transpose O' of 0 (i. e. the matrix obtained from 0 by interchanging its 
rows and columns) and we may write 

O'O = 00' = Er,. 

Since det O is real and of unit modulus (0 being unitary) we have 
(Jet O ^ ih 1; the subgroup of the real orthogonal group obtained by 
selecting the real n X, n orthogonal matrices whose determinant = 1 
(i, e. the unimodular real orthogonal group) is known as the proper real 
orthogonal group or the rotation group (of dimension n) and we shall 
denote it by the symbol Rn ; the same symbol with an attached prime, i. e. 
R'n being used to denote the full real orthogonal group which contains 
not only the real nX ^ unitary matrices of determinant unity (= proper 
orthogonal matrices or rotations) but also the real n X ^ unitary matrices 
of determinant —1 (= improper orthogonal rotations or reflexions). 
The full orthogonal group (as opposed to the full real orthogonal group) 
consists of all n X ^ matrices 0 satisfying O'O = 00' = En* Any element 
of the full orthogonal group has its determinant = it: 1 so that we may 
speak of proper and improper orthogonal matrices (even when the ele¬ 
ments are complex) and we observe that the proper orthogonal matrices 
constitute a group known as the proper orthogonal group. One should 
clearly notice that an orthogonal matrix is not, in general, unitary; 
a real orthogonal matrix is, however, unitary: the terms real unitary 
and real orthogonal being synonymous. 

It is important to notice that we can always find a basis in which the 
metrical (Hermitian) matrix is the unit matrix E^ so that ( 5 1 f 
This fact rests on the following theorem: every positively definite Ser- 
mitian matrix H can he presented in the form T*T where T is a non¬ 
singular matrix. The factorisation is evidently not unique since if 
8 = UTy U any imitary n X n. matrix, 

8*8= (T*U*){UT) =T*{U*U)T = T*T. 

We shall prove the theorem with the additional condition that T is tri¬ 
angular, i. e. all elements below the principal diagonal vanish. We first 
remark that all diagonal elements Ak* of a positively definite Hermitian 
matrix are not only real but positive. In fact if a: is the vector all of 
whose components are zero save the h-th, which is unity, we have 
x*Hx = Aft* and hence, by the very definition of positive definiteness, 
W > 0. Next we observe that our theorem is true when n ==• 1; in this 

Accession No- — Q^- ^ 
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case M is t he 1 X 1 matrix > 0 and we have merely to take 
T = T* = V To prove the theorem we argue by induction with 
respect to n; i. e. we assume the theorem true for a given value n — 1 
and deduce its validity for n. Now H being a positively definite n X « 
Hermitian matrix the matrix obtained by erasing the last row and column 
of is a positively definite n — 1 n — 1 Hermitian matrix Hn-i; in 
fact the form x*Hx in the n variables x = (x^, • • •, x”) reduces, on setting 
X" =s 0, to the form in the n — 1 variables | = (x^, • • ■, x"‘^) 

and so — 0, every the equality implying | = 0. In other 

words Hn-i is a positively definite n — 1 X n — 1 Hermitian matrix. 
Hence by the induction hypothesis En-i = Tn-i*Tn~i where Tn-i is a 
non-singular n — 1 X « — 1 triangle matrix. We adjoin a last column 
whose first n — 1 elements constitute an undetermined n —1 X 1 
matrix $ and whose last element is an undetermined positive number, 
obtaining in this way an n X ^ triangle matrix 



{Tn-i an n — 1 X^ — 1 triangle matrix, 0 the zero 1 X — 1 matrix, 
^ an undetermined n — 1X1 matrix). It is clear that 

Z) 


where 0* is the zero n 
multiplication yield 


T* T 


( 


1 X1 matrix and the ordinary rules of matrix 

T’n-l \ 

T^_X + 


(The reader will note for future use the following trivially evident fact: 
let A and B be any two matrices (not necessarily square) for which AB 
has a meaning (i. e. A has as many columns as B has rows) and let Ay B 
be divided up into submatrices thus: 



Here (AxyA^) have the same number of columns as have also (A^yA^) 
and similarly (Axj A 2 ) have the same number of rows as have also 
(As^At) and the same remarks are applicable to the submatrices 
Bx, Bi, Biy B 4 . Furthermore Ax has the same number of columns as Bx 
has rows and A* has the same number of columns as B^ has rows. Then 
the very definition of matrix multiplication shows that 


/ AxBx -|- A 2 B 2 AxB2 -f" A2fi4\ 
\Aa 5 i -f* A4B2 A2B2 -j- A4B4) 


• ^ 
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the indicated matrix products etc. all having a meaning). Let 

17 be the H — I X 1 matrix formed by the first n — 1 elements of the 
last column of H and set f which is possible since 

and, hence. T*^_^ is non-singular. Our proof by induction will be 
finished when we show that a positive number exists whose square 
is In 

other words wo have to show that A > 0. Writing 

'77 — ^ we have to show, since 17 that A — ^*//> 0 . 

If u is the n X 1 matrix whose first n — 1 elements are furnished by C 

and whose last element is — 1 %ve have u*H^u = 

_^ Since u is not the zero vector 

u*fl > 0 and our induction proof is complete. 

If, then, in a certain basis w, (s ] 0 ~ y*Hx = y* {T*T)x = {y*T*)Tx 
we introduce the basis v = in which s is presented by the n X 1 

matrix Tx = ^ and i by the n X 1 matrix Ty = ■)?. Hence (s | i) = 1*^- 
It is clear that there are many bases in which the scalar product (s\t) 
has this particularly simple, or canonical, presentation If u is such 

a basis and we write v = uU* so that 5 is presented in the basis v by 
= k and ^ by C7i? = we have (s | 0 = ^7*^ = conversely all of 
the privileged or preferred bases (i. e. bases in which (^lO the 
simple or canonical form y*x) are obtainable from any one of them by a 
unitary transformation : v = uU*, For, writing, momentarily, v = uT , 
the postulated identity (5 [ 0 =“ = V*^ coupled with i = Tx,yj = Ty, 

yields y*T*Tx = y*x. This being an identity in x,y we must have 

so that T and = T* are xmitary. We shall term these 
privileged bases unitary and we see that all unitary bases are derivable 
from any one of them by a unitary transformation. When we agree, 
as we shall generally do, to restrict ourselves to the use of unitary bases 
we refer to the linear metric space (plus this restriction on the choice 
of a basis) as a unitary space. The reader will observe that when our 
space is real, i. e. when the components of all vectors are real, the 
canonical presentation of the metric is {s\t) =y'x so that 

{s\s) = a'x = (x^y A-' • •+ 

In this case the space is termed rectangular Cartesian and the basis 
orthogonal (so that rectangular Cartesian means Euclidean plus a restric¬ 
tion on the choice of axes of reference). We extend the geometrical 
language familiar in Cartesian geometry to unitary spaces. Thus 
{s\s) =x*x is termed the squared magnitude of s and s,t are termed 
mutually orthogonal when (s | i) = 0 (a condition implying, by the postu¬ 
late ( 2 ), (<|s)==0). It follows that the n vectors which are presented 
in a unitary basis by the n columns of a unitary matrix are each of unit 
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magnitude and any two of them are mutually orthogonal. We shall term 
a set of n vectors which possesses these properties a unitary set. 

A further observation is of significance. The statement that all unitary 
bases are obtainable from any given one of them by a unitary trans¬ 
formation may be expressed in the following equivalent form: If s and t 
are any two vectors of our unitary space and if they are subjected to the 
same arbitrary unitary transformation U then their scalar product 
remains unaltered; (s\t) = (C/s|f70. In fact if the vectors s and t 
are presented (in a unitary basis) by the n X 1 matrices respectively 
Us, Ut are presented, in the same basis, by the matrices Ux, Uy, respec¬ 
tively; and so 


(Us\Vt) = {UyyUx^ {y*U*)Ux = y*{U*U)x= {y*x) = {s\t). 


Hence the group of n X w unitary matrices may be defined as the collec¬ 
tion of n X n matrices which present, in a unitary basis, those linear 
transformations which leave invariant the scalar product {s\t) ^ y*x 
of any two vectors of the n-dimensional linear metric space. 

Before leaving this brief introduction to the theory of linear metric 
spaces we must prove Schwarz’ inequality and the triangle inequality. 
Denoting by | s | the number =+ V(s| 5 ) (termed the norm of s) 
Schwarz’ inequality is 


( 1 , 8 ) 


\{t\s)\^\t 



, every s, 



the equality implying t ^ <xs where a is a real complex number. We first 
observe that, by postulates (3) and (2), 

I s I « I s 0 real. 

If s, t are any two elements of the linear metric space and A is a real 
parameter we have 


(s + Ai|s A^) ^ 0; i. e. (s|s) + A{(i|s) -|- (s| <)} -f- A*(i|i) > 0 

every A. Hence ( (^|s) -j- (5|0 Y < 4(s|s) (^|i) and since (i|s) + (s|i) 
is twice the real part of (< |s) we have 

{Real part of (i!«) }* ^ (s|s) (f I 0 J | Real part of (i |s) | < | s | | f |. 

The right-hand side is unaffected if we replace s by whilst the (^|s) 
of the left-hand side is multiplied by {$ any real number). Hence 
on choosing 6 equal to the argument of (f |a) we find 


|(<|s)| < I < I I s |. 

The equality would imply 5 + Ai = 0, A real, so that Schwarz’ inequality 
has been completely proven. 

The triangle inequality is expressed by the formula: 
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(1.09) I 5 + ^ I < I 5 I + I i I, every 5, t. 

In fact 

(s+<|s + 0 = Uk) + (i|s) + (s|0 + (MO 

< (MO +2 hi l<l + (<IO = {h| + h|}’ 

proving the stated inequality. Since the right-hand side is unaffected on 
replacing t by e^^t, 6 real, we have 

I s + I < I s I + I < I 

and, in particular, on setting 0 = n 

I s—i 1 < I s I + h |. 

The triangle inequality may be written in the equivalent form 

|s|^h + <l — hi 

or, on writing s t ^u, s = u — t, 

\u — i|>|u| — \t \ every u, i 

or, equivalently, 

— 1^1 every v, L 

7. Canonical forms for matrices. 

If (^ 1 , ■ • • j 2=n) are n linearly independent vectors they constitute a 
basis X. Denoting by X the n X n matrix whose columns are furnished 
by the coordinates of the various vectors {x^, - ^Xn) the statement 

that X is a basis is equivalent to (i. e. implies and is implied by) the 
statement that X is non-singular. Hence the matrix H -= X*X' is a 
positively definite Hermitian matrix; the Hermitian nature is evident 
since H* = (X*X) * «= X*X** =>X*X=^H and the positive definite¬ 
ness is readily proven as follows. Ijet the n X 1 matrix y present an 
arbitrary vector; then y*Hy = y*X*Xy = z*z where z => Xy, Hence 
the vanishing of y*Sy implies the vanishing of z and hence ot y = X ^z 
(it being here essential that X is non-singular). We can, accordingly, 
write H = X*X in the form T*T where T is a non-singular triangle 
matrix: X*X =■ T*T. We introduce the matrix U — XT-^ and readily 
see that U must be unitary; in fact X^UT, X*-==‘T*U* so that 
T*U*UT = T*T. On multiplying each side on the left by the reciprocal 
of T* and on the right by the reciprocal of T we deduce U*U En 
BO that U is unitary. Hence ony non-singular matrix X can be factored 
in the form X=UT where U is unitary and T is a non-singular triangle 
matrix. This important result is known as the orthogonalisation process 
of ScJumidt; it assures us that the individual vectors of any set of n 
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linearly independent vectors can be expressed, in a recurrent manner, 
as linear combinations of the vectors of a unitary set. In fact if 
Wi, * • - jUn are the vectors presented by the columns of U (so that 

* • •, form a unitary set) the matrix equation X = Z/r is equiva¬ 
lent to the set of equations 

Xz = + tn^Uz + ■ * • + tn^'Un. 

We shall need in a moment a particular case of this result which may be 
phrased as foUows: given an arbitrary vector Xx(¥= 0) we may construct 
a unitary set of which an appropriate multiple of Xx is the first vector. 
We have merely to take at random n — 1 other vectors Xz,- • •, such 
that (xx,- ■ • ,xn) are linearly independent (i. e. such that the matrix 
X of their components is not zero; for instance if Xx^ 0 we may take 
2:2 = Ca = ( 0 , 1 , 0, 0 , • ■ •) ; • - . = (0, 0, - • - 0, 1 )). Then the 

orthogonalisation process of Schmidt furnishes a unitary set whose first 
vector Ux = Xx/tx^, 

If A is an arbitrary ny^n matrix (singular or not) there exists at 
least one direction in the carrier space in which A operates which is 
invariant under A\ i. e. there exists a vector a: = 7 ^ 0 such that Ax = Xx 
where A is an appropriate multiplier. In fact if A is chosen as a root of 

the algebraic equation of degree n obtained by equating det {A _ XEn) 

to zero the set of n homogeneous equations implicit in Ax = Aa: has at 
least one non-trivial solution ^ 0. We term A a characteristic constant 
and X an associated characteristic vector of A. It is clear that if a: is a 
characteristic vector associated with A so also is ax (cc any complex 
number 0 ) and so there is no lack of generality in assuming that x 
is a unit vector: x*x = 1 (a normalisation which leaves x still undeter¬ 
mined to the extent of a phase factor e*^, 0 real). We are now able to 
prove a fundamental theorem due to Schur: 

An arbitrary matrix A may be transformed by means of a unitary 
matrix to triangle form. In other words there exists at least one unitary 
matrix XJ such that U*AU is a triangle matrix. The proof is most 
readily given by means of an induction with respect to n, the dimension 
of the matrix; the theorem is true for n = l (17 = ^ I, since every one¬ 
dimensional matrix is triangular) and we assume it true for a given 
dimension n — 1 and then show it must be true for the next higher 
dimension n. Let x be any unit characteristic vector of A (the associated 
characteristic constant being A); we can take x as the first vector of a 
unitary set (Wi, ■ • - yUn). Hence if ex is the vector (1,0,0,- • •, 0) 
and U is the unitary matrix whose columns are the vectors (ui, ■ • * w„) 
we have Uex^—x so that the equation Ax’^hx may be written 
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AUex=)JJei or, equivalently, U*AUei — Kei. Hence U*AU is of the 

form I ^ ^ I where is an undetermined 1 X ^ — 1 matrix and An~i 
\0 An-lJ 

isann — — 1 matrix whilst 0 denotes the n — 1X1 zero matrix. 

We can, therefore, by the induction hypothesis, find an n — 1 X — 1 
unitary matrix Un-i such that XJ*n-iA.n-\Un-\ = T-n-\’ The n X ” matrix 


/I 0 \ 

\0 Un-\) 


V*U*AVV 


( 1 . 10 ) 


y is unitary {V* = Y and 

(J ‘Sr)= 


A 

0 U*n-i ■^n-x 




finishing the proof by induction since Wy being the product of two 
71 X w unitary matrices, is itself an X ^ unitary mattrix. 

If the triangle matrix T which is the canonical form of A (under 
unitary transformations) is such that T*T = TT* it must be, not only 
triangular but diagonal. In fact the diagonal elements of T^T are the 
squared magnitudes of the columns of T whilst the diagonal elements of 
TT* are the squared magnitudes of the rows of T. Thus, for instance, 
T*T = TT* implies that the squared magnitude of the first row of T 
equals the squared magnitude of the first column of T and this implies 
that the only non-zero element in the first row of T is the first onej 
turning then to the second row and column of T we see, by the same 
argument, that the only non-zero element in the second row of T is the 
second; and so forth. Since T = U*A(7 we have T* = U*A*U so that 


T*T= {U*A*U){U*AU) = U*A*{UU*)AU = U*(A*A)U 

and 

XX* = {U*AU){U*A*U) = U*A{UU*)A*U = U*{AA*)U. 

Hence if A is such that we can find a unitary matrix such 

that U*AU is diagonal. The converse is obviously true: if U*AU is a 
diagonal matrix D then the evident relation D*D = DD* (the subset of 
the set of all n X « matrices which consists of all n X diagonal 
matrices possesses the group property and is Abelian!) yields 


TJ*A*AU = X7*AA*XJ 


and on multiplying both sides on the left by U and on the right by TJ 
we obtain A*A = AA*. Terming a matrix A which satisfies the con¬ 
dition A*A = AA* normal we have the result that every normal matrix 
can he transformed, by means of a unitary matrix, to diagonal form and. 
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conversely, if a matrix can he transformed, by means of a unitary matrix, 
to diagonal form it is normal. 

It is clear that any Hermitian matrix is normal (S* = H\) as is also 
any imitary matrix {U*U = UU* = -&„!)• importance for us in the 
next section is the fact that any non-singular matrix A can be written 
as the product of two normal matrices; in fact we now prove, more 
specifically, that any non-singular matrix A can be expressed, in a unique 
manner, in the form A = UP where U is unitary and P is a positively 
definite Hermitian matrix. In fact A*A is a positively definite Her¬ 
mitian matrix and hence, in particular, normal. Hence there exists a 
unitary matrix V such that V*A*AV = Z) is diagonal. D is evidently 
Hermitian (D* = D) but it is also positively definite; for if x is any 
n X 1 matrix the relation x*Dx = 0 is equivalent to z*A*Az>==‘0 where 
z = Vx. Hence, in turn, 

Az = 0, 2 = A~^ (Az) = 0, x = ” 0 

showing the positive definite character of -D (it being evident that 
x*Dx = z*A*Az ^ 0). Hence the diagonal elements of D are positive 
and we denote their positive square roots by (pi, • * *, pn). Let A denote 
the positively definite Hermitian matrix which is diagonal and whose 
diagonal elements are {pu’ ' *>pn) and set P = VAV*, P is a posi¬ 
tively definite Hermitian matrix and is such that P* = A*A ; in fact A^ 
IS, by construction, D and so 

p2 ^ (yaV*) (VAV*) = VA^V* = VDV* = A*A. 

We now set U =» AP~^ and prove at once that U is, as the notation 
implies unitary. In fact U*U = {P~^A*) {AP~^) (note that P* = P) 
^P-^(A*A)P-^ ^P-^(P^)P~^ =(P-ip) (PP-i)=-P„P„ = P„. We have, 
therefore, proved the possibility of writing any non-singular matrix A 
in the form A = UP where U is unitary and P positively definite. The 
second part of our announced theorem, namely the uniqueness of such a 
factorisation of A is trivially evident. In fact A -= C7P forces A*A = P^ 
and so P^ is uniquely determined by A; on presenting P* in its canonical 
diagonal form it is clear that P is uniquely determined by P* (owing to 
the positive definiteness of P) ; hence P, and consequently U = AP"^ 
are uniquely determined by A. For 1X1 matrices (=■ complex numbers) 
U is of the form 0 real, and our theorem reduces to the polar fac¬ 
torisation a =■ p, p > 0, of any complex number a^O. In this 
(degenerate) case we can interchange the order of the factors and write 
a •= pe*^ (both factors P and U being diagonal and hence commutative I). 
In general an arbitrary non-singular n "X. n matrix A can also be factored 
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in a unique manner in the form A — QV; we merely factor A* in the 
form A* = V*Q; and it follows at once that V =U. For A = QV = UP 
yields A = V ■ V*QV = U • P and the positive definiteness of V^QV 
(which is a direct consequence of the positive definiteness oi Q) together 
with the uniqueness of the factorisation A = UP of A forces F= Z7, 
V*QV = P i. e. Q = UPU*. From the two unique factorisations 
A = UP = QU VTQ read A*A = AA* = so that a matrix A is nor¬ 
mal when and only when its two unique factorisations are A == UP = PU j 
for we have just seen that P^ = together with the assumed positive 
definiteness of P and Q force P = Q. We may say, briefly, that an 
72 X ^ non-singular matrix A is normal when and only when the two 
factors U,P in its polar factorisation are commutative: 

A = UP^PU. 

Both U and P being themselves normal we have shown that any non¬ 
singular nXn matrix may he written as the product of two normal 

matrices. 

We close this section by directing attention to a simple form for an 
arbitrary matrix (singular or not) under transforming matrices which 
are not restricted to the tmitary group as this form will be useful to us 
in the next chapter. We first observe that since y*x is unaffected by any 

permutation P = of the labels ( 1 ,* - *,») any permutation 

matrix is unitary (and, being real, real orthogonal). We wish to show 
that under transformation by an arbitrary matrix of the full linear group 
an arbitrary given nXn matrix can be writteji in the block form 

0 0 
0 A^ 

A^ 

where is a triangle square matrix with all its diagonal elements =“ A/ 
; = 1, • • •, fc, and no two of the complex numbers Ai, • • *, A* are equal. 
The simplest proof is, as usual, by induction with respect to ti, 
dimension of A (the theorem being triviaUy evident when ti ■= 1). We 
assume, accordingly, the truth of the theorem for the dimension n — 1 
and show that this assumption implies its truth for the next higher 
dimension ti. Let, then, ^ be any ti X n matr^; it has, under trans¬ 
formation by unitary matrices, the Schur canonical form 




U*AU 
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H^here Ai is a characteristic number of is a 1 X n —1 matrix and 

Tn~i is an n — 1 X ^ — 1 triangle matrix. By the induction hypothesis 
we can find a transforming matrix Bn~i such that has the 

block form of the theorem and we can (by means of a further trans¬ 
formation by a permutation n — 1 X w — 1 matrix, if necessary) arrange 
that if any of the blocks has Ai as its common diagonal element this 
block will appear first. Since the product of the diagonal elements of 
Tn-i (i. e. its determinant) is the same as the product of all the diagonal 
elements of the various blocks of the ** block matrix into which it is, 
by the induction hypothesis transformable (this product being also the 
determinant of the block matrix and det = det T„_i!) it is 

clear that a block with Ai as its common diagonal element will certainly 
appear if Ai is a diagonal element of Tn~i ; and, furthermore, the dimen¬ 
sion of this block is precisely the number of times Ai appears as a diagonal 
element of r«_i. Denoting, momentarily, by C the n X w matrix 



we have 


C-^U*AUC 



0 WA. e\(l 

B-;^J\o Tn.J\0 

\ 

BtxTn.^Bn-y) * 



This matrix will have almost but not quite the form stated in the theorem; 
the deficiency being that across the top row there will be, in general, 
non-zero (instead of zero) elements in the columns occupied by the 2 nd, 
3rd etc. blocks. In other words C'^U*AXJC will have the form 



1 V 2 ' ' ' 
0 • • ■ 

0 Bz 


where • * * are one row matrices whose numbers of columns are, 

respectively, the dimensions of Bi, Bg, • • • (these indicating the various 
blocks of the matrix into which 7Vi is, by the induction hypothesis, 
transformable). In order to remove the unwanted 772 *,-> 73 *, • • • we 

1*1 ■ ■ 

En-x 


J and on the 


multiply on the right by the matrix D = ^ 


left by its reciprocal D~^ 


(; 




The reader will 


observe that D is not unitary (save in the trivial case D*^En); the 
induction would not go through, failing precisely at this point, if we 



30 


GBOUPS AND MATBIOBS 


restricted ourselves to unitary transforming matrices. Denoting VCD 
by F we have 


F-^AF 



1*1 (Ai — Bi) 4 “ 
0 


4*2(Ai—^ 2 ) ri *2 
0 

B^ 



The matrices Ai — B 2 , Ai — Bs,- ■ • are non-singular (whilst, on the 
other hand, Ai — Bi is singular) where Ai denotes, in each instance, the 
scalar matrix of appropriate dimension whose common diagonal element is 
Ai. Hence on setting ^*2 = — 77*2(Ai — BzY^y ^*a = — ’?*8 (Ai — 53)"S ■ ’ ’ 
and so forth the unwanted non-zero elements of the top row are removed. 

^*i(Ai —Hi) + 

Hi 


On writing 


V w 

G' 


') 


A.. B 


2> 


we have 


(1.11) 



and the induction proof is finished. It is clear, since |i* is arbitrary, 
that the various component blocks can be further simplified. In fact 
each block ^i, J. 2 , • * •, which is already a triangle matrix with a com¬ 
mon diagonal element, may be presented, by a proper choice of basis, by 
a matrix all of whose elements are zero save those in the main diagonal 
(which are all equal) and those one step above the main diagonal, these 
latter being sets of I's, each set being separated from the next by a zero), 
followed, possibly, by a set of zeros. The sets of I’s can, by means of a 
transforming permutation matrix, if necessary, be arranged in order of 
non-increasing length and then we have the basic result: two n X ^ 
matrices A, B are transformable, one into the other, by an element of the 
full linear group of dimension n, when and only when their blockstructure 
is the same; i. e, when Aj = Bf, y = 1, 2, ■ • The equality implies 
first that the dimension ot Af ^ the dimension of H^; next that A/ = 
and finally that the sets of I’s, together with the concluding set of zeros, 
if such exists, are the same for each. But this basic result, which is the 
goal of the theory known as elementary divisor theory, is not essential 
for us and we relegate its derivation (which is, now, fairly simple) to an 
appendix. 

8. The rational one>dimensional representations of the full linear 
group. 

After the preliminaries of the preceding section we are easily able to 
find all the one-dimensional representations of the full linear group which 
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are of the type known as rational", whilst the problem is simple, just 
because the representations are restricted to be one-dimensional (i. e. to 
representations by 1 X 1 matrices or numbers), the method of argument 
is typical and the result of some importance for us. Denoting the ele¬ 
ments of the full linear group of dimension n hy • • (so that s, 

for instance, is a non-singular n X ^ matrix) and the elements of an m 
dimensional representation r of the group by Z>(5),D(0>* ' ‘ (so that 
D(s) is a non-singular m X ^ matrix) we say that the representation T 
is continuous if each of the elements of D(5) is a continuous function 
of the elements of s, every s. If each of the elements of D{s) is a 
polynomial function of the n® elements of s the representation r is cer¬ 
tainly continuous; we term it rational integral. If we allow the elements 
of I>(s) to be rational functions of the elements of s (i. e. each of the 
elements of D(s) is a quotient of two polynomials in the elements of s, 
of which the one in the denominator does not vanish) we term the repre¬ 
sentation r a rational representation of the full linear group; it being 
clear from these definitions that every rational integral representation is 
rational and that every rational representation is continuous. 

We now turn to the question at issue; namely, the determination of 
all rational one-dimensional representations of the full linear group. 
The fact that the representation is one-dimensional (so that D(s) is a 
number, a function of the n* elements of s) introduces an essential sim¬ 
plification ; the representation is Abelian: 

D(st) ^D{s)D(t) =D{t)D(s) =D{ts). 

In particular D{t~'^st) =D(stt~^) =D(s), In other words D(s) is 
known if we know D(u) where u = f^st is the transform of s by any 
element t of the full linear group. In particular if s is a normal matrix 
we know D(s) if we know D{u) where u is any diagonal matrix; but 
this implies that we know D(5), s any element of the full linear group, 
if we know JD(u) where u is any diagonal matrix. In fact s can be 
written in the form s pq where p, q are normal matrices (p. 27) and 
the representation property yields D(s) = D(p)D(q). The one¬ 
dimensional nature of the desired representation, therefore, simplifies 
the problem to that of determining D{s) where s, instead of running 
over the full linear group, runs only over that Abelian subgroup of it, 
which consists of the non-singular diagonal ny^n matrices. Denoting 
by (5i, 52, • • • , 5») the diagonal elements of the diagonal matrix s, D(5) 
is a function of the n variables (si, • * •, 5n) which satisfies the equation 
(derived from the basic relation D{s)D{t) ~D{st)) 

Z>(5i,* • •,5n)D(<i,- • ‘ ,tn) = DiSitiySzti,' * -jSn^n). 
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It is important to notice that D(si, Szy’ * •, is a symmetric function 
of its n arguments; in fact the diagonal matrix (5i, • • • ,5«) transforms 
into the diagonal matrix (sp^, • • •, Sp„) under the permutation matrix 

P associated with the permutation p = \ (7) . Writing sj = 

y = 1 , ■ • . j n, and logiP(s) =f(<r) the function / of the n variables 
(o-i, (72, • • satisfies the equation 

■ ■ * ><rn) + /(ti, • ■ - , T„) = /(ai + Ti, * • * ,<r„ 4- T„). 

It is an immediate consequence that 


• ’ ,<rn) =/i(<ri) -^-fzicTz) + • • • + /«(<^n) 


where /i(<ti) is an abbreviation for 0, 0, • • •, 0), and so on; hence 
we have only to determine the n functions fi(x), • • • yfn(x) of a single 
variable x. Denoting any one of these by the unlabelled s 3 rmbol f(x) we 
have f(x) -\-f{y) =f(x-\-y). If j is any positive integer it follows 
immediately that f{jx) = jf(x) ; and on replacing x by x/j this yields 


/( - ) = ~f(x). Combining these two results we see that if j, h are any 

V^/ / /k \ /x\ k 

two positive integers f l — x )«=- ^/ ( - J = ”/(®) and, on setting a: *= 1, 

( 1e\ k \j / \J/ J 

-jj = (7-J where C is the constant /(I). It is clear from the basic 


relation f(x) + f(y) =» f(x -j- y) that /(O) «=• 0 and then that /(— x) 

k 

= C -r if k is any integer positive, 
J 


f(x) and it follows that / 


negative or zero and j is any positive integer. In other words the func¬ 
tion f(x) —Cx of the variable x vanishes when x is real and rational. 


If we assume first that f(x) is a continuous ftmction of x i. e. that the 
sought-for one-dimensional representation of the full linear group is 
continuous we see that f(x) = Cx for all real values of x. In particular 
== (7 i<7i if cTi is real and, in terms of the original variables, this 
yields D(si, 1,1, • • •,!)•= provided Si is real and 

positive. The assumption that the sought for representation is not only 
continuous but rational ** quantises ” the imdetermined constant C \: it 
must be an integer positive, negative, or zero. Furthermore the difference 
D(s\y 1, * * ’ > 1) —Is a rational function of the complex variable 
which vanishes for all real and positive values of the argument Si; but a 
rational function of a single variable Si cannot vanish for more than a 
finite number of values of its argument (namely the number giving the 
degree of the polynomial in the numerator of the rational function) 
without vanishing identically. Hence 1, ■ * •, 1) “ or, equiva- 
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lently, /i(<ri) =• Ciai for all values of the complex variable o-i. 
Arguing similarly for the other functions / 2 (o- 2 ),- * • yfn{<Tn) we obtain 
/(ai, • • •, a„) = Ciffi + Ozo-z + • * ■ + Cn<rn, or equivalently, 

' ' t&n) =5i^'S2^>- • • 

where (Ci, Cz, * * ' ,C-n) are integers positive, negative or zero. The 
fact that D{sx, • • ', Sn) is a symmetric function of its arguments forces 
Cx = Cz — ’ • • — Cn = C (say) so that 

■D(Sl, * * •,«»») = (SiSz ■ • * Sn)^ 

or, equivalently, D{s) = (det s)^; s a diagonal element of the full linear 
group. 

Since the determinant of a matrix is invariant under transformation 
of the matrix by any element of the full linear group it follows that 
D(s) = (dets)^; $ any non-singular normal matrix. If s is any non¬ 
singular matrix we write $ = tu where t, u are normal and find 

D{s) =D{t)D{u) = (detO^(detu)^= (det iu)<^ = (dets)^. 

We obtain thus the desired theorem: 

All rational one~dimensional representations of the full linear group 
are obtained by talcing a constant integral power, positive, negative or 
zero, of the determinants of the elements of the group, (The fact that 
rational one-dimensional representations of the full linear group are 
actually obtained in this way being trivially evident). We may readily 
deduce from this result the fact that all rational representations of a 
given dimension m of the full linear group are known when we know all 
rational integral representations of dimension m. In fact the elements 
of the matrices I>(s) of any rational representation have a lowest common 
denominator <#)(s), say; so that D(s) =F(s) -^-<^(s) where *#>( 5 ) and 
the elements of P(s) are polynomials in the n* elements of s (tie 
elements of P( 5 ) and <t>{s) having no common factor and <^(s) being 
normalised, for convenience, by the condition ^(e) = 1, e being the unit 
element of the full linear group). From the basic representation property 
D{is) =D(t)D{s) we read off 

P{ts)-^ihW =P(t)P{s) 
or, equivalently, 

4 ,(ts)P{s) H-<^(s) =<h{i)P-^{t)P{ts). 

The elements of the matrix on the right hand side are polynomials in 
the n* elements of s and therefore the elements of the matrix on the left 
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hand side must also be pol)nQomials in these variables. Since ^( 5 ) 
denoted the lowest common denominator of the elements of D(s) the 
elements of P{s) and have no common factor and so <p(ts) must be 
divisible by 4>{s). Since they are of the same degree the quotient must 
be independent of s and on setting s = e we find <f>{ts) — 
so that <p{s) furnishes a one-dimensional rational, integral representation 
of the full linear group. We know, therefore, that 4>{s) = (dets)^ 
where C is an integer positive or zero and also that P(^s) = P{t)P{s). 
In other words P{s) furnishes a rational integral representation of the 
full linear group. Hence: any rational representation of dimension m 
of the full linear group is obtainable by dividing the matrices P(s) of a 
rational integral representation of the full linear group by a common 
integral power, positive or zero of the determinants of the elements of 
the group. 

Appendix to Chapter One 

The canonical form for an n X ^ matrix A under transformation by 
an element of the full linear group of dimension n. 

We have seen that A can be transformed by an element of the full 
linear group to block form 



where each component block is a triangular square matrix with all its 
diagonal elements equal; we may, therefore, limit our attention to the 
problem of obtaining a canonical form for each such block. In fact if 
= Bi, C 2 ~^A 2 C 2 = B 2 etc. and we denote by C the matrix 


it is clear that 



We consider, then, a matrix A of dimension m which is triangular and 
has all its diagonal elements = A; the m "X. m matrix B = A — XEm is 
therefore triangular and has all its diagonal elements zero. It is clear, 
then, that B* is a triangular m X matrix with all its diagonal elements 
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zero and in addition all elements which are one step above the diagonal 
zero; and that is a triangular m yi m matrix with all its diagonal 
elements zero and in addition all elements which are either one step or 
two steps above the diagonal zero. Continuing in this way we see that 
B”* ~ 0 whilst, possibly, a lower power of B than the ?n-th may be the 
zero matrix. Let fc < w be the positive integer defined by = 0, 
^0. If A; == 1, B = 0, A = \Em is already in its canonical form, 
no transformation being able to change it. We assume therefore > 1. 
Then the collection of vectors u of our carrier space which are annihilated 
by B*"^, i. e. which satisfy B**'u = 0, constitute a proper linear subspace 
Si of the carrier space. Si is a proper subspace of the carrier space since 
B*'^ ^ 0 and we denote by Ri, of dimension pi > 0, any subspace com¬ 
plementary to Si; i. e. such that Si and Ri have no common vector whilst 
any vector of the carrier space is of the form ri + where Vi is in Ri 
and Si is in iSii. Denoting by BRi the collection of vectors Bri it is clear 
that BRi constitutes a linear vector space which is a subspace of 
Sii BRi CZ Si, In fact B^"^ ■ Bri = BVi = 0; hence Ri and BRi have 
no common vector. The fact that no vector of Ri is annihilated by B*"^ 
assures us that no vector of Ri is annihilated by B, B^, • • •, B*="*. Since 
no vector of is annihilated by B the space BRi has the same dimen¬ 
sion Pi as i2i; in fact if (a^i, * * *, a:p,) constitute a basis for Ri 
{Bxiy - • ’ ,Bxp^) constitute a basis for BRi, Furthermore (if h > %) 
no vector of the space Bi + BRi (i. e. the linear space each of whose 
vectors is of the type Ti + Br'i, n and arbitrary vectors of Ri) is 
annihilated by (since no vector of Ri is annihilated by B*-^); for an 
hypothecated relation B*-^ (n +B/i) =0 would yield, on multiplica¬ 
tion by B, B^-^Ti = 0 implying n = 0. Substituting this in the hypothe¬ 
cated relation we find B*-Vi = 0 implying /i = 0. The vectors of the 
carrier space which are annihilated by B*"* form a linear subspace Sz 
which is also a linear subspace of 8i; we denote by Rz a linear subspace 
of the carrier space which is complementary to Sz and contains Ri -\- BRi. 
The remaining component Rz, of dimension pz, say, is contained in 
Si\ Bi-j-BBi 4-Ba = Ba (the dimension of Rz being 2pi-f pa). If 
A: > 3 we proceed in exactly the same manner; we consider the space 
B(BBi -f Ba) and make the following observations: 

1) this space is a subspace of 8z and hence has no vector in common 
with Ba; in fact it is annihilated by B*'^ because BRi Rz is annihilated 
by B*"' (being contained in 8i). 

2) it has the same dimension pi -f- pz as BBi -j- Ba; for an assumed 
relation B^ri Bfz = 0 forces Bn f 2 = 0 since no non-trivial vector 
of Ba is annihilated by B (not being annihilated by B*^*) and this forces 
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Btx = 0 , fa = 0 the spaces BR^ and Rz having, by definition of Rz, no 
vector in common. Hence the space Rz + B(BRx + -^ 2 ) is of dimension 
3jpi + 2 ^ 2 . No vector of this space is annihilated by 5*"®; for an assumed 
relation [ra + B'^r^ Bfz] would force, on multiplication by 5, 

= 0. Since Rz C /Si, = 0 and so B^^rz = 0 

forcing Tz = 0. Entering this in our hypothecated relation we find 
B*'^(Brifa) = 0 forcing Bri-f-f 2 = 0 and hence fa = 0 , Bri = 0 
and finally = 0 . The linear subspace Sz of our carrier space which con¬ 
sists of the vectors annihilated by B*"® is a subspace of 8 z ; we denote by 
Rz a complementary space to Sz which is spanned by Rz + B(BBi Rz) 
-\- Rz where Rz, of dimension pz, say, lies in Sz (the dimension of Rz 
being 3pi + 2^2 + pa). If A: > 4 we proceed in exactly the same manner 
as before; to show how the construction ends we shall suppose (which 
implies, obviously, no real lack of generality) that Ar = 4. We consider 
the space B (B^Bi -\- BRz + B 3 ) which is a subspace of Sz and of the 
same dimension, namely pi + P 2 4* Ps as B^Bi + BRz + Rz. The space 
Rz-\-B{B^Rx-\-BRz-\-Rz) is, accordingly, of dimension 4pi + Spa + 2 p 3 ; 
we denote by B 4 CZ B 3 a complementary space (of dimension p 4 ) to 

B 3 -f~ B (B^Bi BRz 4“ B 3 ) so that Rz 4“ B(B^Bi 4“ BRz 4“ -^ 3 ) 4* R^ 

is the entire carrier space of dimension m = 4pi 4 - 3p2 4” ^Ps 4" 
Since B 3 ==B 2 4" B(BBi + B 2 ) + Rz and B 2 = Bi 4 - BRx 4“ R 2 we have 
analysed our carrier space S as follows: 

B = 4 - BBi 4 - B^Bi 4 - B®Bi 4- ■B 2 4- BRz 4- B^Rz 4- -B 3 4- BRz 4- B* 

where no two of the parts have a common vector and the first four parts 
have the common dimension pi, the next three parts the common dimen¬ 
sion P 2 , the next two parts the common dimension pz and the last part 
the dimension p 4 . Let us take an arbitrary basis u in Bi; then Bu is a 
basis in BBi, B^u is a basis in B^Bi and B®u is a basis in B®i2i. We 
choose the vectors of B®tt as the 1st, 5th, 9th, • • • vectors ex, e^, 69 , ’ ’ ' 
of a basis for the entire space; the vectors of B®u, in the same order, 
being taken as the 2 Dd, 6 th, 10 th, • * * vectors Cz, ««, eio, * * * of the basis 
for the entire space. Since Bex = B^Wi = 0 the first col umn of B is the 
zero vector; since Be 2 = B®Wi — ei the second column of B = and 
so on. Proceeding similarly with bases v, ic, t for B 2 , Rz, R 4 we obtain 
a basis e for the entire carrier space in which the matrix B appears in 
the form 
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(1.12) B 


0 


1 

0 


1 

0 


1 

0 


times 


0 


1 

0 


1 

0 


j p 2 times 
0 1 


0 


times 
0} p 4 times 


The original matrix A = XEm + B follows from this by replacing the 
common diagonal element 0 by A. The numbers hypi^pzy' * ‘, pk (of 
which both k and pi > 0) are evidently invariant imder any trans¬ 
formation by the full linear group and so two matrices are equivalent 
under the full linear group when and only when they have the same 
canonical block structure, i. e. the same numbers w, A;, pi, • • •, pjt for 
each block. The numbers m are the multiplicities of the various charac¬ 
teristic numbers of the matrix. The invariant numbers m, pu p 2 t ’ ‘' Pk 
are connected by the relation kpi (^ — l)p 2 + ' ' ' + pfc = If 
A; TO the only possibility is pi = 1, p 2 = ps = * ‘ ■ => pfc = 0; in other 
words two m \ m matrices, both of which have but one characteristic 
number, are transformable one into the other by an element of the 
w-dimensional.full linear group if the common characteristic number A 
is the same for both and if the (to — l)-8t power of the difference 
between each matrix and XEm is not the zero matrix. The dimensions 
of the blocks which actually occur are termed the degrees of the elementary 
divisors of the matrix. Thus when k m there is but one elementary 
divisor of degree to. 



CHAPTER TWO 


REDUCIBILITY 


We shall concern ourselves in the present chapter with canonical or 
normal forms for certain collections of n X ^ matrices which are regarded 
as representing, in a given basis, linear operators in a given n-dimensional 
carrier space; the normal forms being obtained by an intelligent choice 
of a basis which is appropriate for the entire collection. In the applica* 
tions which we shall wish to make the collections of matrices will 
generally be collections possessing the group property; usually the col¬ 
lection will constitute a representation of some group in which we are 
interested. But the general remarks we wish first to make have no special 
reference to the group property; they apply to any collection whatever 
of n X w matrices. 


1. Reducibility. 

Let A be a tj'pical matrix of our collection and s a typical vector of 
the carrier space. If *Si is a linear subspace of the carrier space 8 which 
possesses the property that when 5 is in jSi so also is As (a property 
conveniently indicated by ASx^Sx) we say that 8x is an invariant 
space of the linear operator which is presented by the matrix A ; and if 
8x is an invariant space of all the linear operators which are presented 
by the various matrices of our collection we say that Si is an invariant 
space of the collection. Every collection of k X n matrices possesses two 
trivial invariant spaces; namely the entire carrier space and the zero 
space. We shall refer to any other invariant space as a proper invariant 
space. Let now 8i be a proper invariant space (of dimension m) of our 
collection and let us introduce a basis whose first m vectors (fii, * * * > 
lie in Si, Since Ae> has for its components the elements of the ^-th 
column of A (i. e. since is presented by the ;-th column of A) 
the statement that St is an invariant space is equivalent to the statement 
that each of the first m columns of each matrix A of our collection has 
its last n — m elements zero. In other words when the basis is so chosen 
that its first m vectors lie in the m-dimensional invariant space St each 
and every matrix A of our collection has the form 



m 

®n-in 

n-m 


) 


where A” is an m X »» matrix, is an m X «— ^ matrix, and 0 
is the n — m m zero matrix. When this is the case we term the col- 
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lection of matrices A reducible; and when it is not the case we term the 
collection irreducible. In other words reducibility is equivalent to the 
existence of a common proper invariant subspace for the collection. If, 
in addition to being reducible, our collection has the further property 
that it possesses a second invariant subspace S 2 complementary to the 
first (and hence of dimension n — m) we choose as our basis one whose 
first m vectors (ei, • - *,«„) lie in jS^i and whose last n — m vectors 
• • *,en) lie in S 2 . The statement that S 2 is an invariant space 
of the collection is equivalent to the statement that each of the last 
n — m columns of each matrix A of our collection has its first m elements 
zero; in other words when the basis is so chosen that its first m vectors 
lie in whilst its last n — m vectors lie in S 2 each and every matrix A 
of our collection has the form 



where 0 is the zero n — m 'X m matrix whilst 0* is the zero m y, n — m 
matrix. When this is the case we term the collection of matrices A 
completely reducible or analysable; and when it is not the case we term 
the collection non-completely-reducible or non-analysable. In other 
words complete reducibility or analysability is equivalent to the existence 
of a common pair of complementary invariant spaces for the collection. 
It is a triviality that complete reducibility or analysability implies 
reducibility but the converse is not in general true; we shall see, however, 
that the converse is true for most of the groups in which we shall be 
interested (being true, in particular, for every finite group). We 
shall be particularly concerned with non-completely-reducible ( *== non- 
analysable) collections and we prove at once a basic theorem ; any matria; 
which is commutative with each and every matrix of a non-analysable 
collection has all its characteristic numbers equal. Thus, in particular, 
if the matrix is normal it is scalar (=A^n). (The reader will note 
carefully the hypotheses of the theorem: the collection is assumed non* 
analysable; it may well be reducible unless reducibility implies complete 
reducibility.) In fact let P be the n X ^ matrix which is commutative 
with all the matrices A of our non-analysable collection and present P 
in the form 
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of Chapter 1, p. 28; Pic being an X triangular matrix with all its 
diagonal elements *= A*, »= 1, • • •,and A* ^ Ap if p. We sec¬ 

tion A into blocks indicated by the structure of P : 


Then 





^ where is an mg X matrix. 

Az^P^ ■ ■ ■ 

A^^Px • • ■ 




(the columns (block) of A being multiplied on the right by Pi, Pi, * * *, P$> 
respectivelv) whilst 


/Pi4i^ PiAi' 
P4-=[PiAi* ••• 



(the roKJs (block) of A being multiplied on the left by Pi, P 2 , * * 
respectively). The assumed commutativity of P and A gives us a series 
of equalities and we examine more closely one of these, namely 
Ai^P 2 =^PxA 2 K It is quickly seen that this implies in fact 

the last row of PiAz^ is Ai times the last row of and on comparing 
this with the last row of A 2 ^P 2 it is clear that the last row of A 2 ^ is zero 
(it being an essential requirement for this step of the argument to go 
through that Ai^Ai); the same argument then shows, since we now 
know that the last row of A 2 ^ is zero, that the next to the last row of 
Az^ is zero; and so forth. The same argument shows, in general, that 
Ap^ >=0, p^ q so that A has the same structure as P implying that the 
collection is, contrary to hypothesis, completely reducible. Hence all the 
characteristic numbers of P are equal. If the non-completely-reducible 
collection is Abelian each of its matrices is commutative with all the 
matrices of the collection and hence each matrix of the collection must 
have all its characteristic numbers equal; and if the matrices are normal 
they must, accordingly, all be scalar. But this would imply the complete 
reducibility of the collection save in one case: namely the case when 
matrices are one-dimensional. Hence a non-analysable Abelian collectton 
of normal matrices is necessarily one-dimensional. In particular a non- 
completely-reducible representation of an Abelian group by normal (e. g. 
unitary) matrices is necessarily one-dimensional. 

When a collection of » X « matrices A is completely reducible (so that 
each matrix A is presentable in the form 

6^093.9. . 
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an m X wi. matrix and A 2 an n — mX^ — rn matrix) we say that 
the collection {^4} is the direct sum of the two collections whose typical 
matrices are and A 2 , respectively, and we denote the direct sum thus 

A Ai “f" A^t 


If either Ai or A 2 f or both, are completely reducible we may, by proper 
choice of basis in each of the carrier spaces of Ai and Az^ respectively, 
present them as a direct sum, and so on. The process must finally stop 
since each analysis lowers the dimension of the carrier space; we end 
therefore with the analysis 

A = Ai Az ’ * • + 


D{s) 




where each of the component collections {Aj) is non-completely-reducible. 

We now turn our attention to the case where the collection of matrices 
A is an n-dimensional representation r'={i?(5)} of a group G with 
elements «,/,«,•••. If the collection is reducible (not necessarily 
completely reducible) each matrix Il(s) may, by choice of an appropriate 
basis, be presented in the form 

(s) a(s) \ 

D2(s)J 

where /?i,(a) is an m X ^ 1 ^ 2 ( 5 ) ^ ^ X ^ ^ matrix whilst 

®(s) is an m X ^ ^ matrix and 0 denotes the n — 7n X ^ zero matrix. 

Since detD(s) = detI>i(s) deti? 2 (s) the non-singularity of i?(s) 
assures us of the non-singularity of both Di{s) and Dzis), every s. 
Furthermore a direct application of the definition of matrix multiplica¬ 
tion yields 

D(8t) ‘^D{s)D{t) — I Q Dz{s)Dz{t) ) 


80 that Dz{si) = D^{s)D^{t)Dz(si) =Dz{s)Dz{t). Hence the col¬ 
lections of matrices 7)i(s), T>z{s) furnish representations A, Ta of 
dimensions m and n — m, respectively, of our group O. We term 
Vi — {Di (s)} the representation of O which is induced by T in its 
invariant subspace (here spanned by ei, • * *,em). In the particular 
case where the original representation r is not only reducible, but also 
completely reducible, we may write i?( 5 ) 1^1(5) -f-2)2(5) i. e. 
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and we term r the sum of Fi and Fj : F = Fi + F 2 . Since i?(5) may 
be transformed, by means of a permutation matrix P, into 

P-^D{s)P = i. e. P-^D{s)P == D.(s) + 

and since the representation of G furnished by the matrices P~^Di^s')P 
is the same as that furnished by the matrices D{s) (the apparent differ¬ 
ence in the individual matrices being due merely to a different choice of 
basis) we have F = Fa + Fi. In other words the process of addition of 
representations is commutative. We define multiplication of a repre¬ 
sentation Fi by a positive integer p as the addition of Fi p times: 

pFi = Fi + Fi + • • • -I- Fi (p terms). 

After analysing the completely reducible representation F in the form 
r = Fi -f- Fa we examine each of the representations Fj, Fa. If either is 
completely reducible we analyse it in the same manner as F and continue 
this process till it ends when none of the component representations 
Fi, Fa, • • ■ ,Vk is completely reducible; this end is certainly reached 
since every one-dimensional representation is non-completely-reducible. 
When the analysis is finished; F = CiFi -j- CaFa + '' “h ^*1^ ^ positive 

integer or zero) we say that the completely reducible representation F 
is reduced and term the non-analysable representations Fy for which 
cy !> 0 the non-analysable (or irreducible when reducibility implies com¬ 
plete reducibility) components of F, the coefficients cy being termed the 
multiplicities of the various non-analysable components. 

It is clear that when a collection of matrices A is reducible (or com¬ 
pletely reducible) so also is the collection of matrices A*, In fact the 
hypothesis that the collection (A) is reducible assures us that each 
matrix A of the collection may be presented in the form 






n-m 



(where a”« is the m'X n — m zero matrix when the collection is 
completely reducible). Hence A* may be presented in the form 



/AZ* 

I m 


0* \ 

A n-m* I 
-a n-m r 


and it is then clear that the collection of matrices A* possesses as an 
invariant space the space spanned by the n — m vectors Cm+i, • * *, ft* 
(and, in addition, if aZm is the mXn — m zero matrix, the com- 
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plementary space spanned by the m vectors ei, • • *, proving the 
theorem stated. 

2 . The analysis of any rational integral representation of the full 
linear group into a sum of homogeneous such representations. 

We have seen in Chapter 1, Section 8, that any rational representation, 
of dimension m, of the full linear group may be obtained by dividing 
the matrices of a rational integral representation, of dimension m, of 
the full linear group by an integral power (positive or zero) of the 
determinants of the matrices of the full linear group. We now show 
that any rational integral representation, of dimension m, of the full 
linear group may be written as a sum of homogeneous rational integral 
representations of the full linear group; a rational integral representation 
by matrices D{s) being termed homogeneous of degree p when the ele¬ 
ments of D(s) are homogeneous polynomials of degree p in the n* 
elements of the matrix s. In other words, the rational integral repre¬ 
sentation whose matrices are is homogeneous if and only if 

D(a:s) x any complex number. Since D{En) =Em it follows 

that a necessary condition for homogeneity is D{xEn) =x^Em and it is 
immediately seen that this necessary condition is sufficient. In fact the 
basic representation property, namely D{ts) ^D{i)D{s) tells us, on 
setting t *= xEnj that 

D(xs) =D{xEn)D(s) =^xPl){s). 

We now consider the Abelian subgroup of the full linear group which 
consists of the linear operators which are presented in a given basis by 
non-singular diagonal matrices and we denote by x the non-singular 
diagonal matrix whose diagonal elements are {xi, ■ * * > Xn) ; thus xy is 
the non-singular diagonal matrix whose elements are (arij/i, * * ‘ ,Xnyn)-' 
Then the collection of matrices D{x) may or may not (so far as we 
know at present) be completely reducible; if it is completely reducible 

we reduce it so that P-^D{x)P D^(x) -j-• • '^Ds{x) where each 
part Dic(x), h = - constitutes a non-analysable Abelian coUec- 

tion (P being some element of the m-dimensional full linear group). 
We consider, in particular, the collection Di(x) where it is understood 
that if the collection D{x) is not completely reducible D^{x) stands for 
!>(*). Since Dx{x) is a non-completely-reducible Abelian collection 
each of its matrices must have only one characteristic number 
Bay. The elements of Z>i(x) are certain linear combinations of the ele¬ 
ments of D{x) and so 4n{x) is a rational integral (=*polynomial) 
function of the n variables (x^r ’ - for the sum of the diagonal 
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elements of Dx(x) is the product of <f>i{x) by the dimension of Di(x). 
The characteristic vectors of being all necessarily associated with 

the single characteristic number of Vi{x) constitute a linear 

vector space, Siy say, of dimension fcj. If u is any vector of Si we have, 
by definition, Di(x)u = <f>i(x)u and on multiplication on the left by 
^i(y) we find (owing to the commutativity of and Di(y)) 

Di{x)Di{y)u = Vi{y)Di{x)u = Di(y)4»i{x)u = <f>i(x)Di{y)u 

so that Di(y)u also lies in iSi; in other words Si is an invariant space of 
Di{y), Hence Di{y) has at least one characteristic vector in Si (as is 
at once seen on introducing a basis whose first k vectors lie in Si), On 
denoting such a common characteristic vector of Di{x) and Di{y) by u 
we have 

Di{xy)u = Di{x)D(y)u = <f>i{y)Di{x)u = <f>i(x)if>i(y)u 

so that i>i(x)<f>i(y) is a characteristic number of Di(xy); but Di{xy) 
has, like all the matrices of the collection Di(x), only one characteristic 
number, namely (f>i(xy) and hence <^i(*) is a polynomial in the n 
variables (xi,- • ’^Xn) which satisfies the equation 

<l>i(Xir • ‘ jXn)tl>i{yi,' • ' tyn) =~ ff>i{Xiyi,' • -yXnyn)- 

By the reasoning of Chapter 1, Section 8, it follows that ff>i{x) 
= Xi^^- • • Xn^*' where Cf is an integer positive or zero, / == 1,' ' * j 
[The reader should carefully note that whilst in that section we were 
able to derive the further result Ci — Ca = * • • — Cn we are unable to 
do so here; the reason being clear. There we had a function defined for 
all elements of the full linear group and not, as here, merely for the 
diagonal elements. We were able to show, consequently, that <h(x) must 
be a symmetric function of its n arguments because the diagonal matrix 
x~ {xi,' • ’yXn) can be transformed into Jtp = (ajpi, * * by a 

permutation matrix. But this permutation matrix is outside the diagonal 
subgroup of the full linear group (En being the only diagonal permuta¬ 
tion matrix!) In other words no diagonal matrix is transformable into 
any other diagonal matrix by a diagonal matrix; simply because the 
diagonal subgroup is Abelian. We are unable, therefore, to say (it would 
be, in fact, false) that <^i(x) is a symmetric function of its n arguments 
(xj, • • ‘jXn)]. In particular <f>i(xEn) =x^ where pi“CxH-* * -|-o» 

is an integer, positive or zero. On factoring out x^ from Di{xEn) we 
obtain a matrix ^i(xJP») (defined by ^i(x^n) = Dx{xEn) -i-x^) all of 
whose characteristic numbers are unity and which satisfies the equation 
^i.{.xEn)^\{yEn) =^i(xy-Sn). We propose to show that ^i(x^i*) is the 
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unit mi-dimensional matrix. Admitting this for the moment it follows 
that Dx{xEn) = and, generally, D}c(xEn) = fc = 1 , • • * 

If any of the integers pi, p 2 ,' ' ' are equal we place the corresponding 
matrices Ihi{xEn) together (by means of a permutation matrix) and so 
we know that there exists a basis in which D(xEn) has the form 

X^Eq^ + X^Eq^ + • • • + XP'Eq.y Pi> p2> ’ • • > pr ^ 0. 


Since D{s) is permutable with D(xEn) it follows that D($) is com¬ 
pletely reducible: 

f Ax(s) 0 ■ ■ • ^ 


0 ^2(5) 


D{s) 


Ar(s)J 


where A/(s) is a qf'X.qi matrix. The matrices Aj( 5 ) constitute a 
representation of the full linear group which possesses the property 


Ai(a;s) == xP*A(s) 

since D{xs) = D{xEn)D{s) ; in other words it is homogeneous. Hence 
we have the result: every rational integral representation of the full 
linear group of dimension n is either homogeneous or else expressible as 
a sum of homogeneous rational integral representations of the full linear 
group. Combining this with the theorem of Chapter 1, Section 8 , we 
see that all rational representations of the full linear group are known 
when we know the homogeneous rational integral representations. 

It remains to prove that the matrix \l/x{xEn) is the unit matrix 
We write a: = and denote xjfxixEn) by so that /i(4) 

all its characteristic numbers zero (as is at once seen on presenting 
^i(a:^„) in its Schur canonical form). Denoting the constant matrix 
fx{l)-^En^ by Ax we have Ax”^ 0 so that for positive integral values 

mi — 1/ 

/ /^\ — 1 ) • • • (^ — ^ + 1 ) 

I where (^1 is the binomial coefficient- Yi 

is identical with + Hence gi{i)gi{v) ^l^®re 

^> 1 ) are positive or zero integers. The difference ^i(^ + ’)) 
is a polynomial in the two variables ^,17 and since it vanishes (for any 
given positive integral value of one of the variables) for an infinite 
number of values of the other it must vanish identically. In other words 


uy we nave ai • m ou mav xvi. 

of f the matrix ji(^) = Em^ + ^Ax -f (‘W+ ■+( 


) 
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9 \(^ + »?) = for all complex values of | aud rj. The matrix 

/i(|) satisfies the same equation: /i(l +»?) =and /i(l) 
^ Ai = gi{\) and this is sufficient to imply 

every In fact =“ {^i (^) )*> ^ ^^7 positive integer, so that 

g^(h) = {^i(l)}*= and similarly f^{k) = {/i(l)}* so that gi{h) =f^{Jc), 
k any positive integer. Since both /i(|) and gi{i) are continuous func¬ 
tions of ^ the equality fi(^) = gi(i) 'will be proved for all positive real 
values of i if we can show that it holds for all positive rational values of I; 
i. e. for all values $ = k/l where k and I are positive integers. Since g^ (k/l) 
= {^i(l/0}*j = {/i(VO}* if is sufficient to show that fi(l/l) 

= ^i(l/Z), I any positive integer. Setting fi{l/l) => Bi, gi{l/l) = Ci 
we have to prove BiCi~^ — Emx (that Ci is not singular is a consequence 
of gi(i)gi{ —I) =<7i(0) = Em^ so that gi{i) is non-singular for all 
values of |); now Bx^ = fi(l) = Em^ Ai so that Ax commutes with 
; Cl is a polynomial in Ax so it also commutes with Bi and hence 
(BxCx-^)^ ^ Bx^Cx-^ ^ Ml)gi~Hl) Bxy like all has all 

its characteristic numbers unity, and Cx, being a pol3momial in Ax (all 
of whose characteristic numbers are zero) with first term Em^y has all its 
characteristic numbers unity. Hence Cr^ has all its characteristic 
numbers unity (use the Schur canonical form!) and this implies that 
BxCx~^ has all its characteristic numbers unity (since the commutativity 
of Bx and Cx implies that of Bx and Cr'). Writing BxCx~^ =Emx Ar 
it follows that Fx has all its characteristic numbers zero so that Fx”*^ *=• 0. 
Let ki be the lowest power of Fx which vanishes: Fi^ == 0 , Fx^~^ ^ 0 ; 

since (BiCr^) * = we have (^m, + ^i) * = or 

+ • • • + ^1* = 0* On raising this to the kx — 1-st power (if fci > 1) 
we find (on using « 0 )Fx*‘^‘^ »= 0 contrary to the definition of kx', 
the only way out of the dilemma is to have kx =» 1, i. e. = 0 implying 
Bx = Ci, i. e. /i(l/0 = ^i(l/0 or, consequently, /i(A:/0 =■ > 

k^l any positive integers. The continuity of fi(i),gi{i) then ensures 
fxii) = 9 iii), ^ any positive number. Since /i(^) is a rational func¬ 
tion of X =e( and ^i(f) is a polynomial in ^ = log x the only way 
we can have fx{i) = fl'i(^) for all positive values of ^ is to have =*■ 0 
so that the logarithms disappear from gx{i), this reducing to the con¬ 
stant matrix Em^ We then have fxU) = Em^ for all positive real values of 
i. e. gfx{^E.n) = Emx for ah real values of x which are > 1 . Since the 
elements of \px{^Bn) are polynomials in x it follows that gni^EJn) = Em^ 
for all complex values of x; which is what we had to prove. 
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3 . Schur’s Lemma. 

A fundamental theorem concerning irreducible collections of matrices, 
known as Schur’s Lemma, is the following: 

If {A} and {B} are two irreducible collections of matrices, whose car¬ 
rier spaces are of dimensions n and m, respectively, and if there exists an 
n X matrix P such that AP = PB, every A, B (this equality meaning 
that given any A of the first collection a B of the second collection may 
be found such that AP = PB; and, vice versa, given any B of the second 
collection an A of the first collection may be found such that AP = PB) 
then we are confronted by a simple alternative: either 

1) P is the zero n'Xm matrix; in which case B is evidently 
indeterminate when A is given and A indeterminate when B 
is given 

or 3) P is square and non-singular', in which case the collection of 
matrices B = P-MP is equivalent (under the full linear 
group) to the collection of matrices A. 

The proof of this basic theorem is trivial: let the columns of P pre¬ 
sent the vectors pi, * ■ ■, pm \ then the columns of AP present the vectors 
Api, • • •,Apm whilst the columns of PB present certain linear com¬ 
binations of the vectors (pi, ■ * *>pm). In other words the linear 
space spanned by the m vectors (pi, ‘ ■ *,Pm) is invariant under the 
collection of matrices A. Hence the granted irreducibility of this col¬ 
lection assures us that the linear space spanned by these m vectors 
(Pi» * ■*, Pm) is either the zero space or the entire carrier space. In the 
first case P is the zero n X ^ matrix, whilst in the second n and 

n of the m vectors (pi,* ‘ '»pm) nre linearly independent. Starring 
the given equality AP = PB we find B*P* ==P*A* and we know that 
the new collections (A*) and {B*} are irreducible; hence, unless P is 
the zero ny^m matrix (in which case P* is the zero m X n matrix), 
the number of columns of P* (namely n) — the number of rows of P* 
(namely w). Combining both results we obtain the stated theorem: 
either P is the zero matrix or P is square (w = n) and non-singular 
(since tlie n vectors presented by its columns are linearly independent). 
The reader should note carefully the hypotheses of the theorem: both col¬ 
lections A and B are assumed irreducible. Non-analysability is not enough 
(unless, as is, for instance, the case for all representations of all finite 
groups) reducibility implies complete reducibility (= analysability). 

It is clear, by the same argument, that if we are given but one irre¬ 
ducible collection of n X « matrices A and a fixed n X m matrix P such 
that AP «=• 0 then either P is the zero matrix or the vectors represented 
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by the columns of P span the entire n-dimensional carrier space; in this 
case Aex =* 0, Ae 2 *= 0, • • •, Acn = 0 or, in other words, the columns of 
A all present the zero vector i. e. {^1} is the trivial collection which con¬ 
sists of the single zero matrix. 

4 . Burnside’s Theorem, 

In order to derive this consequence of Schur’s lemma, it is necessary 
to say a few words about a concept which is fundamental in the theory 
of group representations, namely, the trace of a square matrix. This is 
the sum of the diagonal elements of the matrix: 

( 2 . 1 ) Tr(A)^aa\ 

Since the j-th diagonal element of the matrix product AB {A, B both 
n X ^ matrices) is we have Tr(AB) = aoPhfP and the symmetry 

of this in the symbols a, h yields the important result: 

(2.2) Tr(BA) = Tr{AB), 

It follows that the trace of a matrix of dimension n is invariant (herein 
lies its importance) under transformation of the matrix by any element 
of the full linear group; in fact if P is any non-singular n "X n matrix 
we have 

Tr{P-^AP) == Tr{P-^A • P) == Tr(P ■ P-^A) => Tr(PP-^ • A) = TrA. 

We see, then, on transforming A to its Schur canonical form, that 
Tr{A) = the sum of the n characteristic numbers of A. 

Let now F be an irreducible representation, of dimension n, by matrices 
D{s)j of a group G whose elements are s, i,«, • * ■ and let us suppose 
that there exists an n X ^ matrix P such that 

Tr{P*D{s)) =0, every s. 

Since the collection of all n X ^ matrices constitutes an Abelian group, 
under addition as the law of combination, we may regard any nX ^ 
matrix as a vector in an nm dimensional linear vector space (the nm 
different matrices each of which has all elements zero save one, which 
is unity, being evidently linearly independent and every n X matrix 
being a linear combination of these). If A, B are any two »X ^ 
matrices B* is an m X « matrix and so B*A is an m X matrix whose 
i-th diagonal element is = 2 Hence the trace of this 

a 

product is 

( 2 . 3 ) Tr(B*A) = 6 = 2 

Cttfi 
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and it is evident that 

Tt(A*B) = J) 

(a relation which is a consequence of the trivially evident relation 
Tr(A*) =Tri4). It is, then, evident that the nm dimensional linear 
vector space whose elements are n X matrices may be assigned the 
metric 


(2.4) 


(A\B)^Tr(B*A). 


(That (J.|^)^0, the equality implying A 
(A\A)^Tt{A*A) = 


= 0, is evident since 

2 and any term of this double summation, 

a. a 

fi/agP say, is positive or zero and, if zero, = 0 ), 

Our assumed relation Tr{P*D{s) ) == 0 may be expressed by the state¬ 
ment that there exists a vector P in the dimensional linear metric 
space (whose elements are n X w matrices) which is perpendicular to all 
the matrices i?( 5 ) of an irreducible representation of a given group O 
(and hence to the linear vector space spanned by the matrices D{s) of 
the given irreducible representation). The collection of vectors P^ in 
this n* dimensional space, which are orthogonal to the linear vector space 
R spanned by the matrices D{s), constitutes a linear vector space S (of 
dimension j, say, and spanned by the vectors Pi, - • ’ ,Ph say) comple¬ 
mentary to R. The definition of 8 is such that it P Cl 8 {D(s) | P) = 0, 
every s; in particular (D{st) | P) = 0, every s, t, i. e. (i?(s)P(0 |^) “ 0* 
But this expresses the fact Tr{P*D(s)D(t) ) ■= 0 i. e. Tr(Q*D(t) ) *— 0 
where Q = D*{s)P. Hence (I?(O|C)“0, every t, so that Q Cl 8, 
every s. On setting P = P*, A: = 1, • ■ *, /, in turn, we have P*(s)Pjfc 
"“Pa 4 ®, fc = l, • • the 4'" being undetermined complex numbers 
which constitute a / X i matrix P*(s). Each of the y n X w matrices Pje 
contains n* elements so that there are jn^ elements altogether in the set; 
we select from these the jn elements which lie in the same column, say 
the 5 -th, of the j matrices and consider the n X / matrix Mq of which 
the element in the Z-th row and m-th column is (Pm)^** Then our 
relation i>*(s)Pjt >=> Pa 4 ® appears in the form 




(g“-i,* • •,»)• 


But the irreducibility of the collection D ( 5 ) implies that of the collection 
B*(s) and so the columns of are either zero or else ; > n and the 
j vectors (of the carrier space of D{s)) constituted by the columns of Mq 
span the entire carrier space. If T*(5) is the zero matrix the non¬ 
singularity of D*(s) implies Mq — 0, every q (on multiplication on the 
left by D*~^{8)). If the collection of matrices T*{s) is irreducible 
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we star the relations written above, obtaining T(s)M*q = M*qD (s) im¬ 
plying 71 > j (unless all il/% = 0) and the fact that the n vectors (of 
the carrier space of T’(5)) constituted bj’’ the columns of span the 
entire carrier space. Combining the two results we see that either 
Mq = 0, every q, or else there exists one Mq which is a non-singular 
n "X TV matrix so that the matrices T{$) = iil*qD{s)M*q~^ furnish the 
same representation F of as the matrices D(s). If the first alternative 
holds, i. e. Mq = 0, every q, we have, by definition of the 3Iq, Pk = 0> 
= 1, • ■ *,so that S is the zero space, its complementary space R 
being the entire dimensional space. In other words the matrices D{s) 
span the entire n^-dimensional linear vector space (whose elements are 
nX n matrices). If the other alternative holds, we transform T(s)f 
which is equivalent to D{s)f by introducing a new basis in S so that 
r(5) becomes D(s) and we know that there exists a non-singular n X ^ 
matrix M*q having the property 

D(s)M*g = M*gD(s), every s. 

This is sufficient to imply that is a scalar matrix; for evidently any 
scalar matrix XqEn satisfies the same relation: 


D(s)XqEn = X^E„D{s) 


so that D(s)(M*q — KiEn) = (M*q — XqE„)D{s). If \q is a char¬ 
acteristic number of M*q the matrix M*q — XqEn is singular and hence, 
by Schur’s Lemma, it must be the zero matrix. In other words M*q « XqEn 
and, by the very definition of Mq, it follows that (i^m)g* = 0 unless 

1 = m in which case it = A^. The relation (Z>(s)|Pm)=0 i. e. 

2 (^m)a®(^('S') = 0 reduces, therefore, to 2 ® 

D(s)X~0 where A is the vector, of the carrier space in which D{s) 
operates, whose components are (Ai, • - ‘jAn). The non-singularity of 
D{s) forces A = 0 so that all the matrices M*q, and hence all the matrices 
Mq, vanish; implying, as before, that the matrices D{s) span the entire 
dimensional space. However, our proof of this fact rests on the 
assumption that the collection of matrices T*(5) is irreducible. If the 
collection r*(s) is reducible we present it, by proper choice of basis in 
the space 8, in reduced form 




Q*{s)\ 

T*2{s)J 


where the square matrix r*i(s) (of dimension < j) is a member of an 
irreducible collection (obtained by letting s run over G). Taking only 
the first jx of the j equations D*{$')Pk = Patk*^ we argue with these 
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precisely as above where the irreducible collection r*i(s) takes the place 
of the previously assumed irreducible collection T*{s). We find that all 
the vectors Fi, • * •, Pj^ must vanish contrary to the hypothesis that they 
span a space of dimension ^ 1. Hence the theorem is true in general: 
the matrices of an irreducible n-dimensional representation of any group 
contain n® linearly independent matrices (Burnside’s theorem). An 
equivalent statement is the following: the rr elements of the matrices 
F(5) of an irreducible representation, of dimension of any group G 
are linearly independent, no non-trivial relation Tr(P*D{$)) ■■= 0, every 
$, existing between them. In the course of the proof we have derived the 
very useful result: the only matrices commutative with all the matrices 
of an irreducible collection are scalar matrices. The reader \vill compare 
this theorem with a previous theorem where a weaker assumption (non- 
analysability instead of irreducibility) led to the weaker result (all char¬ 
acteristic numbers equal instead of matrix being scalar). 

Frobenius and Schur have given a useful generalisation of Burnside’s 
theorem which runs as follows. Suppose w'e have several non-equivalent 
irreducible representations Fi, r 2 , ■ ■ ■, Fg of a given group G by matrices 
■Fi(s), Dzis), • * •, Dq(s) of dimensions ni, ^ 2 , • • *, respectively. The 
ordered set (Aj, • • •, Ag) where Aj is any Uj dimensional matrix, 
y «=s 1, • • •, g constitutes an Abelian group under the law of combination 
(Ai, • • •, Ag) + (Fi, • • •, Fg) = (Ai -h Ft, • • •, Ag + Fg) Rud, fur¬ 
thermore, has defined over it the operation of multiplication by an 
arbitrary complex number a: a(Aj, * • '>Ag) = (aA,, aA 2 , • • ' ,aAq), 
It constitutes, therefore, a linear vector space and the dimension of this 
linear vector space is nP -j- ni^ + ' ‘ denote by A the 

typical vector (Aj, • • •,Ag) of this linear vector space, the formula 

(A IP) =Fr(F*iAi) +Fr(F*2A2) +• • • + rr(F*gAg) 

evidently defines a metric over the space. If the vectors D{s) 
= (Fi(s),* * ■,Fg(s)) span a subspace R of the linear vector space, 
the vectors P = (Fi, • * *, Fg) which are completely perpendicular to R 
span a complementary space S and if this is of dimension j and is spanned 
by Pir ’ ’yPi the typical vector of S is P«rr«; xS • • •, x> arbitrary 
complex numbers. The statement P CZ F is equivalent to (D{s) | P) = 0, 
every s; and this implies (D{st) | P) =■ 0 every s, t. Written out this is 


= 0 , 

1c=l 


i. e. (0(f) |Q)=0, every t, where ^=(F*i(s)Fi, F* 2 (s)F 2 , * * 
F*g(s)Fg). Hence P C F implies <? C F. On setting P in turn = Pk, 
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& = 1, • ■ where P* = (Pk,i, • • - we find i)*m(s)Pjfc.m 

= Pa.mtk^(s), m = l, 2, • • *, 5 , the being undetermined complex 
numbers which constitute ^ j 'K j matrix r*(5). For a fixed value of 
m, say w = 1, we repeat the argument used in the proof of Burnside’s 
Theorem; the conclusion being first that all the matrices Pk,i vanish or 
else that the matrices T(s) furnish the same representation Ti of 0 as 
do the matrices Dx{s). In this latter case they do not furnish the same 
representation of G as r^, Fa, * * •, or F, and hence the matrices 
Pfc. 2 , • • •, Pk.<i vanish, every k. We are then back in the previous case 
(i. e. Burnside’s Theorem) so that the matrices Pk.\ must vanish, every k. 
In other words the vectors D(s) span the entire ni* -{- na* + * * * + 
dimensional space; or, equivalently, the nP + ng* -f- ‘ ‘ elements of 

the matrices Pi ( 5 ), ’ ,Dq{s) are linearly independent, no non¬ 


trivial relation of the type 2 2^^{P*kI^(s)) = 0, every existing 

Ic^t 


between them. 


5 . Bounded representations of a given group G. 

If F is an n-dimensional representation, by matrices D[s), of a group 
G with elements s, f, u, * • • we may picture P(s) by a point in a real 
2n*-dimensional rectangular Cartesian space whose coordinates are the 
real and imaginary parts of the n* (complex) elements of P(5). Then 
(P(s) |P(s)) =‘TtD*{s)D{s) is the squared distance of the repre¬ 
sentative point from the origin (which represents the zero matrix). 
We say the representation is bounded when the representative points all 
lie within some “sphere” with center at the origin; i. e. when there 
exists a fixed number M such that !!rr(P*(s)P(s)) ^ My every s. It is 
clear that a collection ot n'^ n matrices is bounded when and only when 
the set of elements of the matrices of the collection is bounded. For 
example every representation of a finite group is bounded; or if the 
elements s, f, • * * are described by a finite number of real parameters 
which run over a closed point set as s runs over G the representation is 
bounded if it is continuous, i. e. if the elements of P(s) are continuous 
functions of the parameters which specify s (for any continuous function 
defined over a closed point set is bounded over the set). Terming such 
a group G compact we may say that any continuous representation of a 
compact group is bounded. The (Euclidean) squared distance between 
the representative points p, q of two n'X.n matrices Ay B being 
{A — B \ A — B) it is clear that not only does {A — B | A — B) 0 
imply A — B == 0, i. e. p = g but that g —»• p as B—* A and vice versa. 
In fact the formula \ q — p|* = 2(«^* — ^^“) (®^“ — &/ 9 *) shows that 
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\q — p I < « implies | ak^ — bk^ \ < « every k ; and, conversely, 
I — 6*^ 1 < c, every fc, implies | g — p \ < Furthermore not 
only does the Schwarz' inequality: \{A \ 5)1=':< {A \ ^)(B | B) hold 
(this inequality being valid for every linear metric space) but 

(2.5) \AB\<\A \ \B\ 

where | A ] (called the norm of ^) denotes the positive square root of 
{A I ^). To see this we first make the trivially evident remark that the 
norm of a matrix is unaffected by multiplication of A, on the right or 
left, by any unitary matrix U : 

\ AU \ = \ VA I =*s I A I; UyV arbitrary unitary matrices. 

In fact 

I AU \^={AV 1 AU) =Tr[(AU)*AU^=Tr[(AU)(AU)^^ 

= Tr(AUU^A’^) = TrAA* = TrA*A =\A\^ 
and 

\VA\^^{yA\VA)^Tr[{yA)*yA^=^Tr(A*V^yA)=^TrA*A=^\A\^. 

Hence, in particular, the norm of a matrix is invariant under trans¬ 
formation by any element of the unitary group: | U*AU | = | ^ |). 
In particular the norm of a normal matrix is the square root of the 
sum of the squared moduli of its characteristic numbers (the Schur 
canonical form of the normal matrix being diagonal). If the normal 
matrix is a non-negative Hermitian matrix P, with characteristic num¬ 
bers (Ai, • • *, An) so that Ay ^ 0, ; = 1, * * •, n, | P |* = Ai® -f- A 2 * 

+ * ‘ * + An* < (Ai + A 2 + ‘ * • + An)* = (PrP)* so that, since | P | 

and Tr{P) are both non-negative, | P | ^ Tr{P), Writing P in the 
form T*T we have | T*T \ ^ Tr{T*T) = \T and this result (valid 
for any n X « matrix T) leads at once to the stated inequality. Thus 

I AP 1* Tr{B^A* • AB) = Tr{BB*A*A) =- {A^A \ BB*) 

^ [(A*A I A*A){BB* I PP*)]^ (Schwarz' inequality) 

I A*A 1 I PP* I I ^ I* I P I* 

implying | AB | < | .4 | | P |. It is evident that if either .4 or P is the 

zero matrix the inequality may be replaced by an equality (both sides 
being zero). If neither A nor P is zero and one of them Ay say, is such 
that -4*4. has at least two non-zero characteristic numbers, the weak 
inequality | 4P | ^ | 4 | | P | may be replaced by the strong inequality 
I I < I 4 I I P I for then | 4*4 | < | 4 |*. 
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When B are 1X1 matrices (= complex numbers) our inequality 
becomes the modulus equality 

\AB\ = \A \ 1B|. 

As far as convergence questions (where the interest is centered on 
dominations rather than equalities) are concerned, the inequality 
I AB I I A I I B I is just as forceful as the equality \ AB | = | A | | B |. 
Thus if we have a sequence of n X « matrices Ai, A 2 , * ' • yAm,’ 
we say that the sequence converges to a limit matrix L when the sequence 
of norms |B —Ai|,- • |B —Am|,- ■ • (each of which is a non- 
negative real number) converges to the limit zero; it being evident that 
then each element of Am converges to the corresponding element of L. 
From the triangle' inequality we derive | Ap — A< 7 | = |(B Aq) 
_(L — Ap) \B — Ag I + 1 B — Ap I so that it is trivially evident 

that a necessary condition for convergence of the sequence Ai,A 2 >‘ * ’> 
Am, - • • is I Ap — Ag I ->0 as p, g tend, independently of each other, 
to 00 . But this necessary convergence condition is sufficient, i. e. it 
serves as a criterio7i for convergence (Cauchy convergence principle I) 
In fact if we consider for a fixed p the sequence Ap Ap+i,' * '> 
Ap — Ap,.m, ■ • • we know that we can choose p so that the norm of each 
and every one of these < c where « is an arbitrarily assigned positive 
number (say 1). Hence the sequence Ap*i, Ap+ 2 , ‘ ' *, Ap+m, is 
bounded (the representative points all lying within the “unit sphere” 
whose center is at the representative point of Ap). The representative 
points possess, accordingly, at least one accumulation point and we denote 
by L the matrix represented by this accumulation point. Then, by 
definition of an accumulation point, we know that to any assigned « we 
can find an m such that | B — Apy.m \ <C « and if p is chosen large enough 
so that I Ap,m~ Ap,<, I < c, every q (which can always be done since 

^ Af _A* 1^0 as by hypothesis) it follows, on applying 

again the triangle inequality, that ] B — Ap^ \ < 2c every g, proving 
the convergence to the limit B of the sequence Aj, * • *, Am, • * ’ (and 
incidentally the uniqueness of B; since two B’s would have to satisfy, 
again on account of the triangle inequality, | Bi — Bz | < 4c, c arbitrary, 

e. Bi_Bz = 0 or Bz = Bi). If we have an infinite series B = Ai -j- A* 

^ . _j_ Am + * ■ ‘ whose elements are n X « matrices we say that 

the infinite series converges to the value 8 if the sequence of partial sums 

= Ai, Bz => Ai Az, • • • Bm => Az + Az 4- ■ • * + Am, • ■ • 

converges to the limit B. It is clear, for example, that the exponential 
series 
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exp A 


^■ + ^ + h + --+in + 


converges for every n X ^ matrix A (simply because 


exp I A I 


i + Ml + ^ + 


A ^ 
m ! 


converges for every non-negative number | |). In fact 


8a —a. 


and so 

15, —fir. 


A^ AJ>*^ 
pi 11 + 


+ 


1 ! 


4l 

p\ 

Ap 

pi 


+ 


+ 


A«-' 




1 ! 
^< 1-1 




+ 


+ 


9 

— 11 


1 1 

9 ~ 

-1! ' 


1 t 

9 - 

-1! * 


(by the triangle inequality) 


AQ- 


A l«- 


since a continued application of the basic inequality | AB | < | ^ | | B | 
gives \ A^ \ ^ \ A \^j \ A^ \ ^ \ A - , \ A^ \ \ A \^, Hence the 
convergence of the numerical series exp | A | implies the convergence of 
the matrix series exp A. Similarly the series 


A2 Ag 

log(E-\-A) ^A-^A-- ■ -+ (—+ * ■ • 

converges if | 4 | < 1, It is clear that if B = P~^AP is the transform 
of A by any element of the full linear group exp B = exp (P'^AP) 
■=» P"' (expA)P. If A is normal P can be so determined that B is 
diagonal and then exp B is diagonal, the diagonal elements being 
exp di, ♦ • •, exp dn where di, • • •, dn are the diagonal elements of the 
(diagonal) matrix B. If, for instance, id = H is unitary, its charac¬ 
teristic numbers Ai, • • ‘jAn are all of unit modulus: A* = exp (t^*), 
fc — 1, • • *,71, real; hence, if V is the Schur canonical form of 
F »= exp t© where © is the diagonal (Hermitian) matrix whose 
diagonal elements are (^i, * * This implies 


U = exp (i3) ; H an Hermitian matrix. 

Conversely it is obvious that if E is an arbitrary Hermitian matrix 
U — exp (iH) is unitary; for U* = (exp (iH))* «= exp (— iE*) 
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= esp {—iB) and hence UW^=En (for the ordinary rule for multi¬ 
plication of power series shows that exp ^ exp 5 = exp (AB) pro¬ 
vided A and B are commutative', in particular exp A exp (— A) 
= exp 0 = Er ^). The factorisation A = i7P = QZ7 of any n X n matrix 
(Chapter 1, Section 7) may, therefore, be written in the form, 

A = e^^P = Qe^^, 

a result which is a direct generalisation of the polar factorisation of 
complex numbers: a = = pe*®. In general if A is any ^ ^ 

matrix it may be presented in the Schur canonical form (in which it 
appears in triangle form) with the characteristic numbers (Aj, Aa, ■ * *, An) 
of A along the main diagonal; then exp A appears in triangle form 
with exp Ai, - • •, exp An along the main diagonal. Hence 

det (exp A) =■ exp Ai exp Az • • • exp An = exp (Ai + Az -{- • * * + An) 

= exp (TrA). 

If therefore TrA = 0, exp A is unimodular and, conversely, if exp A 
is unimodular TrA is an integral (positive, negative or zero) multiple 

of 27rt. . 

It is clear that the limit F of a convergent sequence of unitary matrices 

Ux, Pz, ■ • •, Um, ■ • * is itself unitary. For on writing F = t7m + « 
we have 

y*V = (t7*«. + €*) (f^m + «) =EnAr 4- 

and so 

ly^F —Pnl= t7*m€ + 1 . ^ 

< I 4- I I 4- 1 I (Triangle inequality) 

=■ 1 « I 4- h* I 4- 1 «*€ I ® '• 

Hence | F*F_ En |, being independent of €, =0 and so F*F“Pn. 

In other words the unitary subgroup of the full linear group is compact', 
so that any continuous representation of the unitary group is bounded. 
The same remarks apply to the fuU real orthogonal subgroup R\ of the 
full linear group and to the proper real orthogonal subgroup Rn of the 
full linear group. The fuU linear group itself is not compact (since a 
sequence of points in the representative 2n®-dimensional real Euclidean 
space may not have an accumulation point but may ^ oo ) ; nor is the 
Ml unimodular group compact if n > 1: For if A is any element of 
the unimodular group so is the matrix B obtained from A by multiplying 
any row of it by any complex number 0) and dividing any other 
row of it by the same complex number; hence | B | may be as large as 
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we wish (being certainly not less than the modulus of any single element 
oiB). 

We now proceed to prove a quite fundamental theorem; namely the 
theorem that any hounded subgroup of the full linear group is equivalent 
io a unitary group. Since any representation of any group G is a sub¬ 
group of the full linear group it follows that any bounded representation 
of any group G is equivalent to a unitary representation of G. In line 
with our agreement to regard equivalent representations as identical (the 
apparent difference being due to a quite accidental choice of basis) we 
may say: all hounded representations are unitary. An important conse¬ 
quence of this theorem is that, as far ns bounded representations are 
concerned, there is no distinction between reducihility and analysahility 
or complete reducihility. Let then {A) be a bounded collection of n X « 
matrices constituting a group. The hypothesis of boundedness is expressed 

by 

where ilf is a positive number independent of A. It is clear that the 
hypothesis of boundedness implies that any accumulation point of the 
collection {A) is itself non-singular. In fact let L be any accumulation 
point of (A) and let [Am], m = 1, 2, • • ■, be a convergent sequence 
from {A} with limit L. The matrices Am"‘, m = • *, are in 

{A}, since the collection {A} is a group, and hence this sequence is 
bounded. Let K be an accumulation point of it and let {Ap'„}, 
= 1, 2, • • • , be a convergent subsequence (from the sequence Am~^) 
whose limit is K. Then we have the relations 

L = Ap„ -j- Am; K = A^^ -j- D-tn 

where both | Am | and | D m \ ^ € (an arbitrary positive number) if m 
is large enough. Since 

LK = En *4” Ani2)m 

we have 

I BK - En I = 1 *4“ Ap^Dm 4“ Am2?m { 

< I Am I I A“^ I + I Ap„ I I Dm I + I Am I ( Dm | 

^ 2M€ + c* —> 0 with €. 

The left-hand side being independent of c we have | LK —■ | = o 
implying LK = En so that L is non-singular. The closure of (A), i. e. 
the collection of all matrices A together with all their accumulation 
points, is itself a subgroup of the full linear group. In fact if L is any 
accumulation point of (A) which does not belong to {A} we select a 
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convergent sequence {Am}, m = 1, 2, • * •, with limit L and consider 
the sequence {AmA}, A any element of the original group This 

sequence has an accumulation point K and we select the subsequence 
{Ap^} of {Am} such that [Ap^A] is a convergent sequence with limit K. 
Then we have L = Ap„ + S' = Ap^A + Dm where both | Am | and 
I Dm I < € (an arbitrary positive number) if m is large enough. Hence 
LA — K = AmA — Dm implying | LA — ^|<|Am| |A|H-| Dm | 
< {M -j- l)e—>0 with c. Hence LA = K that LA belongs to the 
closure of {A}. If Li, L 2 are two points of accumulation of {A}, 
neither of which belongs to (A) we consider two convergent sequences 
(Am} Li and {S,,,} Lz; the sequence {AmBm) has an accumulation 
point K and we select the convergent subsequence {Ap^Bp^}~^K, 
Then, exactly as before, we find L^Lz = K. Hence the closure of {A} 
possesses the group property; it actually is a group since it contains En 
(already a member of {A}) and the inverse of each of its elements. The 
closure of {A} is evidently closed; in fact if J is any accumulation 
point of it each neighborhood of J contains at least one element of the 
closure of {A} other than, possibly, J itself. But this implies that each 
neighborhood of J contains at least one element of {A} other than, 
possibly, J itself; for if Z/ is a member of the closure of {A} which does 
not itself belong to {A} there are members of (A} arbitrarily near L. 
Finally the closure of {A} is bounded, for | Am | ^ 3/ implies \ L\'^ M 
where {Am} is a convergent sequence with limit i; in fact | Z. | ^ | L —Am | 
4 - I Am 1 ^ 3/ + € and the fact that | Z. | is independent of « forces 

\L\-^M, 

The useful implication of the discussion of the previous paragraph is 
the following: if we can show that any bounded and closed subgroup of 
the full linear group is equivalent to a unitary group this will imply that 
any bounded subgroup of the full linear group is equivalent to a unitary 
group. For if the closure of {A} is equivalent to a unitary group, {A} 
itself, being contained in its closure is, a fortiori, equivalent to a unitary 
group. We consider therefore a bounded and closed subgroup {A} of 
the full linear group. The fact that | A* | = | A | forces | A*A | 
< I A* I I A I ^ 3Z^ so that the collection of positively definite matrices 

is also bounded; furthermore it is closed. In fact if L is an 
accumulation point of the set {P} it is the limit of a convergent sequence 
{Pm} where Pm='A*mAm. If -S' is an accumulation point of the 
sequence {Am} we have, as before, L = A*p„Ap„ + Am, K = Ap^ + Dm 
where both | Am | and \Dm \ (an arbitrary positive number) if m 
is large enough. Hence | L — K^K ] 0 with e and its independence 

of e forces | L — K*K | = 0, i. e. Zy = K*K proving the closure of the 
set {P} since K belongs to the closed (by hypothesis) set (A), 
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Before finishing the proof of our theorem it is necessary to make some 
remarks concerning a bounded and a closed point set {P} lying in a real 
rectangular Cartesian space. Let rt denote the dimension of the linear 
subspace S of lowest dimension which contains the given bounded and 
closed point set and let x= • • *,a:") be a rectangular Cartesian 
coordinate system in S, The points of S which satisfy the equation 
(x\ c) = p, where (c | c) = 1, lie on a ‘‘hyperplane” pos- 

sessing the orientation c and as p varies we obtain a family of parallel 
hyperplanes; the numbers x^c^p being all real. An application of 
Schwarz’ inequality gives | ^^ | = | (x | c) | :< | a; | | c | = | x | so that 
all points of the hyperplane (x \ c) = p have a distance from the origin 
— I p Restricting our attention to those hyperplanes of the parallel 
family (x | c) — p which contain points of our given bounded set {P} 
it follows that the numbers p form a bounded set: 

— jir if 

where | x | < Jlf, x any point of the given bounded set {P}. Denoting 
by P-(c), p+(c) the greatest lower and least upper bounds, respectively, 
of the bounded set of numbers {p) we term the collection of points x 
for which 

{x I c) =p; p.(c) <p<p,(c) 

the c-slice of our n-dimensional rectangular Cartesian space determined 
by the point set {P}. The very definition of the terms greatest lower 
(and least upper) bound is such that every point of {P} is contained in 
each c-slice determined by {P} whilst no narrower slice having the 
orientation c contains all of {P} (the obvious definition of the term 
width of the slice between the parallel hyperplanes (x | c) = pi, 
(x I c) = P 2 being | pg — pi |). Then the collection of points common 
to all c-slices determined by P is termed the convex of {P} and denoted 
by Co(P). It is an immediate consequence of the definition that 
(P) C Co(P) (since {P} is contained in each and every c-slice deter¬ 
mined by {P}) ; and that C'o(P) is bounded (every c-slice determined 
by {P} being contained in the slice —3/ ^ (x | c) Jlf so that Co(P) 
is a subset of the spherical region |x|^3/). If x, y are any two 
points of a c-slice determined by {P} all points of the line segment 
joining x and y (i. e. all points ax-\r fiy where a, ^ are non-negative 
numbers whose sum is unity) lie also in the c-slice. In fact the inequali¬ 
ties p_(c) < (x|c) < p*(c), p-(c) < (y|c) < p4c) force p_(c) 
~ a(x I c) 4- p{y I c) = (ax + | c) :< P+(c). It follows, therefore, 

that if X, y are any two points of Co(P), i. e. any two points each of 
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which is contained in all c-sHces determined by P, then all points of the 
line segment joining the points x, y are contained in Co{P). In techni¬ 
cal language Co{P) is convex (this property being the reason for the 
name convex of P which is abbreviated by the symbol Co{P)). It is 
clear that Co{P) is closed; simply because the points of each c-slice 
determined by P for which | x j form a closed set. In fact (s? | c) 

is a continuous function of x: |(y | c) — (a; | c) | = f (y a; | c)| 

< y — X \ and so the set of points defined by p-(c) ^ (ar | c) ^ p+(c), 

\x\^M, is closed; in fact if x^,x._r - •, • is a convergent 

Lquence of points of the c-slice determined by {P} (for which 

Xi 1^3/) their limit x belongs to this c-slice. Simply because 
x — Xi\ < € implies \{x \ c) — {xf \ c) \ < € so that p-(c) — < 

< (x|c) <p+(c) + € and the arbitrary nature of the non-negative 

number e forces p~{c) ^ (x | c) ^ Pv(c). 

It is important to notice that the continuity of {x \ c) coupled with 
the assumed closure of {P} assures us that each of the boundary planes 
(a: I c) = p_(c) and (a: ) c) = p^(c) of any c-slice determined by {P} 
contains at least one point of {P}; for the continuous functions 
(x|c)—p-(c), p.(c) — (a: 1 c), of the variable x, defined over the 
closed set (P), must each assume at some point x of {P} its greatest 
lower bound zero. We term these boundary planes of c-slices determined 
by {P} planes of support of P. These planes of support constitute a 
closed set; i. e. if p,(c„.)), m = 1, 2, 3, • • - is a convergent sequence 
with limit (c,p) then p = p,(c). In fact let Xm be any point of (P) 
in the plane of support {x \ Cm) = p*{cm) of {P} and let x be an 
accumulation point of the bounded point set m = 1, 2, ■ ■ • so that 
X is a point of the closed set {P}. We may assume the sequence Xm 
convergent since if it were not we would merely select from it a con¬ 
vergent subsequence Xp,, Xp^ • ■ *, Xp„, • - - with limit x and consider, 
instead of the convergent sequence (Cm, p+(cm))> its convergent sub¬ 
sequence (cp„,p.(cp„)). Then the continuity of (x | c), regarded as a 
function of loth its arguments (which continuity is a direct consequence 
of the Schwarz’ inequality j (x | y) | | x | [ y |) tells us that, for arbi¬ 

trary positive €, l(x I c) — (x« 1 c™)| < «, m sufficiently large. The 
definition of Xm implies {xm \ Cm) = p*{cm) and so (x | c) =p forcmg 

But if y is any point of {P} on the plane of support 
(xlc)==p+(c) of {P} we have (y|c)=pv(c) and hence | p+(c) 

_I Cm) 1 < sufficiently large; if p were < p+(c) we would have 

p+(cm) < "i sufficiently large, and hence (y | Cm) < P+(c)- Thus 

p^(c) — (y I « implying p+(c) —p+(cm) sufficiently large, 


i. e. p+(c) = p- 


Nv. 
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If, now, X is any point of Oo{P) which does not lie on any plane of 
support of {P} we have p+(c) — | c) >0 every c. This continuous 

function of the plane of support (c, pt(c)) must (since the planes of 
support form a closed set) have a greatest lower bound 6 which is > 0. 
The entire spherical neighborhood of x consisting of points y for which 
\y — x\ ah belongs, accordingly, to every c-slice determined by P and 
hence to Co{P) ; in other words x is an interior point of Co(P). Hence 
each boundary point of Co(P) lies on at least one plane of support of P. 
We use this to prove a result which is essential for us: every point of 
Co(P) is a linear combination, with non-negative coefficients whose sum 
is unity, of n 1 points of {P}. The theorem is evidently true if P is 
a point set l 3 'ing on a straight line (n = 1) since then Co{P) is the line 
segment joining the points p., p+ which points belong themselves to P, 
owing to the closed nature of {P}. In order to prove our theorem by 
the method of induction we assume it true for all bounded closed sets 
{P} lying in a rectangular Cartesian space of n — 1 dimensions and 
derive from this assumption its validity* for all bounded closed sets (P) 
lying in a rectangular Cartesian space of n dimensions. Let, then, (P) 
be a bounded, closed set in a rectangular Cartesian space of n dimensions 
(it being understood that it does not lie in a rectangular Cartesian space 
of n — 1 dimensions) and let Q be an arbitrary point of Co{P). 
Denoting by R an arbitrary point of {P} (P = 7 ^ Q) we construct the line 
segment RQ all of whose points belong to C'o(P); producing this line 
segment, if necessary (in the sense (P—> Q)y it will strike the boundary 
of C'o(P) in a point P, say. T being a boundary point of Co{P) must 
lie in a plane of support of (P) and the convex of those points of P 
which lie in this plane of support contains T (this convex being the 
intersection of C'o(P) with the plane of support). The plane of support 
being of dimension n — 1 we know, by the hypothesis of the induction 
proof, that P is a linear combination with non-negative coefficients whose 
sum is unity of n points of (P). But is a linear combination with 
non-negative coefficients, whose sum is unitj^ of the points P and T ; 
in other words is a linear combination, with non-negative coefficients 
whose sum is unit}', of n + 1 points of P, so that the proof by induction 
is complete. 

We relegate to an appendix to this chapter the proof of the somewhat 
plausible theorem that the convex C'o(P) of every bounded, closed point 
set {P} possesses a mean center which belongs i^j the convex. If, then, 
(.4) is a bounded, closed subgroup of the full linear group we construct 
the set (also bounded and closed) of positively definite matrices P = A*A. 
Each point of the convex Co(P) of this set, being a linear combination 
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with non-negative coefficients (whose sum is unity) of points of 
is a positively definite matrix. In particular the mean center C of Co(P) 
is a positively definite matrix. If B is any fixed element of the group 
{A) the set {AB} is the same as the set {A); and hence the set 
{{AB)*AB} = {B*A*AB} = {B*PB] is the same as the set {P}. The 
2n^ coordinates of the representative point of B^^PB are homogeneous 
linear functions of the coordinates of the representative point of P. 
To see what the 271^ X matrix of this linear transformation is we 
argue as follows: treating the elements pa*" of P as the components of a 
(complex) vector in an Ti^-dimensional space the w" X matrix T of 
the transformation PB^PB has for its {rSyjh) element 

If D denotes the matrix reciprocal to 5 (so that D* is reciprocal to B*) 
the matrix 8 whose (vs^jh) element is is inverse to T: 

(TS) ” = b*a^h>,^d*i^d^ = 0 unless (r, s) = (;, 7c) in which case it = 1. 
Hence^ T is non-sin^ar. Splitting the complex vector and T into 
their real and imaginary parts, i. e. writing pa*’ = 7a^ + tma*", T = J 
where I = (h^) and m = {rria^) are real as are also J and K the trans¬ 
formation p-^Tp= {J -^iK){l-^im) induces the transformation 

whose matrix is 



on the 2n2-dimensional real vector (Z,m). It is readily seen that the 
non-singularity of the n® X complex matrix T = J -{-■ iK implies the 
non-singularity of the 2n^ X real matrix F. In fact the transforma¬ 
tion on the 271 = real variables (hm) becomes, when presented m the 
basis obtained by setting p = l -p p = l irriy a transformation on 
the 271 ^ complex variables {pjV) whose matrix is 

(o a- 

The determinant of this matrix is det T det f* = | det T and so 
^ I r 1^ since the determinant of any matrix is unaffected by 
a transformation of the matrix by any element of the full lin^r group 
(here of dimension 271 ^). Hence if x is any point of the c-slice deter¬ 
mined by (P), ^ = Pa: is a point of the Pc-slice determined by (B*PB)y 
i. e. is a point of the Pc-slice determined by (P). In other words 
B*Co{P)B belongs to Co{P) every B, but this implies that B*'^ 
B*Co{P)B ‘ B-^, i. e. Co{P) belongs to B*-^Co{P)B'^ every B and 
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hence (on replacing B by B~^) to B^Co(P)B every B. Hence B*Co{P)B 
= C'o(P). If C is the mean center of Co{P), B*CB is the mean center 
of B*Co{P)B ‘y in fact the mean center x of any region S is furnished 

by a quotient of two integrals: ^ xdv-^ ^ dv and if x is sub¬ 

jected to a non-singular linear homogeneous transformation F we have 


Fx 


J Fxdv C dv = C Fx I det F \ dv~^ f 1 det F \ dv 
s Js Js 

J F{x)dv' C dv'\ (Ji;'= volume element of ^’(5)) 

F(S> Jpk&'i 


f idv'^ r dv' 
mean center of F{B). 


Hence B*CB = Cy every B; and C being positively definite we may write 
it in the form T*Ty T non-singular. Thus B*T*TB = T*T so that 
TBT~^ is unitaryy every By T independent of B. In oilier words the sub¬ 
group {5} of the linear group is equivalent to a unitary group. 

When our subgroup {A} is finite we may prove its equivalence to a 
unitary group without having recourse to the convex of {P} where 
P => A*A. We merely average P = A*A over the collection constructing 
the matrix 

C = ~ A*A; r the order of , 
r A 

it being trivially evident that, then, B*CB = C, every B. The rest of 
the argument is the same as before. When {il) = {2>(i‘)) is a repre¬ 
sentation of a finite group 0, with elements Syty- • ■, we may, instead 
of averaging over the representationy average over the group, i. e. con¬ 
struct the matrix 

(7 = ^2 I?*(s)j9(s) ; g the order of (?, 

9 * 

and it is again evident that D*{t)CD{t) = C, every f, so that the rest 
of the argument is the same as before. For some infinite groups it is 
possible to define an averaging process over the group, in which integra¬ 
tion replaces finite summation, and again prove the fundamental theorem 
without having recourse to the convex of (P). This group averaging 
has other important uses beyond the proof of the unitary equivalence 
theorem and we shall discuss it in a later chapter. 
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Appendix to Chapter Two 

The volume and mean center of a convex point set. 

We understand by a convex point set a bounded, closed point set 
having the property that it contains the entire line segment joining any 
two of its points; (so that, for instance, the convex of a bounded closed 
set is a convex point set); and we regard the points as points of a real 
n-dimensional rectangular Cartesian space where n is the dimension of 
the set (i. e. the set contains n \ and not more than n + 1 linearly 
independent points). Since the point set contains the entire simplex 
(analogue of segment of a line (n = 1) ; triangle in a plane (n. = 2); 
tetrahedron in space (n = 3)) determined by any n -j- 1 linearly inde¬ 
pendent points of it, it certainly contains interior points (i. e. points of 
the set such that not only the points themselves but entire spherical 
neighborhoods of them belong to the set) and we place the origin of our 
rectangular Cartesian coordinate system at one of these interior points. 
If a is any unit vector: (a | a) == 1, the line segment through the origin 
having the direction of a (i. e. the collection of points p —0) has 
one and only one point in common with the boundary of our convex set; 
namely the point j:o = potf(po ^0) such that pa belongs to the convex 
set if p ^ po whilst pa does not belong to the convex set if p > po* If 
T = pa is any point on the join of the origin and Xo (produced if 
necessary) the ratio p/po is a non-negative function of x which is posi¬ 
tively homogeneous of degree one: i. e. if fix') denotes p/poj / —0 and 
filcx) = lcfix), (it being evident that /(0)=0). The non¬ 

negative function fix) has the important property /(a:)+/(y) 
>f(^x-\-y)i this being an immediate consequence of the fact that 
fix) < 1 if and only if x belongs to our convex point set. In fact on 

writing x/fix) = y/fiv) Vj = 5 ^ Oj 2 / 0), fi$) = 1, fiv) ^ I 

(owing to the positive homogeneity of /) and so tj belong to our convex 

point set. On writing fix)/[fix) +/(y)] =«; fiy)/[fi^) -^/(s^)] 
= j0 the point a| + /Srj belongs to the line segment joining x, y and hence 

to our convex point set. Hence / ~ ^ equivalently, 

fix-^y) ^fix) -\-fiy). This convex property of fix) forces its 
continuity. In fact, if ei = (1,0,0,- **)>'**> ^n= (0,0,- • - ,1) 
and M dominates the 2n numbers f (± cjt), & = 1, * • ', n, 

fix) ^fix^e^) +• ■ ‘^-fix^en) bill'd I + I ar® I + • • * + |a;" |} 

where x=ix^,' • • ,^^) (so that the points for which | a:* | 
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e= ♦ • •, n, all belong to our convex set). Observing that the basic 
convexity property f{x-\-y)^fix)-{-f(y) implies —/(y)</(a:) 
— f(x-\-y)y every x^y, or, equivalently, (on writing —y for y, and 
x4-y for x) —/(—y) </(x + y) —/(a:) </(y), every (x, y), we 
have I /(a: + y) —/(x) | dominated by the greater of | /(y) |, | /(— y) \ 
and, a fortiori, by ilf (| yM + ‘ ‘ + I 2/" I) proving, incidentally, the 
continuity of f{x) every x. If x is a unit vector, | x ] = 1, the con¬ 
tinuous function f{x) defined over the closed set | x | = 1 assumes its 
least upper and greatest lower bounds (both positive) as x wanders over 

the unit sphere [ x | == 1. Denoting these by ^ and — respectively we 

have, for arbitrary x (owing to the positive homogeneity of f(x)) 



Hence the spherical region defined by | x | ^ i? contains all points of 
our convex set (these being characterised by 1) and has one point 
in common with the boundary of the set (so that it is, in fact, the 
smallest spherical region centered at the origin which contains all the 
points of the convex set); and the spherical region defined by | x | ^ r 
belongs entirely to our convex set and has one point in common with 
the boundary of the set (so that it is, in fact, the largest spherical region 
centered at the origin which is entirely contained in the convex set). 
The fact that our convex set lies entirely in the spherical region 
I X I < implies, it fortiori, that it lies entirely in the cube ” (centered 
at the origin) | x* [ ^ i?, = 1, ■ ■ *, n; and the fact that the spherical 

region | x 1 ^ r belongs entirely to our convex set implies, a fortiori, 


n 


that the “ cube ” (centered at the origin) | x* | ^ ^ 

lies entirely in the point set. If we have an arbitrary cubical grid 

of mesh S and if N denotes the number of elementary cubes of the 

grid which contain only points of our convex set, it follows that 

JV(S)"< (2i?)"; if we have a second cubical grid of mesh S' and if Q 

denotes the number of elementary cubes of this grid which contain 

/ 2r \** 

at least one point of our convex set, it follows that Q (S^)" — ^ * 


The fact that the Q cubes, of mesh S' completely cover our set and 
hence completely cover the N cubes of mesh S forces 0^ Q{^) 
— N{S)”. We now show that the non-negative number ^(8')" — iV'(S)” 
is dominated by a number which tends to zero as 8, S' tend, inde¬ 
pendently of each other, to zero. The bounded set of numbers iV(8)” 
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possesses an accumulation point V as S 0; this number V is, then, 
the limit of Q(S')” as S'—>0 (and hence not merely an accumulation 
point but the limit, i. e. the unique accumiUation point, of iV’(S)” as 
8 —> 0). It is the volume, in the usual sense, of the convex set. To prove 
this statement let c be an arbitrarily small positive proper fraction: 
0 < € < 1 and consider the collection of points of our set for which 
f(x) ^1 — €. Owing to the continuity of f(x) we may make the mesh 
8 so small that each and every point of those elementary cubes which 


contain a point of our set for which / ^ 1 —« is such that / < 1 — 

say. In other words the mesh 8 can be made so small that if a cube 
contains a point for which / ^ 1 —« the entire cube lies in the point 
set; similarly the mesh S' can be made so small that if an elementary 
cube contains a point of the convex set every point of this elementary 
cube is such that f(x)^l-{-€. If iV is the number of cubes of edge 8 
which contain a point of the set for which f ^ 1 — e and we move each 


point X of these N cubes out from the origin to the point 


1 +« 

—■— £ we 
1 — € 


( 1 -{- € 

--8 J which covers all the 

points X for which /(a:) ^ 1 + « and hence -S) — 

This implies 


with €. This proves the existence of a volume or, equivalently, the 
multiple integral of unity: 

y=/ d. 

for any convex set. 

The existence of the mean center of a convex set follows at once. We 
integrate the vector x over the region occupied by the iV cubes of our 
mesh (obtaining JV^(S)^xy, say) and also over the Q cubes of our S' mesh 
(obtaining ^(8 ')"xq, say). The Q cubes of the 8' mesh cover the convex 
set which, in turn, covers the cubes of the 8 mesh so that the difference 
of our two integrals is the integral of x over a region whose volume 
= Q(8')” — iV(8)". Considering any component x^ of the vector x and 
observing that | 1 ^ (1 -j- €)i2 over the Q cubes of the S' mesh we 

obtain 


I <p(^)«V — iSr(8)»X2,> I < (1 +€)i2 I Q(a')" — i^(a)" |. 
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Hence N{8^)xif^, Q{B')”xq^ converge as 5, S'—^ 0 their common limit 
being, when divided by V, the j component of the mean center x: 



of the convex set. When our convex set is the convex of a given bounded 
closed set (P) it is clear that x is itself a point of Co{P) ; in fact the 
inequalities 

p.(c) :< (i 1 c) ^ p^(c) 
which define a c-slice determined by (P) force 

p_(c) < (i I c) < p*(c) 

60 that X belongs to each c-slice determined by (P). In other words x 
is a point of Co{P). 
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GROUP CHARACTERS 

In this chapter we propose to discuss a method of multiplication of 
representations of a given group which enables us to derive new repre¬ 
sentations of the group from one or more given representations; and to 
apply our results to the determination of the number of non-equivalent 
irreducible representations of any finite group. 


1. The Kronecker product. 

Let A be any m "X m matrix of which the element in the ;-th row and 
7c-th column is aic^ and let B be any n X ^ matrix of which the element 
in the p-th row and g-th column is bqp. Then the mn X products 
constitute an mn X matrix C of which the element in the 
(;, p) row and (^,q) column is ak^b(^; C is termed the Kronecker 
product of R by A and is denoted by A X R- It is convenient to arrange 
the row (and column) index-pairs (/, p) (and (i*, ^)) in dictionary 
order: so that (;, p), for example, precedes (/, p') if j < j' or if j j > 
p < p'. When this is done A X R may be conveniently presented in the 
block form 

ta^B a-^B • • 

(3.1) AXR=(ai^R • 



( R 0 0 
0 R 


•^ = S-j-R4''' + R terms) 


so that E,n X Rn *= Emn. It is clear that R X A is in general different 
from A X B: 

(b,^A • - 

R X A = I b^A 

Nevertheless R X A is obtainable from A X R by applying the &ame 
permutation to the rows and columns of the latter. Let us denote by 
(RP)* position of (p,/) when the ordering is dictionary-like, the 
label with the range n coming first; e. g., if m =* 2, n — 3 the dictionary 
order where the label with the range 2 comes first is (1,1), (1»2), (1, 3), 
(2, 1), (2, 2), (2, 3) whilst the dictionary order when the label with the 
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range 3 comes first is (1,1), (1,2), ( 2 , 1 ), ( 2 , 2 ), (3,1), (3,2). Hence 

(1.1) *= (1,1), (1,2)*= (1,3), (1,3)*= (2,2), (2,1)* = (1,2), 

(2.2) *= (2,1), (2,3)*= (2,3). Then if the {j,p) column of 4 X-B 
is transferred to the {j,p)* position and the (fc, g)row to the (fc, g)* 
position we obtain B X -d. In other words 

(3.2) (BXA) =P{AXB)P-^ 


where P is the permutation matrix associated with 



Notice that P is quite independent of the elements of A and B being 
completely determined by their dimensions. 

The Kronecker product A X B has several evident but important 
properties. In the first place it is associative. In other words if A, B, C 
are any three square matrices of dimensions m, n, p respectively then 


AX{BXC)^{AXB)XC, 


each side of this equation being the matrix of dimension rnvp of which 
the element in the (j\> jzy j:i) row and (fci, Ats, ^‘ 3 ) column is 
Owing to this associative property we may omit the parentheses and 
denote either side of our equation hy A X BXC. If we multiply a given 
matrix A^ of dimension n, by itself in this way in times we obtain the 
Kronecker m-th power 

\_A-\m=-A X ^ X • • • X d 

V. ■■ m term •4—' 

This is a matrix of dimension n” of which the element in the 
(i\> jzt " ' y ;m)-th row and (fci, A: 2 , • • ■, A:m)-th column is • ■ (UtJ"'. 

The second important property to which we wish to call attention con¬ 
cerns the ordinary matrix product of two Kronecker products. Let 
di ,^2 be two mXiri matrices and Pi, Pa be two nXn matrices and 
consider the matrix product of the mn X mn matrix A. X P 2 by the 
mn X mn matrix di X Pi: (di X Pi) (ds X P 2 ). This is an mn X mn 
matrix of which the element in the (;, p)-th row and (fc, q)-ih column is 
(ai)a^( 6 i)^p(a 2 )*;®(& 2 )«^ where the summation labels a,/3 have the ranges 
1, • • ’tm and 1, • • •, n, respectively. On summing first with respect 
to a and then with respect to B we obtain the product of the (j,k) 
element of A 1 A 2 by the (p, q) element of P 1 P 2 . Hence 

(3. 3) (A^ X Pi) (d 2 X P 2 ) -= diA 2 X P 1 P 2 . 

If d and P are non-singular square matrices, of dimensions m and n, 
respectively, it follows that 


{A X B) (d-^ X P-') — Pm X Pn = P 
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SO that {A 'KB) is itself non-singular, its inverse being A’^KB~^. 
Since ^ X 5 = (^ X E-n)(Em X B) we have det (A X B) 
= det (A X E^) det {E^ X B). But det (E^ X B) (detB)-" and 
det (A X En) = det (E^ X A) = (det ^)'* since A X En and EnXA 
are similar. Hence det (A X -B) = (det A)" det (B)”. If, in par¬ 
ticular, A and B have the same dimension n we have 

det (A X -B) = (det A)'* (detB)" = det (AS)". 

Finally (A X B)* = (A* X B*); in fact the (jp, Tcq) element of 
(A X B)* = = aV6V which is the {jp,hq) element of 

(A* X B*). In particular if A and B are both unitary matrices, d, F 

say, we have 

{u xy)*(u xv) = {u* X v*){u X F) = {u*u X y*y) 

= {^Em X En) = Emn 
so that (U Xy) is itself unitary. 

Let now Fi, Fj be representations by matrices Hi( 5 ), H 2 (s), of dimen¬ 
sions m, n, respectively, of a given group O with elements 5, f,' ' * > 
then the matrices Hi(s) X Dzis) furnish a representation, of dimension 
mn, of Q. In fact Hi( 5 ) X D^is) is non-singular, every s, since Hi(s), 
H 2 (s) are non-singular, every s; and 

(Hi(0 XH2(0 )(Bi(s) XH2(s)) 

= (H,(OHi(s) X D:,{t)D2(s)) ^ Exits) X E2its). 

We term this mn-dimensional representation the Kronecker product of 
F 2 by Fi and denote it by Fi X F 2 . The product F 2 X Fi is a repre¬ 
sentation by the matrices H2(5) X Hi(s) but H2(5) X Hi(s) =-H(Hi(j) 
X H 2 ( 5 ))i^^ where P is a non-singular (permutation) matrix which is 
independent of s. In other words the Kronecker product F 2 X Fi of 
Fi by F 2 is the same as the Kronecker product Fi X Fz of F 2 by Fi: 
Kronecker multiplication of representations of a given group is com¬ 
mutative. We may, in particular, form the Kronecker product F X F 
of a representation F of a given group O by itself; and, continuing, we 
may form the Kronecker m-th power of F 

[F]„ = FX FX • * ■ X F. 

^ m factor s ^ 

If F is of dimension n, [r],„ is of dimension n”. For instance the ele¬ 
ments s, f,«, • * • of the full linear group on n letters constitute an 
n-dimensional representation F of the full linear group. The Kronecker 
m-th power of F furnishes a representation, of dimension n”», by matrices 
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-0(5), of the full linear group; it is a homogeneous rational integral 
representation of degree m since the fci, • • ■ ykm) 

element of D(s) is 

We may give a convenient geometrical picture of the Kronecker product 
^ X ^ X C' X * * ■ as follows. Let x, y, z,- ■ ■ be arbitrary vectors in 
the carrier spaces of C, ■ ■ , i-espectively and write i = Ax, 

V = By, 4: = C 2 , ■ * •. Then = CaJ'z ^; • ■ • 

so that •. - = aaj^ CaJ* ■ ■ ■ , Hence ^ X ^ X C ■ * ■ 

18 the matrix of the transformation induced on the mnp ■ • • products 
x*»y*=a 2 :*^» • • • by the transformations x —> Ax, y By, z-^Cz,' - of the 
vectors x,y,z,‘ • ■. The products x^^y’^»z^'« • • • may be regarded as the 
components of a vector in a linear space—the carrier space of yl X ^ 
X C • • •. In particular the Kronecker m-th power il X -4 X ^ ■ X A 
{m factors) is the matrix of the transformation induced on the n*” 
products • • • Xm*" (where Xi, • • •, Xm are ni arbitrary vectors of an 
n-dimensional carrier space) by the transformation x—^Ax of this car¬ 
rier space. For example let n = 2, A = and let us calculate 

the Kronecker square of A. We have = x^, ^ =■ tx^ + = y^\ 

go that = fx^y'+ xy; i^ri^ = tx^y^ 

+ + tx^y^ + tx^y^ + x^y^. Hence 



0 0 " 
0 0 
1 0 
t 1 


Let V denote the vector of the carrier space 5 of [i4]m*=AXAX''' 
X 4 (m factors) whose Huhi' * component is Xx^^xJ-^- • • Xm^" 

where Xx, Xg, • • •, Xm are arbitrary vectors of the carrier space of A. If 

P-U';) is any permutation on the m symbols (1, ■ • •, m) we denote 


by p{v) the vector, in the carrier space S of [A'\m whose (;i, • • • , jm) 

component is Xi^'i • • ■ x,n}^\ and, generally, if .denote the 

components of any vector v of 5 we denote by p{v) the vector of S whose 

(ii» * • >jm) component is - - The m! equations v — p(i;)==0, 

every p, define a linear subspace ^ of jST and R is an invariant space 
of the operator [A]m = AX-4X' ’X-d (m factors). In fact if 
.. denote the components of an arbitrary vector v of /? we have. 


by definition of R, .»- t)^»* 

[^]mV — to. 


every p — 



Hence, 
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am 


proving the invariance of B, under [^]m. If T is a representation by 
matrices -O(s), of dimension n, of a group G with elements s, ' 
it follows that the representation [r]m by matrices [i)(s)]mj of dimen¬ 
sion n'™, of G has B as an invariant subspace and, hence, induces in B 
a representation of G of dimension equal to the dimension of B. This 
representation is termed the symmetrized Kronecker m-th power and we 
shall denote it by [r](fn). 

It is clear that the carrier space S of [-d.]m is the complete n"* dimen¬ 
sional space obtained by assigning arbitrary values to each of the com¬ 
ponents .For, if not, the aggregate of vectors of the type 

where Xi, X 2 , ■ • •, are arbitrary vectors of the car¬ 
rier space of A, would span a proper linear subspace of the complete 
dimensional space; there would, therefore, exist one or more non-trivial 

equations of the type Ca^aa. ' * ' aJm"" = 0. But the validity of 

such an equation for all vectors Xi, • • •, Xm from the carrier space of A 
forces all the coefficients cj^ _to vanish. In fact on setting Xm = 


1 ,* 


in turn, we find Ca^, _ 


X 




m-1 


0 , every h, 


and an argument by induction with respect to m Justifies our statement 
(it being clearly true for m = l: CaSr" = 0 , every x, forces Cy = 
every 7 ). It is similarly clear that the space B is spanned by the collec¬ 
tion of vectors .>•* = • • • x^" where x is an arbitrary vector 

from the carrier space of A (which vectors obviously belong to i2). 

fact if this were not the case each vector .• • • x>- would 

lie in a linear subspace of i. e. in addition to the linear equations 

i; = g(t;): —^ = defining B there 

would have to be at least one non-trivial equation Ca^. — • • • • ^ 

We use the equations v = q{v) to secure the symmetry of the coefficiente 
Cji i„ (with respect to permutations of the labels 1 , 2 ,* * '^ni) an 
then we have the identical vanishing of the m-th degree polynomial in 

the n variables (x^, • • *, x") : 

^ ^ ^ 1 ..... 1 


Cai, 




2-"= S „ 

Pi* • • • * Prt 


I 




where 
P 2 twos, • 


• • pn ! 

Pi “H P2 + * ■ • pn = rn 

p„ denotes c,, ..., if the set ?i, • • •, contains p, ones, 


,Pnn’s; (the numerical factor 


m 


Pit - ■ * P» 


being the nuni' 


ber of permutations of m things of which pi are alike, p 2 alike and so on). 
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But the identical vanishing of this polynomial forces the vanishing of 

all its coefficients, i. e. of all cy,.y„ and this proves that the vectors 

f = span, as x wanders over the carrier space of .1, the 

entire subspace R. 

The matrices of the symmetrized Kronecker m-th power may be found 
by using the following principle. Let T be any reducible representation 
of a given group and let an invariant subspace R (of dimension m) of 
its carrier space be defined by a set of n — m linearly independent 
homogeneous equations 

^ _ Q . _ 2^ • • - m) . 


We introduce a new basis in which the last n — m components of a 
vector X are the other m being obtained by eliminating n — rn of 
the x’s by means of the equations In this basis P is 

reduced since any vector for which = 0, = 1, • • -,71 — ru, goes 

over, by hypothesis, into a vector whose last n — m components are zero. 
The representation induced in 72 by P is obtained by considering the 
transformation of the remaining m coordinates. Thus, to be specific, 
suppose we have eliminated • • • ,x") so that our new components 

of any vector x are (x*, • • ■ , x'", - We find the repre¬ 

sentation induced in H by eliminating x'^'^S ■ • • , x" from x—>Ax and 
since we need only the coefficients of x^, * • •, x”* we may write at the 
beginning = 0, • • •, = 0. For example if P is the Kronecker 


square [^]2 our 


n(n — 1) 
2 


equations 1 = 0 are 


V 


r,$ 


V 




= 0 , 


We introduce as our first ^ coordinates the quantities i;’'-*, r < s, 

and eliminate the remaining quantities r > s, by means of the equa¬ 
tions = 0, i. e. we replace v’’’", r > s, by In other words 

is the matrix of the transformation on the —^^ products x^x*, r ^ s, 


induced by the transformation x-^Ax of any vector x of the carrier 
spaces of A. Similarly [^](m) is thr matrix of the transformation on the 
distinct products x^»x^** • • x^" induced by the transformation xAx 
of any vector x of the carrier space of A ; and the dimension of the car¬ 
rier space of [il](m) is the number of such distinct products. Thus if 
we consider the representation P, of dimension 2, by the matrices 


R{s) - 




of the (Abelian) group of complex numbers under addition the matrices 
of the symmetrized square are 
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/I 0 ox 

[i)(s)]( 2 ) =[5 1 0 ), 

\5^ 2s 1/ 


the representation being three-dimensional. To get the symmetrized 
m-th power we write = $x ^and consider 

= (x')^(sx^ -\-x-)”*~^. The representation is of dimension m -f- 1 and 
if the components of v, i. e. x^'x^^ • • • x^”* are written in the order 

(x^)'"‘“(x^)^j • ■ •,(x*)’" the matrices of the sym¬ 
metrized Kronecker m-th power appear as 


(3.4) 


[Z)(s)] (m) - 


^10 0 0 
s 1 0 0 

s* 2s 1 0 




where 



denotes the binomial coefficient m! -h r! 



In general the dimension of the symmetrized Kronecker product is 
the number of combinations of m letters (A:i, • • ' ,km) each of which 
can take n values (repetitions being allowed). It is, therefore, the 
number of terms in the expansion of (zi Z 2 + ‘ ' ’ “h 2 ^v)"*; in fact 
if there are pi I’s, pz 2 ^s, • * • pn n's in the set Atj, • • •, fcm we have 
Pi ~h P2 ‘ pn = m and we may associate each component x** ■ * * 
of a vector v of -R with a term in the expansion of (2i + Z 2 -h ‘ 

Denoting the desired dimension of R by iV(n, m) it is clear, on expand¬ 
ing (zi z2 ' * • + Zn)”* by the binomial theorem (writing Zi + Z2 
+ • • • + Zn in the form Zi + (zz + ■ • • + z»)) that 


(3.5) N {n, m) = N {Uj m — l)+iV^(n — 1, m) 


(the first term on the right being the number of terms that have Zi as a 
factor and the second being the number of terms free of Zi). Now 
N(l, m) = 1, every m, N{n, 1) = n every n; setting n == 2 in the dif¬ 
ference equation (3. 5) we find iV(2, m) —iV(2, m — 1) = iV(l, m) =1 
so that JV(2, m) = m constant = m + 1 since N(2, 1) = 2. Then 
N (3, m) — N(3, m — 1) = -^(2, m) = m + 1 so that N{3, m) 
— i(^ + 1) (^ "h 2) (the additive constant being zero since N(3,1) 
= 3). Proceeding in this way we arrive at the general formula 

(m n — 1)1 
m ! n — 11 


(3.6) 


N (n, m) 
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which may readily be verified b}' induetion (using the difference formula 

(3.5)). 

The symmetrized Kronecker second power, or square, is of dimension 

^ regarded as the transformation on the 

products x'’x* (r < s) of the components of a vector x in the carrier space 
of A when x undergoes the transformation x Ax. If A is unitary and 
X is any vector in the carrier space of A the product x*x is invariant 
under A and hence Trxx*xx' is invariant under A (which is merely 
another way of stating that the Kronecker square [A^z is unitary when 
A is unitary). If we write z*"-* = y/2 r < s; z’’’’’ = x^x^ (which 

is merely a transformation of basis in the carrier space of [A]( 2 >) it fol¬ 
lows that z*z is invariant when x undergoes the transformation x —» Ax. 
In other words [i4](2), when presented in this new basis, is unitary. 
If a/ is the (r, s) element of A the (rs, pq) element of [A] ( 2 ), when 
presented in the new basis, is furnished by the formulae: 


[■^](2)p!p 

[■^](2)p!p 


Op'-ap*'; [A](2,;:; = V2 

V2 a/CLp* (r < s) ; 


(P < 9) ; 

cLp^ag^ + aq'^ap^ 

{r <s,p < q). 


These are obtained by writing Ax <= i and calculating '\/2i^i‘ 

(r < s) in terms of x^x^, y/2 x^xf^ {p < ?)• 

Another example of the symmetrized Kronecker power is the following. 
Let A be a unitary 2X2 matrix and consider the symmetrized Kronecker 
m-th power {A\„,y This will be of dimension m + 1 and may be 
obtained as the transformation induced on the products (x’)^(x*)”“*', 
fc = 0,1, • • ■, m, by the transformation x Ax of the vector x = (x*, x^). 
Since the non-symraetrized Kronecker m-th power of a unitary matrix 

is unitary it follows that if v is the vector .= Xi^i • • ■ Xm^" 

(where each j has the range (1,2)) v*v is invariant under the non- 
syrametrized Kronecker m-th power. On setting Xi = X 2 = * • =“ Xm, 

. . becomes symmetric in the labels 1 to m; if fc of the 

superscripts ji, • • •, jm assume the value 1 and m — k the value 2 
the term .furnishes, under permutations of the m super¬ 


scripts {:) = ^ ^ ^ terms all having the same value 


(x')'f(x*)"*-'^. If, then, we write 2 ’'= Vwhich 
amounts merely to a change of basis in the carrier space of [A],^), 
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z*z is invariant under x—^ Ax so that is, when presented in this 

basis, unitary. It is convenient to write m — 2/ (so that j takes the 
half-integral values J, 1, %, 2, • • •) and to denote h — ; by ft so that /* 
assumes the w + 1 = 2; 1 values beginning with — j and ending 

with 4 - j. Then the transformation induced by x—^ Ax on the 2j + 1 
quantities 



vT7+7yT(7=^’ 


3 , —3 + 1 , 



(the constant factor ml being omitted as unimportant) presents [i 4 ](m) 
as a unitary matrix. As A runs over the 2 X 8 unitary group we obtain 
in this way a 2; 1-dimensional unitary representation Ty of this 2X8 
unitary group. If this unitary representation were reducible, it would 
be completely reducible, i. e. each of its matrices could be presented in 
the form Ti -j- T2 where Ti is of dimension p, say, and T2 is of dimension 
2 ;- 1 - 1 — p. Then every matrix of the form aEp + (iE2i*\-v (®»^ arbi¬ 
trary complex numbers) would be commutative with each matrix of Ty. 
If, then, we can show that the only matrices which are commutative with 
each and every matrix of Fy are scalar we shall know that the various 
representations Fy of the 2X8 unitary group are irreducible and this 
we proceed to show. We consider first the diagonal unitary (and uni- 
modular) 2X8 matrices 


The corresponding matrices of [A](m) are also diagonal since x—*A{ 0 )x 
forces > 7;^ = exp ( 2 tft 0 )^^. Since the elements of these diagonal 
matrices are all different, the only matrices which commute with any one 
of them are diagonal: in fact if D is an n-dimensional diagonal matrix 
and T is any n X » matrix the (r, s) element of DT is drta^ whilst the 
(r, 5) element of TD is t»^da so that if the diagonal elements (di, dj, • ' d«) 
of D are all different and DT = TD then i,*" = 0 if r ^ s, i. e. T is 
diagonal. Conversely if D is commutative with T and 1 $^ ^ 0 then 
^ = da. We next consider the non-diagonal (but still unimodular) 
unitary 2X8 matrices 





da hh = 1 , a ^ 0, h 


0 . 


(y') 


i\2y 


V8;! 


where y d.x 


The last row of [A](2y) is found by evaluating y 
so that = {ax^ + &x^). We find 
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J 


2jl 


V2;! u (i+ /^) Hi — M-) • 




sV 


2jl 




Hence 


(i + A^) !(?—/•)! 

the element in the j-th row and /x-th column of 


[^](2 


2>) IS 




2j! 


... s , , • X . Since neither h nor a is zero none of these 

(; + /*) — f 

elements vanishes and hence any diagonal matrix which commutes with 
[A] ( 2 ^) must be scalar. This proves the irreducibility of the repre¬ 
sentation Tj of the 2X2 unitary subgroup of the two-dimensional full 
linear group and in fact more. The matrices of Tj which correspond to 
the unimodular 2X2 unitary matrices furnish a representation of this 
“smaller” subgroup of the two-dimensional full-linear group; and it 
might well be that whilst F/ is irreducible (i. e. possesses no proper 
invariant subspace of its 2; -j- 1-dimensional carrier space) yet the sub¬ 
group of it formed by the matrices which correspond to the uni?nodular 
2X2 unitary matrices is reducible. But our argument shows that this 
is not the case; the representations we have obtained of the unimodular 
2X2 unitary group are irreducible. We shall see later that there are 
no other continuous irreducible representations, i. e. unitary irreducible 
representations of this group (it being understood that the identit}' 
representation, in which every 2X2 unitary matrix is represented by 
the 1 X 1 unit matrix is cared for by setting ; = 0). 

The method described in the foregoing paragraph for 2 X 2 matrices 

is evidently applicable to the general case of n X ^ matrices. Here 

_ ..,-1 — 11 products 

[A](m) is the transformation induced on the -j— ., 

(a:^)pi • ■ • {x^)p” where -f P 2 + On introducing the 


change of basis 2 ^ 


» • • • I 


=v 


m 


in the car¬ 


pi I • • ’ pn' 

rier space of this symmetrized Kronecker m-th power appears as 

a unitary matrix when A is unitary. [.A] (mi is diagonal, with diagonal 
elements exp -j-^ 2^2 4-' ' * + when A is diagonal with 

diagonal elements exp 0k. Hence the only matrices commutative with 
all those diagonal matrices (of this type) of [.4](m) for which Bz 

• • • -j- = 0 are diagonal and as before they are seen to be scalar 

if they also commute with all those matrices of which correspond 

to unimodular unitary matrices A. Hence the representations (rational, 
integral of degree m) of the unitary subgroup of the full linear group 
(or of its unimodular subgroup) obtained in this way, i. e. by means of 
the symmetrized Kronecker m-th power, are irreducible. 
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2. The orthogonality relations for a finite group. 

If X is any m'yC, n matrix it may be regarded as a vector in the car¬ 
rier space of ^ X where A is any m. X ^ matrix and B is any n X ^ 
matrix. If a:/, the element in the r-th row and 5-th column of X, is 
regarded as the (r, s) component of the vector X the result of operating 
on the vector X by A X B is the vector whose (r, s) component is 
xf", i. e. X ^ F = AXB' where S' denotes the transpose of B 
(the matrix obtained from B by interchanging its rows and columns). 
If B is the conjugate complex of B an equivalent form of statement of 
this fact is the following: 

Under the transformation A B the vector X—^Y = AXB*. We 

say that the vector X is an invariant vector of ^ X when Y = X, i. e. 
when X = AXB* (it being trivially evident that if X is an invariant 

vector so also is aX, ct any complex number). 

Let us now consider two representations Fi, r 2 > of dimensions w,n, 
respectively, by matrices -Di(5), 2 ? 2 (^) of a given group O with elements 
5 , - • • . From Fa we obtain the representation f g, of d^imension n, 

by matrices ^ 2 ( 5 ) and from Fi, Fz the representation Fi X Fz of dimen¬ 
sion mn, by matrices i)x(s) X ^ 2 ( 5 ). Writing any vector v of the car¬ 
rier space of Fi X fz as an m X « matrix X, the (r, s) component v''’* 
of the vector being the element x.*- in the r-th row and s-th column of 
the matrix X, we say that X is an invariant vector of Fi X Fz if it is an 
invariant vector of Di{s) X ^ 2 ( 5 )* every s; 

X = Di{s)XD* 2 {s) ; every 5 

or, equivalently, 

X(Z>* 2 (^))’' = ^i(s)- 3^; every 5 . 

The matrices (2>*2(s))"* furnish a representation F*z, of dimension n, 
of G which is known as the adjoint of Fz. In fact both the star and 

reciprocal of a product reverse the order of the factors: (AB)* = B*A ; 

and so {{AB)^)-^ ^ {B*A*)-^ = {A*)-HB*y^- 

Hence {D* 2 {st)}-^ = [{(I>2(^)I>2(0 )= {D\{s))-HD* 2 (t)^ 
BO that the collection {D* 2 {s))-^ furnishes a representation of G (since 

it contains the unit matrix (Z?* 2 (e))-' = (i^*«)*^ = (^n)'^ 

the inverse (i?* 2 (s"^))■' of each of its elements (l?* 2 (s))*'')- If 

Fi and F *2 are irreducible it follows from Schur^s lemma that either 

X = 0, i. e. Fi X Fz possesses no non-trivial invariant vector 
(i. e. no invariant vector other than the zero vector) 
or 2 ) m = n and r *2 is equivalent to Fi. 

For a finite group G it is very easy to formulate a rule for obtaining 
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invariant vectors of any representation r of G. In fact if x is any vector 
of the carrier space of T we simply average Z>(s)a; over G obtaining the 
vector 


v=-'^D(s)x\ the order oi G, 
9 * 


It follows at once that 


= -'S.D(t)D{s)x = 
g {a) g \8\ 

^-^D{s)x V, every t, since G is sent into itself by the left- 

9 » 

translation ty i. e. the set of elements {is} is the same as the set {s}. 
It is clear that all invariant vectors are obtained in this way; in fact if 
V is any invariant vector the average, over G, of D{s)v is v itself. 
Furthermore it is an immediate consequence of the definition of invariant 
vector that each invariant vector v of r spans a one-dimensional invariant 
subspace of the carrier subspace of r in which V induces the identity 
representation (i. e. the representation Fi in which Di(s) =1). The 
invariant vectors of F span an invariant subspace of the carrier space of 
F and each vector of this invariant subspace is itself an invariant vector 
(it being trivially evident that the sum of any two invariant vectors of F 
is itself an invariant vector of F). All invariant vectors of F are secured 
by taking for x, in turn, the vectors A; = 1, ■ •, n, of a basis in the 

carrier space of F and then the corresponding invariant vectors are 


Vte=^~ 2 

9 • 

Vk is, accordingly, obtained by averaging over G the Ar-th columns of the 
matrices of the representation F. 

As an example of the construction of all invariant vectors of any 
representation F of a finite group G of order g let us consider the regular 
representation of Q. This is a representation of dimension g obtained as 
follows. Denoting the elements of G by (=e), S 2 , • * ‘ jSg the left 
translation SpSy = p fixed, 1, ■ *, effects a permutation 

p —on the subscripts of the elements s; and it is clear that if 

Sg-^pySg—^q then SgSp-^qp. If P is the permutation matrix associated 
with p (i. e. the matrix all of whose elements in the ;-th column are zero 
save the one in the py-th row, which is unity, - the 

matrices P —2)(sp) furnish a p-dimensional representation of G which 
is known as the regular representation of G. Since for any given j a 
given py occurs once and only once (as Sp runs over Q) the average over 
G of the ;-th columns of P — D{8p) has all its elements equal to 1/p 
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and, hence, does not vary with j. In other words the space of invariant 
vectors of the regular representation of G is one-dimensional so that the 
regular representation of any finite group G contains the identity repre¬ 
sentation once and only once. _ 

Returning now to the representation A X r 2 of any finite group G 
let us consider the space spanned by its invariant vectors. We have seen 
that if Ti and r *2 are irreducible and not equivalent the space spanned 
by its invariant vectors must be the zero space. In other words the 
average over the group of X must be the zero mn X nin 

matrix. Written out in full this gives 

2 (I>i(5))fc^(-D2 (s))/ = 0, or equivalently, 

2 («))*' = <> 
a 

provided the representations Fi, r *2 by matrices and {/^*2{5)} 

are irreducible and non-equivalent. We may omit the star (since any 
representation F is the adjoint of its adjoint F*) and write 

(3. 7^^) 1LD2{s-^)p^Di{s)i,* = 0, 

provided the representations Fi, F 2 by matrices D^{s) and Dzis) are 
irreducible and non-equivalent. 

On the other hand if Fi and F *2 are equivalent we introduce appro¬ 
priate bases so that {D* 2 {s)Y^ = Di{s) and then we see that any 
invariant vector of Fi X F 2 is such that Di{s)X ^ XDi,{s). If I 1 
is irreducible it follows that X is a scalar matrix. Hence the average 
over G of the (Ar, g)-th columns of Di{s) X D 2 {s) is a scalar matrix; 
in other words the average over of is zero unless p = j 

in which case its value is independent of j. To see what this value is 
we average over j and observe that 2 D* 2 {s)<pDi{s)h^ 

(a) 

= (i)* 2 (s)X>i( 5 ) )fc^ = Hence if F is an irreducible representation 

of dimension n, by matrices D{s)y of a given finite group G we have 

(3.8) = f W 

where is the Kronecker symbol: = 0 if j ^ p; 8i^ = 1. When 

the representation F is unitary (which is no restriction since every 
representation of a finite group, being bounded, is equivalent to a unitary 
representation) our result takes the following form: 

2 (i>*(s))p<fi?(s)ifc^ =1 Siev¬ 


es. 9) 
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The equations (3,7) and (3,8), or, equivalently, (3,9) when V is 
presented in unitary form, are kno\vn as the orthogonality relations 
connecting irreducible representations of any given finite group. 

3. The characters of any representation of a finite group. 

If r is any representation, by matrices D(s)y of a group G, with ele¬ 
ments 5, t, • ■ • we term the collection of numbers x(^) =TrD(s) the 
characters of F. Since the trace of a matrix is unaltered by a transforma¬ 
tion of the matrix by any element of the full linear group two facts are 
evident: 1) the characters are unaffected by any change of basis; for 
under a change of basis i) ( 5 )—> T~^D{s) T and TrD (s) = Tr^T'^^D^s) T ). 
In other words the characters of a representation depend only on the 
representation and not upon the basis used to present it. Since every 
representation of a finite group is unitary we may suppose, when dis¬ 
cussing the characters of a representation of a finite group, that the 
matrices of the representation are unitary and we shall do this. Since 
U*{s) = U-'{s) = U{s-^) it follows that for any representation of a finite 
group x{s~^) = x{s)- 2) The characters x{s) are unaffected by a trans¬ 
formation of s by any element ^ of G: 

x(s) =xi^'‘'st) ; every t. 

In fact Z>(;-*sO so that TrD{t-^st) = TrD{s). The 

collection of elements s fixed, t variable over G, are said to form a 
class; and the class is said to be determined by s. It is clear that a class 
is determined by any one of its elements: u~^su = *u), so 

that the class determined by s is contained in the class determined by 
tr'sty s and t arbitrary in g. Hence the class determined by t^st is con¬ 
tained in the class determined by t ■ t~'st ■ = s. Thus the class de¬ 
termined by t-^st coincides with the class determined by .s. We shall 
suppose that there are p (— g) classes Gi, * ■ ' > Cp in G and shall denote 
the character of the fc-th class by x* • x(^) when s Cl Ck, /c = 1, * • * , p. 
This property of the characters of any representation F of a group G ; 
namely, that the characters of all elements of G which belong to the same 
class are the same, is described by the statement that the characters of a 
representation F constitute a class-functio7i which is termed the character 
of F. 

On writing A: — y, p “ and summing with respect to j and q, in the 
relations (3. 7) and (3. 9) we find first 

(3.10) Sx2(s)xi(«) “0 

F,, Vt are non-equivalent irreducible representations of the same finite 
group 0. And, secondly. 
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(3.11) 2x(5)x(5) 

8 

if r is an irreducible representation of G. These relations are known as 
the orthogonality relations connecting the characters of irreducible repre¬ 
sentations of any finite group G. If n* denotes the number of elements 
of G lying in the class Cjt, fc = 1, • • • , p, the orthogonality relations may 
be written in the equivalent form 

2 = 0; 2 = 9- 

_ k k 

On writing Jc = ■ • ■ jp and regarding v^,Jc = 1,- ■ ■, p, 

as the coordinates of a vector v (named the vector character of F) in a 
p-dimensional space the orthogonality relations connecting the characters 
of irreducible representations of any given finite group appear in the 
convenient form 

(3. 12) (vi|v 2 ) =0; {v\v) ^1. 

Hence the vector-characters of non-equivalent irreducible representations 
form a unitary set; and, in consequence, the vector-characters of non¬ 
equivalent irreducible representations are linearly independent. In fact 
a hypothecated relation c^Va = 0 forces (c“Va|v>) *= 0, ; = 1,* ■ ' and 
hence = 0, ; = 1, 2, • • • . An important consequence of this result is 
the following: the number of non-equivalent irreducible representations 
of a finite group is limited, being not more than the number p of classes 
of the group. For there cannot be more than p linearly independent 
vectors in a p-dimensional space. 

The orthogonality relations amongst the characters of the irreducible 
representations of a finite group imply that non-equivalent irreducible 
representations cannot have the same character vector (or, equivalently, 
the same characters). For if they did we would have to have the con¬ 
tradictory relations (v|v) = 0, (v|v) = 1. Furthermore if we have a 
reducible representation T and resolve it into its irreducible components 

r = C^Ta 

the coefficients c* are uniquely determined. In fact the stated analysis 
of r implies 

V = C®Va 

and this forces c* = (v|v 5 fc). Hence any representation, irreducible or 
not, is uniquely determined by its characters (this being the reason for 
the name). Two representations are identical when and only when thexr 
character vectors (or, equivalently) their characters, are the same ; equiva¬ 
lent representations being treated as identical. 
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4. The number of non-equivalent irreducible representations of any 
finite group. 

We have seen that the number of non-equivalent irreducible repre¬ 
sentations of any finite group G is not more than p, the number of classes 
of Q. We now proceed to prove that it is precisely equal to p by showing 
that it is not less than p. Denoting by Fi, Fj, • • • , Fq the p non¬ 
equivalent irreducible representations of G we consider the regular repre- 
sentatioriy of dimension g, of G, If s is any element of G other than 
the unit element e every diagonal element of i)(s) ^O; whilst, since 
D(e) Egy every diagonal element of D{e) = 1. Denoting by Ci the 
class consisting of the single element e of G we have, as the vector- 
character of the regular representation, v = {v^, ■ • ‘ ,v^) where 
V* = V® = • • . = t;j> 0 and so, on writing F = c^Fa we have 

c*= = (vlvjt) = yg* 

But Vk^ is the trace of D*k(e) = Dk(e) (i. e. of the unit matrix of the 
representation F*) divided by V^; hence c* is the dimension of F;;. Thus 
we have the result that the regular representation of G contains each and 
every irreducible representation of G a number of times equal to the 
dimension of the irreducible representation. In other words all irreducible 
representations of G will be found in the regular representation. On 
denoting by the dimension of F* we have, for the regular representation 

(3.13) r=StZtFA 

k 

and, on taking the character corresponding to the unit class, we obtain 

(3. 14) S' = 2 

k 

In words, the sum of the squared dimensions of the various irreducible 
representations of G equals the order of G. On taking the character of 
any other class Cf we find 

(3. 16) 2 dkxJ =“ 0. (/ =- 2 , • • • , p). 

k 

Before completing the argument which proves p (and hence that 
5 ““ p) it is necessary to say a few words about class multiplication. We 
consider two classes Gy, Ck of G and form all products $t where s<ZCj, 
t C Cfc and we denote this collection of elements of G by CjCk> Since 
w^stu —. u-^su • u‘Hu the whole class determined by st occurs with st in 
the collection CfCk. If the element st occurs more than once in C,Ck 
(i. e. if st — s't'y s^s'y t^t') every element in its class occurs equally 
as often as it. For st^s't' implies u'^su- u-^tu^u~^s'u ' w^fu and 
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s^s', forces u~'su ^ u-^s'u, u'Hu ^ u ^t'u. Hence u ^siu occurs 

in CjCk at least as often as st (every u). Replacing s by and t bj 
utu~^ we see that st appears in CjCk at least as often as ustu every u, 
and hence (replacing u by u"') at least as often as u-^stu, every u. Hence 
u'^stu occurs in CjCic exactly as often as st and the class product CjCu 
may be analysed into a collection of classes: 


CjCk Cjk^Ca- 

Since st = sts~^s it follows that CjCjc ^ CkC} and, interchanging j,^ Ic, 
CkCf Cl CjCk. Hence Cfij = class multiplication is commutative. 

Expressing this in terms of the class constants C}k} we have Cy* ' 

If Cl is the unit class, which consists of the single element e, it is 

Finally we observe that the class determined by 5“^ consists of the inverses 
of the elements of the class determined by s; in fact u-^s'^u = (u^Hu)- . 
Hence CjCk does not contain the unit class at all unless Ck is the class 
consisting of the inverses of the elements of Cj and when this is the case 
CjCk contains the unit class exactly Uj = Uk times. It is convenien o 
denote the class whose elements are the inverses of the elements of Cy by 
C-i (it being clearly understood that Cy and C_y may well coincide) ana 

we then have 

Cj^k^ = 0 unless fc == — j; = nj. 

We now consider any representation T of our group and denote hy Sj 
the sum of the matrices D{s) of T which correspond to those elements 5 
of G which lie in Cj. If t is any element of G, r^st lies withjf m i 
and as 5 runs over Cj so does i^^st, it being clear that 
l-ist ^ t''^s't and conversely. Hence D{t~^)SjD{t) = Sj or, equiv 7’ 
= SiD{t). In other words Sj is commutative with every ma i 
D(t) of r. If r is irreducible and of dimension d it follows that Sj w a 
scalar matrix \,E,, say; ; =■ 1, 3, • • ', P- Since the trace of 
of r which corresponds to an element s of G which lies in Gy is e 
it follows that Tr(S,)=~nixl i. e. dK, = nsx>. From the relation 
CjCh —= cik°-Ca follows, on adding the matrices of r which correspon 
the elements of O in CjCt, S,Sh = and hence A^A* = c,t«A„. 1 is 

implies = 2 dci„<'n^x° and on summing this over the q in ' 

ducible representations Pa of G we find 


n,n« E X.V = 2 c,»«na 2 = Ca'P ('i? (3.14) and (3.15)). 

A ah 

It follows that 2 xJx* = 0 unless Jc - -7, in which case it = ^/ny- 

Regarding, for a moment, the q quantities Xh> h = I, - • as the coor 
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dinates of a vector i’(j) in a linear vector space of q dimensions these 
equations imply that the p vectors v{j), ; = 1, • • ' ,p are linearly in¬ 
dependent. In fact a hypothecated relation c“i;(a)= 0 implies 2 = 0 

a 

every h. On multiplying this by xJ and summing with respect to li we 
obtain c~^ = 0 every j. Ilence p"^ q which is what we wished to prove. 
Summing up the results of this section we have: 

Any finite group possesses as many non-equivalent irreducible repre¬ 
sentations Pi, • • *, Pp as the group has classes. The various vector char¬ 
acters Vjy ; = 1, • • •, p, of these representations form a unitary set: 
(vjivjt) = 0, y ^ i:; (vj|r’i) = 1. Written out in full these give, on using 
the relation x"^ == which holds for any representation of any finite 
group, the two equivalent sets of orthogonality relations 

(3.16) 2 «ax "X " = 5; 2 0; j^h 

a 

(3.17) SxAV-O; j^k 

h >• 

(the first of the latter set being 2 = g). The analysis of any repre- 

A 

sentation P is c^Pa; = (vjvj) where v is the vector-character of P. 
From t 7 = c®t;a follows (v|v) =2 {(^V so that the minimum value of 

a 

(v|i;) is unity, this occurring when and only when P is irreducible. This 
criterion for irreducibility may be stated in the following equivalent form: 
a representation T of a given finite group is irreducible when and only 
when the average over the group of \ x(5)l^ is equal to unity. 


5. Symmetric linear operators. 

We close this chapter with a discussion of certain questions arising 
naturally from a consideration of the Kronecker m-th power [A]]m of a 
linear operator A. The carrier space of this Kronecker m-th power is 
of dimension n" and its vectors v have coordinates which may be con¬ 
veniently designated by .All linear operators in this carrier 

space are presented, once a basis is selected, by n”* X n"* matrices whose 
(;o- • - fci,- • • elements may be designated by ai;;5 » 

special such linear operator is the Kronecker m-th power [A]m for which 
at . /"has the special form • ■ ■ akj’'. A particularly noteworthy 

feature of the Kronecker m^th power is its syniiiietry in the labels 
(1, • • •, m) : is any permutation on the m letters (1, • • •, m) 

then 


(3.18) 



• Jm 
i km 
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the obvious and simple reason being the commutativity of ordinary multi¬ 
plication of complex numbers. In general we term any linear operator 
in the n"* dimensional carrier space of [^]m symmetric when it possesses 
the symmetry, with respect to all permutations of the labels 1, • ■ • ,m, 
described by the equations (3. 18); and we shall term those particular 
symmetric operators which are Kronecker m-th powers of linear operators 
in the underlying n-dimensional space special symmetric operators. It is 
clear from the very definition that the collection of all symmetric linear 
operators in the n'” dimensional carrier space of constitute a linear 

vector space of dimension ; in fact if a= o/i. - - -. jg ^ symmetric 

linear operator in this space so also is o:a\l\ = where a is any 

complex number. And if | is any second symmetric 

linear operator in the carrier space of [Aim then ajU 4- s at’ 

*“ ^ \lc} * {7c) fcif • • • ► 

+ \ [ \ ^ symmetric linear operator in this space. Since each 

symmetric operator has components the dimension of the linear space 
constituted by them < n^"*. We shall show that it is not less than n*"* 
by constructing linearly independent symmetric operators; these will 
be special symmetric operators so that we shall be able to state the 
theorem that the linear space of all symmetric linear operators is spanned 
by special symmetric linear operators. In fact they will not only be 
special symmetric linear operators (i. e. Kronecker m-th powers) but 
special unitary symmetric linear operators (i. e. Kronecker m-th powers 
of unitary linear operators). 

Denote, then, by the element in the r-th row and s-th column of an 
n y, n unitary matrix. Its Kronecker m-th power has as its (ri, • •, rm; 
Si, • • - fSm) element the quantity Eegarding this as a 

vector in the n*”* dimensional linear space which contains all symmetric 
linear operators we are faced with the following alternative: either the 
special unitary symmetric linear operators span the entire dimensional 
space or they span a proper linear subspace of it. In the latter case 
there must exist one or more linear homogeneous relations of the t)q)e 

.• • • uP"* — 0 where the ct . t* are constant coefficients 

• t Am • • • • fCw9 

which may, without loss of generality be assumed symmetric in the labels 
(1, • ■ ■ ,m) : = where pis ony permutation t 

Each of these relations is an identity in the w,*' where these are not in¬ 
dependent but are subjected to the relations On taking 

the differential of ;;;' J* we obtain m terms (each an m-ple 

summation) which all have the same value owing to the symmetry of the 
coefficients ct’ ■ *' ’ f". Hence we must have 0 

mu • • • t fCm% Ou • • * » Dm Oi AM 
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subject to the conditions u*a^du,'°- + = 0. Applying the method 

of Lagrangian multipliers to these linear homogeneous equations con¬ 
necting the 2n^ differentials dus^y dw*,*" we obtain, on denoting, for a 
moment, 





i nP\ • 

k oi 




by 


rUk^y 


mk^ + = 0; 



where the 7t* quantities A/ are the undetermined multipliers. Written 
in matrix notation these equations are 


Af + AC7* = 0; I7A = 0. 

The second set imply A = 0, on multiplication on the left by C7*, and 
then the first that M = 0, i. e. 



• • /m yfi\ • • « 0 • 

- f km <^m*t ^ 


every lc,n, 


for every unitary matrix U = (u,''). Repeating the argument, for a 
fixed, but arbitrary, km we find 



» Om-2* 0 ' 

» fcm-1’ km Oi Om-a ^ 


every 


Jm-Iy Jmy 


km-ly 



and so on till we finally obtain cf}[ \ ^ ^ proving our theorem that 

the special-unitary symmetrical linear operators span the complete fi-"*- 
dimensional space of symmetric linear operators. In particular (m = 1) 
we see that unitary n yC, n matrices span the entire n^-dimensional space 
whose elements are n- X ^ matrices. E. g., n — 2, the four unitary 
2X2 matrices 

a ?)(; x -i) 


constitute a basis for all 2X2 matrices. 

Let now be a subspace of the n"*-dimensional carrier space of [A']m 
which is invariant under all special unitary symmetric operators. It 
follows from the theorem just proven that R is invariant under all 
symmetric operators. If R is irreducible with respect to the collection 
of all symmetric operators (i. e. if no proper subspace of R is invariant 
under all symmetric operators) it remains irreducible with respect to 
the (smaller) collection of all special unitary symmetric operators and, 
h fortiori, irreducible with respect to the collection of all special sym¬ 
metric operators. In particular if R is irreducible with respect to the 
collection of special symmetric transformations it is irreducible with 
respect to the collection of special unitary transformations. For instance 
we know that [A]m furnishes a homogeneous rational integral repre¬ 
sentation, of degree m, of the full linear group (whose elements are n X w 
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matrices). It induces a homogeneous rational integral representation, 
of degree m, of the unitary subgroup {U} of the full linear group (by 
merely selecting from [^]„ the subset [?7]„). We shall see later that 
[-djm is completely reducible; then each of its irreducible components 
induces an irreducible homogeneous rational integral representation of 
the unitary subgroup of the full linear group. 

If is any symmetric linear operator in the n"*- 


dimensional carrier space of [^]m and ^“7 permutation 

on the m letters (1,- • *, m) we denote by p{a) the symmetric linear 
operator whose ((r),(s)) element is = a;***'' Since the 

definition of symmetric linear operator is contained in the formula 


a 


(r) 

(•) 


a 


(rp) 
(Ap) 


it is clear that p{a) may be defined in either of two equivalent ways: 
we may apply the permutation p to the superscripts r of ai'l or the 

permutation to the subscripts 5 of aJjJ, Furthermore it is clear that 

the collection of symmetric linear operators is not merely a linear vector 
space but an algebra ; i. e. it possesses the group property relative to a law 
of combination other than addition (and distributive with respect to the 
latter). This law of combination is defined by mere sequential per¬ 
formance. Thus if V is any vector of the carrier space of [A'\m av is 
the vector w whose (/i, • • •,;«) component is . 

^.the vector whose (/i, • • •,;'«) 

component is In other words ha is the sym¬ 
metric linear operator (ha )= l>\t\ aitl = 6^*..f- . 

If, in particular, a, 6 are both special symmetric linear operators, i. e. 
Kronecker m-th powers, we have 


(3.19) [B]„ 

Furthermore if q, p are any two permutations from the symmetric group 
on m letters we have 

qib)p(a) =qp{ba). 

In fact the (;), (fc) element of the left-hand side is 

*>'/«•,’ “!??’ = - ?P(ia)U! 

(note that qp means: first p then q). When a, h are special we have 
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(3.20) q{lBU)p{[A^,n)=qpaBA^^) 

and in particular ?([£']m)p([£?]m) = 9 P([£^]m) so that the matrices 
p([i?]»n) furnish a representation, of dimension ?i”*, of the symmetric 
group on m letters. 

The Kronecker m-th power [^4]^ furnishes a representation of dimen¬ 
sion n’” of the full linear group and it is easy to calculate the characters 
of this representation. In fact the ((?*), ( 5 )) element of \_A~\m is 

and so the trace of [A]m is 

= {TrA)”^. It is convenient to denote TrA by Si, TrA^ by Sz, TrA* 
by S 3 , and so on, so that 

(3.21) Si = aa,"^; Sz = ; S 3 = ; 

and so on. Then the characters of [A'\m are Si”*. In order to calculate 
the characters of the representation of the full linear group which is 
furnished by the symmetrized Kronecker power [^] it is convenient 
to first calculate the trace of p’^([^]m); this is * ‘ 

If p is in the class (a), i. e. if p contains ctj unary cycles, a* binary 
cycles, • • • this expression is at once seen to be 

(3.22) s*®* = Si®'S2“* * ■ ■ 


Pi 


(x") 


P" 


In fact let us suppose that p contains the ternary cycle (1,fc); then 
the trace ofp‘^([il]m) contains the factor ai^* = S 3 and so on. 

The symmetrized Kronecker power is furnished by the transformation 

induced by x-^Ax on the ^ products (a:^) 

Pi-|-p 2 + - * ' + Pn==T«, and the ((r), (s)) element is the 

summation being over all permutations q which effect a rearrangement of 
{SifSzy- ■ ,Sm). The diagonal elements are accordingly If 

there are 1% kz 2% • • • in (r) there are kil kzl ' • • A:„! permutations 
which do not change each (r^). Hence we may write the ((r), (r)) 

diagonal element of [^](m) as fc ! • ^ • fc ! ^ where the summation 

is now over aU permutations p of the symmetric group on m letters. There 
are m ! {ki ! • • • fcn!) permutations which change the arrangement (r) 
and since none of these affects a we may write the ((r), (r)) diagonal 

element of [A'\im) as where means that the set (r) 

is rearranged in all possible ways and the results added. Hence the trace 

of [^] («) — —. 2 he. the average over the symmetric group of 
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the trace of p~^ ( lA'\m) i. e. ■ • • s„^. In other words the char¬ 

acters of the symmetrized Kronecker power representation [^] (my of 
the full linear group are the functions gm(s) defined by 


(3.23) q„(s) 


m 


2n, 


(a) 


<..*'“' = 2 - 
ia) *1 


!«,! 


a 


m 


\\l) \m 




(the summation being over all classes (a) of the symmetric group on m 
letters). These functions are of fundamental importance in the theory 
of the representations of the symmetric group on m letters which will be 
discussed in the next chapter. 



CHAPTER FOUR 


THE SYMMETRIC GROUP 

In this chapter we shall obtain all irreducible representations of the sym¬ 
metric group on m letters, i. e. the group of m ! different permutations 
of m different objects and shall use these to determine all homogeneous 
rational integral representations of the full linear group. 

1. Cosets of a subgroup. 

If Q is any group, with elements 5, u, • • •, and H is any subset 
• • of these which constitutes a group (with respect to the same 
law of combination as G) we term H a subgroup of O, Every group G 
possesses at least two subgroups: 1) R = G; i, e. G is a subgroup of 
itself; when we wish to rule out this subgroup we insist that the subgroup 
be properf i. e. that there is at least one element of G not contained in it; 
2) R = e, the unit element of G; we refer to this subgroup as the identity 
subgroup. In any event R, being a group, must contain the unit element 
e of G. If R coincides with G the collections sH, Bit, i. e. the collections 
"hi, where "h is an arbitrary element of R, coincide with H; s,t, 
arbitrary elements of G. In fact sH = sO is merely the left translation 
of G induced by s and so is merely a rearrangement of G = H; and 
similarly for Ht. If, on the other hand, R is a proper subgroup of G 
the set $S (whilst still coinciding with R if 5 is any element of G which 
also lies in R) will have no element in common with R if s does not lie 
in R. In fact sk =* j would force s = jh~^ to lie in R if j were an ele¬ 
ment of R. We term sH the left coset of R determined by s and it is 
clear that s = se is in the left coset of R determined by it. Moreover 
any element sh in this left coset determines the same coset as s. In fact 
any element sh • j of the left coset determined by an arbitrary element 
sh belonging to the coset determined by s lies in the left coset determined 
by s (sh • y 5 • hj) so that the left coset determined by sh is contained 
in the left coset determined by s. But s = sh • h~^ belongs to the left 
coset determined by sh so that the left coset determined by s is contained 
in the left coset determined by sh. Combining both statements we see 
that the left coset determined by sh is the same as the left coset deter¬ 
mined by s. Since s is not in R, s"' is not in R and by the same 
reasoning as above the set Rs'^ (which consists of the inverses of the 
elements of the left coset sll) has no element in common with R. We 
term it the right coset of R determined by and we see that it is the 
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same as the right coset of H which is determined by any element }is~^ 
belonging to it. If G is exhausted by H and sHy i. e. if every element 
of G belongs either to H or to sH we say that H possesses exactly two 
left cosets in (?; it being convenient to regard as a left coset of itself, 
namely, the left coset determined by any of its own elements. In this 
case G is exhausted by H and (since G is exhausted by the inverses 
of its elements) so that H has exactly two right cosets and sH = 

Since s lies in Hs-^ (not lying in H) we have Hs~^ = Hs so that we 
may write sH = Hs. Since this relation is trivially evident when s is 
an element of H it is true for any element of G ; and we may write it 
in the convenient form s~^Hs = -ff, every 5 in G. In general it is clear 
that if H is a subgroup of G so also is s~^Hsj every s in G, we term this 
subgroup the transform of H by s. And when H coincides with its 
transform for every s in G we term an invariant subgroup of Q. We 
see, then, that, if H possesses exactly two left cosets in (?, is an 
invariant subgroup of G. As examples we cite: 1) G the group of n I 
permutations on n letters; S. the subgroup consisting of all even per¬ 
mutations on n letters; 2) G the group of all orthogonal (or real 
orthogonal) n X ^ matrices; H the subgroup consisting of all proper 
orthogonal (or real orthogonal) n "X. n matrices (a proper orthogonal 
matrix being one whose determinant is unity). 

Returning to a consideration of any proper subgroup H of G let us 
suppose that G is not exhausted by H and sS {s not in H) and let t 
be an element of 0 belonging neither to H nor sH, Then the collection 
tH has (as we have already seen) no element in common with H'y nor 
has it any element in common with sH. For sh = tjy where j is an 
element of H, would force t=^S' hj~^ to lie in sH. If O is not exhausted 
by By sHy tH we take an element u of G which lies in none of the col¬ 
lections By sBy tB and we see at once that none of the elements in the 
entire collection uH lies in any one of the three collections By sBy tB. 
Proceeding in this way G must finally be exhausted if it is finite'y for 
each of the collections By sBy tH, ■ • • contains exactly the same number 
of elements, say h, as B. If g is the order of Q, H cannot have more 
left cosets than the quotient of g by k. Hence G is finally exhausted 
showing that the order of H is a divisor of the order of Gy the quotient 
d being the number of left cosets. We shall suppose, if Q is infinite, 
that it is exhausted by a left cosets of B and we shall denote these cosets 
by Hi = B'y Bz = S 2 B ; * •■ Ba = SaH. Then it is clear that the right 
cosets By Bs 2 '^y * * *, BsqT^ are all distinct (since each consists of the 
inverses of the elements in the corresponding left coset) and exhaust 0 
(since O is exhausted by the reciprocals of its elements). Hence if H 
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possesses exactly d left cosets in G it possesses exactly d right cosets in Q 
each right coset consisting of the inverses of a left coset. 

Let us now examine what happens to the left cosets (5i, • * ‘ ^Hd) 
when G is subjected to the left translation s—^ts induced by an arbitrary 
element t of G. The cosct ^ = 1, • • •, d, is translated into 

the coset determined by and different cosets are translated into dif¬ 
ferent cosets. In fact tSpH = iSgH would force tSph =* tsgj i, e. Sph = Sgj 
which is impossible when Hp and Hg are distinct. Hence the arbitrary 
element t oi G induces (through the left translation of G caused by it) 
a permutation p{t) of the d cosets (Hj, • • • ,Hd) of H in G. If we 
follow the left translation of G caused by t by the left translation caused 
by u (an arbitrary element of G) we obtain the left translation caused 
by ut and so p{ut) = p{u)p(t). Let P(t) be the d X d permutation 
matrix defined by p(t) so that P(ut) ^P{u)P(t) ; these permutation 
matrices furnish, therefore, a representation, of dimension d, of 0. Thus 
any subgroup of G which possesses exactly d left (and, hence, exactly d 
right) cosets in G furnishes uSy by means of the permutations induced 
on these left cosets by the left translations of Gy a d-dimensional unitary 
representation of G (all permutation matrices being unitary) ; and, in 
particulary any subgroup of a finite group G furnishes, in this way, a 
unitary representation of G. As particular, but somewhat trivial, in¬ 
stances we may cite: 1) the case where H = G in which case the repre¬ 
sentation obtained is the (one-dimensional) identity representation and 
2) the ease where H = e, G being finite; in this case the representation 
of dimension g, the order of G, is the regular representation. 

The characters of the representation of G which is furnished by ihe 
permutations of the d left cosets of H in G (which characters are all 
non-negative integers since the matrices of the representation are permu¬ 
tation matrices) may be obtained as follows. Since p{t) is the permuta¬ 
tion t (?;) , P(t) will have as many units in its main diagonal as 

there are cosets Hj for which tEf = Hf (the remaining diagonal elements 
of P(t) being zero). The relation tH) = E} is equivalent to tsjh = s^h' 
i. e. to the statement that t is in the transform SfEsf^ of E by Eence 
x(<) is the number of these transforms of E in which t lies. For instance 
if E is an invariant subgroup x(0 “ d if f Cl H (all of the d transforms 
of E coinciding with E : note that the transform of E by is always 
the same as the transform of E by hsf^) whilst x(0 = 0 if < is not in E. 
The average of x(f) as t runs over G follows readily (when G is finite) 
from the fact that tEj ^ Ej, for a given ;, exactly k times where k is 
the order of E (since k is equally the order of s/Esr^). Hence this 
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average is Jcd — g i. e. 1. But this average gives the number of times 
the representation contains the identity representation; hence the repre¬ 
sentation of a finite group G which is furnished by the permutations of 
the left cosets of any subgroup of G is always reducible and contains the 
identity representation exactly once. 

The expression given above for x(0 can be put in a slightly different 
and more convenient form. Let G contain p classes Ci = e, C 2 , • • -, Cp. 
If t is an element of any one of these classes, Cj say, the entire class Cj 
consists of the elements s'^tSj s variable over G. Two elements s, u of 0 
yield the same element of Cj when s~^t$ = u~^tu i. e. when tis~^' t = t - us"^. 
The elements of G which commute with t evidently form a subgroup of G ; 
for tv = vt implies v~H = tv~^; and tv = vt, tw = wt imply twv = wtv 
= wvt. Finally te = et = t. Denoting by K the subgroup of G con¬ 
sisting of the elements which commute with t let us assume that K is 
finite and of order r. Then each element of Cj will be repeated r times, 
(since u'^tu = s'^^ts if and only if « = ks, h CZ K), so that the number 
of elements nj in Cj is a divisor of the order ^ of G if G is finite: 

njr = g. 

Now our condition t C SjJSSj’^ is equivalent to Sj~^tSj d H and x(0 
the number of times this happens. Since if it happens for any Sj it 
happens for any element of the coset SjH we can find x(0 calculating 
how often s~^ts d H, s variable over G, and dividing the result by the 
order of H (which we shall now denote by A). As 5 wanders over G each 
member of the class Cj to which t belongs occurs r times; suppose then 
mj members of Cj belong to H so that 

(4.1) X^ x(0 = -r- ^ = gmj - 7 - hnj. 

Here g is the order of G',h the order of its subgroup H', nj the number 
of elements in the class Cj of G and m; the number of these which 
lie in H, 

If a: is an arbitrary vector of the d-dimensional carrier space of the 
representation of G which is furnished by its subgroup H the (permu¬ 
tation) matrix P(s) of the representation, s arbitrary in Q, sends 
(a^, • * ' into (a;»>, • • - where F(5) is associated 

with the permutation t ^. In particular 5 ^^ = 6 .^ showing that 

4 “ * * * + is an invariant vector of the representation; this (with 
its multiples) is the only invariant vector since the representation con¬ 
tains the identity representation exactly once. Let now J be a subgroup 
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of H (and, a fortiori, a subgroup of G) possessing exactly / left cosets 
in E 

H^J,(=J) + J,4-. . . += = 

If Eg = SgE, g = ^ d, are the left cosets of in G the fd sets, 

of elements of G, Jqii = SqhkJ are all left cosets of <7 in G and exhaust G 
(since the sets SqE exhaust G). Furthermore they are all distinct; in 
fact SqhhJ is different from SpkmJ if q, (simply because SpE has no 
element in common with SqE) and SpkkJ is different from SpkmJ if 
simply because hi^J ==Jk and hmJ = Jm are different. Hence J 
possesses exactly fd left cosets in G and, therefore, furnishes a repre¬ 
sentation of dimension fd of G. This representation is reducible and 
contains the representation, of dimension d, of G which is furnished by 
E, In fact let us denote the vectors of a basis in the carrier space of 
the representation of G which is furnished by <7 by p= 1, • • •, d; 
^ 1, • ' and the linear subspaces of this carrier space each of 

which is spanned by f vectors (cpi, • • • , Cpf), p «= 1, • • •, d,hy Sp. Then 
under the left translation of G induced by f: s^ ts, each space Sp is 
sent into another of these spaces St^, In fact tEp^ Et, so that tJpje 
IS one of the seta m = • • •,/. Hence epic is sent into et,m, 

every k, proving the statement. Moreover as k varies from 1 to / so does 
m since no two cosets Jpk are translated by t into the same coset Jt^m^ 
Hence if we denote the vector 2 ^ by cp we have ; p =■ 1, • • •, d. 

k 

As p varies from 1 to d so also does tp since no two different cosets Ep 
of E are translated by t into the same coset of E. Hence the d- 
dimensional subspace (of the carrier space of the representation of G 
furnished by J) spanned by the vectors («!, • • •, €d) is an invariant 
space of this representation; and the representation induced in it is the 
representation furnished by E. Since the identity subgroup <7 = « is a 
subgroup of every subgroup H of G it follows that the regular repre¬ 
sentation of G contains the representation of G furnished by any sub¬ 
group E. Since the regular representation contains each irreducible 
representation P*, of dimension d*, dk times the representation of G 
which is furnished by E contains Tk a number of times < djt. 

2. The characteristics of a finite group. 

Let G be any finite group, with elements s, f, u, • • ♦, and let f(s), 
^(«) be any two complex valued fimctions defined over G. We denote by 
(/1 0) the average over G of the product 0(s)f(s) and we term (f \ 0) 
the scalar product over G of / by 0: 

y « 


(4.2) 



96 


THE SYMMETRIC GROUP 


We shall be concerned only with the case where f(s) and ^( 5 ) are both 
class functions^ i. e. f{s) and 5(s) have the same values, and 0^ respec¬ 
tively, for all elements s which belong to the same class Cj of G, In this 
case we can write (/ | 0) in the form 

(4-3) I e) = i 2 

9 i 

the summation being over the p-classes Ci,‘ • ’ yCp of G; and if we 
introduce the vectors w, v in the p-dimensional class space 

; = 1 , • • • 

(f\0) appears as the ordinary scalar product of w by v: 

(4.4) ^f\0)='2W^(u\v). 

f 

We know that G has exactly p irreducible representations, Fi (the 
identity representation). Fa,’ • •, Fp, and the character x/(^) of any 
one, F/, of these is a class function. Treating the p quantities f-y- • ‘ ,f^ 
as indeterminates we term the p linear expressions in these indeterminates 

(4.5) I= («!«'/): ? = 

9 • 

(where V} is the vector character of F^) the simple characteristics of Gy 

of these = (u\vi) = — ^f(s) is the principal characteristic of G. 

9 » 

The coefficient of any one of the indeterminates, say, in <^/(/) yields, 
when multiplied by g and divided by ti*, the conjugate complex of the 
character, of the irreducible representation Fy, which is associated with 
the class Ck- If F = c®Fc is any representation of Gy so that the coeffi¬ 
cients are non-negative integers (i. e. positive integers, including zero) 
the expression ~ c^4>a{f) has a similar property: the coefficient of 

any one of the indeterminates, say, in <^(/) c^<f>a(f) yields, when 

multiplied by g and divided by n* the conjugate complex ^ of the char¬ 
acter of the representation F (which is reducible save when all c^ but 
one are zero, that one being imity) associated with the class Ck. The 
expression 4>{f) *=c"<^a(/) is termed a compound characteristic of 0 
when F is reducible; and the unqualified term characteristic includes 
both simple and compound characteristics. It is occasionally convenient 
to allow the integral coefficients c^, which occur in the definition of <t>{f)> 
to assume negative as well as positive or zero values and in this case we 
term <^(/) a generalized characteristic ot Q, but in making this generali¬ 
zation we have sacrificed the basic property of simple or compound 
characteristics. When one of the coefficients c^ is negative the coefficient 
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of y* in 4>{f) will not j^ield the character, associated with Cky of a 
representation of G (fc = l, • • ',p). 

We know that the p vectors vj form a unitary set and so any vector, 
in particular w, of the class space is expressible as a linear combination 
of them: u = where = {u\vj) = (f), i- e. 

(4.6) u = 'Z<i>i{f)vh 

i _ 

— and 
9 

tively, we may express the content of (4. 6) more explicitly in the form 

(4.7) f = 2<^»(/)Xj‘; fc = l,2,- • -yp-y 

i 

an equation which expresses the p indeterminates /* in terras of the 
simple characteristics of G. 

If JS is any subgroup of G the class of elements of II determined by 
any element k belonging to H is, by the very definition of class, contained 
in the class of elements of G determined by k (regarded as an element 
of G). But the converse is evidently not true; not all elements of a given 
class C) will, in general, belong to H nor will all those of its elements 
which belong to H necessarily belong to the same class of H. For two 
elements which are transformable into one another by an element of G 
are not necessarily transformable into one another by an element of H. 
We say that the subgroup H oi O effects a refinement of the classes of G. 
Now any class function /(s) defined over G induces a class function f {j) 
defined over H by merely setting f*(j) 3 ^ class 

function defined over H in this way is not the general class function 
defined over II ; for it must assume the same value for all those classes 
of II which belong to the same class of G. Similarly each of the p 
irreducible representations Fi, r 2 , * * ■, Fp of G induces, by merely select¬ 
ing from it those matrices which correspond to elements of H, a repre¬ 
sentation oi H but the representation of H obtained in this way is not, 
in general, irreducible. For there may well exist a proper subspace of 
the carrier space which is invariant under all the operators selected from 
Ti whilst there does net exist a proper subspace of this carrier space 
which is invariant under all the operators of F>. On denoting by 
£r(y), r=l, 2, ■ • yq, j variable over H, the characters of the irre¬ 
ducible representations of Hj X'"(i)» ni = l,' • ' , p, being the character 
of a reducible representation of II may be written in the form 

“*c„,*^a(y) whence |Sx-(y)^(i) = Cm*. If now d\- ■ ■, are any 

integers, positive, negative, or zero, the expression 


Since the fc-th components of u and Vj are 


4 


nic V 

— Xry respec 

9 
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IS a generalized characteristic of H (the expressions i 2/(;)^(;) being 

simple characteristics of H) ■ we regard the indeterminates in this gen¬ 
eralized characteristic of H as not arbitrary but as conditioned by the 

fact that /(;■) takes the same value for all elements j of H which belong 
to the same class of G. From (4. 7) we read 

/(;) =2 4>a(/)xa(;) 

so that 

12 /(;•)&(;•) = 2 {.^«(/)i S x.(;)&(;)} = 2 (/). 

Hence our generalized characteristic of H appears in the form 

a 3 

Since the Cm^ are integers, positive negative or zero, 2 d^Cj^ is an 

integer, positive, negative or zero and hence the generalized characteristic 
of H is also a generalized characteristic of G. In other words we can 
construct from any generalized characteristic of H, by merely identifying 
the indeterminates associated with all those elements of S which belong 
to the same class of G, a generalized characteristic of G. In particular 
any compound (or simple) characteristic of H furnishes in this way a 
compound (possibly simple) characteristic of G, In other terms a 
knowledge of any representation, reducible or irreducible, of H enables 
us to construct the characters of a representation of G. This representa¬ 
tion wiU be irreducible if and only if (xix) ==- 2 x( 5 )x( 5 ) is unity. 

More generally let us consider the generalized characteristic of G derived, 
as described above, from a quite arbitrary generalized characteristic of E. 

It furnishes us a class function ^(s) of the type c“xa(s) where the c* are 
integers positive, negative, or zero. Owing to the orthogonality relations 
(3. 10) and (3. 11) we have 

(4.8) (>Al^) =i2iA(s)'A(s) = 2c“c“ 

y « c 

and so the generalized characteristic will be a simple characteristic if and 
only if (^1^) = 1 and, in addition ^(e) > 0. If the generalized char¬ 
acteristic is not simple the coefficients c^ in the expression «« c“xa(5) 
are given by 

(4.9) c>= (^Ixi) =^2xi(«)^(s)- 
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Examples. 

As a quite trivial example let 0 be the symmetric group on two letters 
and H the identity subgroup. The principal (and only simple) char¬ 
acteristic of is and this is also a characteristic (compound) of G. 
The characters of the corresponding reducible representation of G (which 
has two classes) are 2, 0. This representation contains the identity repre¬ 
sentation once since 

c' —i(2 + 1.0) =1. 

The characters of the remainder of the representation are (1, — 1) and 
this representation is simple since ^(1^+ (—1)‘) = 1* Hence the 
characters of the two irreducible representations of the symmetric group 
on two letters are given by the table 


( 12 ) 

As a less trivial example we consider the case where G is the symmetric 
group, of order 6, on three letters and H is the subgroup consisting of 
those permutations leaving one letter, 3 say, fixed: {1, (12)), Q 

contains three classes: 

Cl —1; c.—(23), (31), (12); C. = (123), (132). 

The principal characteristic of H is J(/’ + /“) and this is a compound 
characteristic of G; in fact the compound characteristic associated with 
the reducible representation of G whose characters are 3, 1, 0 (since 
J = 6, n. — 1, n 2 = 3, 71.-2). This contains the identity representa- 

tion once since 

= ^(1.3+ 3.1 +2.0)-=1 

and the characters of the remaining representation are (2, 0, — 1). This 

representation is irreducible since J(2® + 3.0 + 2( 1) ) = 1. T us 

the principal characteristic of H furnishes us with two irreducible repre¬ 
sentations Tj, of 0. The second simple characteristic of H is ^ (f — f) 
and, regarded as a compound characteristic of G, this yields the characters 
(3,__1,0) of a reducible representation of 0. This representation does 
not contain the identity representation at all since c' = ^(1.3 + 3. ~ 1 
+ 2.0) — 0 but it contains T 2 once since c® = i(2.3 + 0. — 1 + (— 1) .0) 
The remaining representation has characters (1, 1, 1) and is, 

accordingly, irreducible since i[(l)* + 3( 1)^ + 2(1)*] = 1- Hence 
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the characters of the three irreducible representations of the symmetric 
group on three letters are furnished by the table 


Xl X2 X3 

c. 

In general the principal characteristic of H is and, regarded 

ft A 

as a compound characteristic of G, (which necessitates the identification 
of all f{h) for those elements h oi H which belong to the same class 
of G), we obtain a reducible representation of G whose characters are 
, <7 m / 

X ^ ^ denoting the number of the nj elements of Cj which 

belong to H. Since two representations of G with the same characters 
are identical it follows from (4. 1) that this reducible representation is 
the representation furnished by the permutations of the left cosets of H 
in G which are induced by the left translations of G. The r-th simple 
characteristic of H furnishes, when regarded as a compound character¬ 
istic of G, the characters of a reducible representation of G: 





the summation on the right being over all elements k ot H which happen 
to lie in the class G> of G. To find out how often this reducible repre¬ 


sentation contains r„, m = 1, • • ■, p, we have to calculate 

9 f 

i. e. since this is a real number, - 2 nA^X«>' =T where the 

9 i 

summation on the right is over all classes G> which contain elements of 
H (and over all elements k of B which lie in one of these classes). 
This is precisely the number of times that the reducible representation 
of H which is furnished by the irreducible representation r„ of G con¬ 
tains the r-th irreducible representation of H. Hence the theorem; 
The compound representation of G which is furnished bp the r-th irre¬ 
ducible representation of H contains the irreducible representation r« 
of G precisely as often as does the reducible representation of H which 
is furnished by the irreducible representation r„, of G contain the r-th 
irreducible representation of U {Frobenixis’ Reciprocity Theorem). 


3. The direct product of two or more groups. 

Let G be an arbitrary group with elements s, f, • • • and let K he & 
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second arbitrary group with elements cr, t, • ■ • . Then the pairs (s, o-), 
one element s from G and the other <t from Kj constitute a group (as s 
runs over G and <t over K) under the law of combination 

{tyT)(s,<r) = (i5,To-). 

In fact this law of combination assures the possession of the group 
property by the collection ( 5 , <t) ; the collection contains the unit (e, c) 
where e is the unit element of G and < the unit element of K ; and 
cr’^) is inverse to (s, cr). We term the group whose elements are 
{$y a) the direct product of by and we denote it by (? X 
Similarly if we have any finite collection of groups Gi, G 2 ,' * ', Gr the 
ordered sets (Si, S 2 , * * *> 5 r), where Sf is an arbitrary element of Gj, 
constitute a group under the law of combination 

^2} ’ ' * > ^r) (Sij ^2, ' ■ ■ j 5r) * * * j ^rSr) • 

We term this group the direct product of the groups Gi, Gz, • • •, Gr, 
taken in this order, and we denote it by Gi X <?2 X * * ‘ X Gr, If the 
groups Giy Gi, ■ • ■ ,Gr are finite their direct product (x = X G 2 
X • • • X is finite and of order equal to the product of the orders of 
the component groups Gx, G^, • • ‘, Gr : 

9 = gi92 • • Qr. 

It is clear also that the number of classes in g is the product of the 
various numbers of classes in the component groups; for if Cf is an arbi¬ 
trary class of (?>,; = !, 2,- • • , r, (Ci, Ca, • * ■, Cr) is a class of G. 
Hence the number of non-equivalent irreducible representations of G is 
the product of the numbers of non-equivalent irreducible representations 
of the various component groups Ci,* • *, Cr. 

If Fi is an rix-dimensional representation of Ci and r 2 is an Uz- 
dimensional representation of C 2 then the Kronecker product F, X F 2 
is an nin 2 -dimensional representation of Ci X Gz- A typical matrix of 
I'l X F 2 is Di{sx) X 1 ^ 2 ( 52 ) where is an arbitrary element of Ci and 
«£ is an arbitrary element of C 2 and the relation Dzitz)} 

• {Gx{sx) X ^ 2 ( 52 )} = D,{t,)Dx{sx) X Bzilz) Dz{sz) = D,{t,s,) 

'KD2(t2S2) proves the theorem stated (the unit matrix £'n,n, being 
^i(ci) X 1 ^ 2 ( 62 ) = Er^'K En^ and the inverse of 2 >t( 5 ,) X ^ 2 ( 52 ) being 
X - 02 ( 52 '^). If ix(^i) the characters of Fi and 2 x(^ 2 ) the 
characters of F 2 the characters of the representation Fi X F 2 are 
ix(*i) 2 x(52 ). If fxyfz are class functions defined over C, and C 2 
respectively the function / defined by f{sx,$ 2 ) =»/i(.5i)/2(.S 2 ) is a class 
function defined over Ci X C 2 . It follows that the product of any gen- 
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eralized characteristic of (?i by any generalized characteristic of G 2 is a 
generalized characteristic of X Ga; in fact if ixy(si)? 2 Xfc(s 2 ) are the 
characters of the irreducible representations of and respectively, 

an arbitrary generalized characteristic of is —2 Ci“iXa(si)A(si) whilst 
an arbitrary generalized characteristic of G 2 is — 2 z^(s 2 )fz(s 2 ) (the 

5^2 82 

Ci^ C 2 * being integers, positive, negative or zero) so that their product is 

2 Ci®C2^ iXa(^l) 2Xy3(^2)A(^l)/2('^2) 

yiP2 81,83 

= - 2 Ci“C 2 ^Xa.p( 5 i, S 2 )/(Si, 52) 

9 

where the xj.k(si,S 2 ) are the characters of the representation X 2 ^* 
of (?i X C? 2 * These are the irreducible representations, pipz in number, 
of Gi X Gz. In fact the average of xy,fc(5i, S 2 )x>.fc(si» ^ 2 ) over Gi X Gz 
is \mity: 

~ 2 xAfc(sijS2)x/.jfc(sij^ 2 ) =~-~ 2 ix/(^i) 2Xfc(52) iXiM zxicUz) 
y 81,83 yiy2 81.82 

= ~ 2 ixA^i) ixy(-si) * ^ 2 2 x*( 52) 2Xfc(52) = i 
yi «i 92 83 

since the representations iFy, alV of Gi and Gz, respectively, are irre¬ 
ducible. Similarly the average of x>».*»(^i> ^2)xii,3fci(^i> ^ 2 ) over Gi X O 2 
is zero unless A = A? ^2 — when, as we have just seen, it is unity. 
Hence no two of the pip 2 irreducible representations of Gi X Gzf whose 
characters are x/.fc(^i>^ 2 ), are equivalent. When the integral coefficients 
Ci^, Cz^ are restricted to be non-negative so are their products Ct^C 2 * and 
we see that the product of two compound characteristics, one of Oi 
and the other of Gz, is a compoimd characteristic of Oi X Gz, Further¬ 
more the product ^of a simple characteristic of Gi by a simple character¬ 
istic of Gz is a simple characteristic of Gi X Gzy all simple characteristics 
of Gi X Gz being obtained in this way; and, in particular, the product 
of the principal characteristic of Gi by the principal characteristic of Gz 
is the principal characteristic of Gi X Gz- These results are evidently 
at once extensible to the direct product Gi 'X Gz 'K ’ • ' X Gr of r finite 
groups. If is an irreducible representation of Gj then iF X 2 F X * ' ‘ 
X rF is an irreducible representation of Gi X Gz X ' ’ ' X Or and all 
irreducible representations of this direct product may be obtained in 
this way. If j<t>{fj) is a simple characteristic oi Oj then the product 
' ■ ‘ r<l>{fr) is a simple characteristic of Gi X ‘ ‘ X. Gr and all 
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simple characteristics of this direct product are obtainable in this way. 
In particular the product of the principal characteristics of Oi, ■ • *, 
is the principal characteristic of (ti X X ■ * ■ X (?r. 

Example. The subgroup {1, (12), (34), (12) (34)} (known as the 
four-group) of the symmetric group on four letters may be regarded as the 
direct product of the group G = {1, (12)} by the group K = {1, (34)}; 
in fact the groups {1, (12), (34), (12)(34)} and {(1,1),((12),1), 
(1, (34)), ((12), (34))} are abstractly identical. The simple charac¬ 
teristics of G are 

whilst the simple characteristics of E are 

20i(A) =J(A^ + A^); 202(A) =i(A^ —A*). 

Hence the four simple characteristics of the Abelian group Q K are 

01,i(/) = i(f' + f^ -f r + P); 01.2(/) = i(r — f^ H -r — D 
02.i(/) =i(A^ + r —r —P); 02.2(/) = J(r —r —A^ + P) 

BO that the characters of the irreducible (hence one-dimensional) repre¬ 
sentations of the four-group are furnished by the table 


Ca.i 1 

Cx.2= (34) 

0,.!= (12) 

(12)(34) 

4. The principal characteristic of the symmetric group on m letters. 

We have seen (p. 89) that the matrices p{[^]m) furnish a repre¬ 
sentation, of dimension n"*, of the symmetric group on m letters. On 
setting A = E and q = e (the unit permutation) in (3. 20) we obtain 

[B]mp([£^]«,) every B, 

or, equivalently 

(4.10) [A]mp([B]„) =p[A]m, every A. 

Similarly on setting B E, p = e and replacing g by p in (3. 20) we 
find p([B]m) [A]mp[A]m. Hence the matrix [A]m is commutative 
with every matrix of the representation p([B]«,) of the symmetric group 
on m letters. This symmetric group possesses p non-equivalent irre¬ 
ducible representations (p, the number of classes in the group, being the 


Xl.l Xl.2 X2.1 X2.2 

"1 i i T 
1 —1 1 —1 

1 1 —1 —1 

1 —1 —1 1 
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number of partitions of m ) r„ • • •, Tp, and the representation r fur¬ 
nished by D{q) = 9 ([£’]«) is of the form r = c^Fa. When presented 
in the basis in which it is reduced D{g) appears as 

c^Di{q) +c*£> 2 ( 9 ) +* • ' -i- cPDp(q) where cWj(q) 

stands for Bj(q) -[-■ ■ ■ ^ Dj(q) (c^ terms) =Ecf 'KDjiq). It fol¬ 
lows at once, by an application of Schur’s lemma, that the matrix [i4]tn, 
being commutative with all the matrices D(q), must be of the form 


(4.11) —2(3/;(^) y.Ea,) 

i 

where d) is the dimension of Tj and M)(A) is of dimension Cj. The 
reason for this will be sufficiently clear by considering the case where 
D{q) is 

/Df(q) 0 0 \ 

7?(g)=( 0 Di{q) 0 ). 

\ 0 0 D,{q)/ 


Let any matrix T commutative with D(q) be displayed in the block 
form furnished by D(q) : 




) . 


/Di{q)Ty^ Dj(q)T,^ D,(q)T,^\ 

Then D{q)T = [Di{q)T,^ Djiq)T^ D,{q)T^ ] 

\D,c{q)T,^ Dk(q)T^^ D^{q)T,^J 

whilst 

/Tr-Dj(q) T^Dj(q) r3‘i?*(g)\ 

TB(q) ^lT,^Dj(q) T,^Ds(q) T,^D,ig) . 

\T,WUq) T.^Diiq) T^D,{q)/ 

Equating these we find equations such as Dj{q)T 3 ^ = Tz^Dk{q) forcing 
= 0 since F/, F* are non-equivalent irreducible representations (of the 
symmetric group on m letters). Similarly Ts* = 0, Ti® = 0, 7^2^ = 0* 
The other equations such as Ti^Dj{q) = Di{q)Tx^ force to be a 
scalar matrix (since the only matrices commutative with all the matrices 
of an irreducible representation of a group are scalar). Hence 


( mi^Ed, m-i^Edj 0 \ 

rrix^Ed, mz^Edf 0 J = {Mj X Ed,) + {Mk X Ed^) 

0 0 rriz^Ed^/ 

where, here, is two-dimensional and Mk one-dimfensional. The fact 
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that [A]m appears, when the basis is properly chosen, in the form 

X Eds) implies that [^]m may be presented (by merely per¬ 
muting in an appropriate manner the vectors of the previous basis—see 
(3.2)) in the form Y.{Ed, X In other words the representa¬ 

tion [A]m (homogeneous and of degree m) of the full linear group is 
reducible, containing the representation Mi{A) (also homogeneous of 
degree m) dj times. We shall see, at the end of the present chapter, that 
the representations M}{A) of the full linear group are irreducible and 
exhaust the homogeneous representations of degree m of the full linear 
group but we do not need this precise result for the time being. 

Since, when the basis is properly chosen, 

XZ>i(9)}; = XE,,) 

I ^ 

and since 

^( [^]m) = ?([^']»») {_A‘]m 

it follows that 


g([4]„) = 2 {Ec, X D,(q)){Mi(A) X E^,), 
i. e. 

(4.18) 5([4]„) =2{itfy(4) Xi?>(?)}- 

J 

On taking the traces of both sides of this matrix equation and denoting 
by (a) = («„ • • •, am) the class of the symmetric group on m letters 

to which q belongs we obtain (on using (3. 22)) 

ai^TrMi{A) 

i 


or, equivalently, on using (3. 16), 


(4.13) = i 2 "la.Xk'"’*'*’ 

g ia) 

When fc «= 1, so that r* = Ti 


x*'“’ 


ia) 


a 


t 


®m 



is the identity representation, we obtain 




qmis) 


so that the characters of Mi{A) are the same as those of the symmetrized 
Kronecker m-th power see (3.23). In general the expression 

(4.13) may be simplified by noting that the characters of any repre¬ 
sentation of the symmetric group on m letters are real. In fact any 
representation of this group is equivalent to a unitary representation 
(simply because the representation is bounded, the group being finite) 
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and hence x(s) = x(s'') since V* = U-'. But is in the same class 
as s since the inverse of a cycle ■ ■ ,mi) is the same cycle 

written m reversed order i. e. (nij, m,.„ ■ ■ ■,»!,). Hence x(s) = x(s) 
i. e. x(s) is real. We may, therefore, write instead of (4. 13) 


(4. 14) 



^ X*'°* 

(a) Oil ! ‘ • (Zm ! \ 1 / \ W/ 


The function 5 ^“^ — is a class function defined over the 

sjunmetric group and we term the expressions occurring in (4. 14) the 
simple characteristics of the symmetric group on m letters. In other 
words we use instead of the indeterminates /* which occurred in the 
definition of the simple characteristics of any finite group the quantities 

^ ^ ' ‘ * where (a) = (or,, <X 2 , - * •, am) is the cycle structure 

of the particular permutation for which the indeterminate class function 
is being evaluated. We shall denote a*= by <^*(s) ; 


(4.15) 


4>k(s) = 2 


X* 


(a) 


(a) ^ 


• a 


m 



The indeterminates ■ • ■, Sm are the traces of A, • *, A*^, respec¬ 
tively, where A is an arbitrary element of the full linear group of dimen¬ 
sion n. Denoting the characteristic numbers of A by (s) = (z, ■ • • ^_) 
it follows that ’ ’ 


(4.16) 


== H- + • - • -f Zr,^; fc 1, 3, 3, • • • . 


When we are discussing merely the symmetric group on m letters and 
are not concerned with the connection between it and the full linear group 
(of given dimension) n is at our free choice subject only to the provision 
n ^ m necessary to ensure the independence of the m indeterminates 


(*'l, S 2 , ‘ > Sm). 

Of particular importance 
(one for each value of m) 

(4.17) ?m(a)—2 

(a) 


for us are the principal characteristics qm(s) 

«il- • -a^! \lj ■ ' [mj 


and we call attention here to a few remarkable properties of this set of 
polynomials in the m variables (s^, - - •, «„) the first seven of which we 
write out explicitly. 

qi(s)=s,; q2(s) -i-s^) ; ffa (*) = ^ (V + + 2S3) ; 

94(a) = ^ (Si^ -}- 6 si^S2 + 8S1S3 + 3 s 2 ® + 6S4) ; 

?»(») = ^ (si® + 10si®S2 + 20si^ss + 15sjS2^ + SOs^s^ + + 24s^) ; 
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?«(*) = ^ (Si® + I55/S2 + 405 i ®53 + 45 Si*S 2^ + 905 i^S 4 4- I2OS152S3 

o! 

+ 144 si 53 + 15 s 2 * + 90^254 + 4053 == + IgO^e) ; 

q^(a) = i (s/ ^ 315^=52 _|_ 70s^^s^ + + ^lOs^^s* + 42051^5253 

* _|_ 50451^55 4 - 1055i52® 4- 6305i525, 4- 2805153^= 4- 840SiSe 
4- 21052^53 4- 5045253 4- 420S3S4 4- 'i'2057). 


The terms are arranged so that 5i”**52’"^ * ■ * comes before 5i"^52"3 • 
if the first non-vanishing number of the set mi — nj, m 2 — « 2 j ’ 
is positive. The polynomials ^m(5) furnish at a glance the structure 
of the corresponding symmetric group. Thus from ?a(a) we see that 
the 6! = 720 permutations of the symmetric group on 6 letters divide 
into 11 classes there being 45 elements, for example, in the class 
(«) = ( 2 , 2 , 0 , 0 , 0 , 0 ). 

Remembering that the numbers (ai, a 2 j’ are subjected to the 

relation «! 4- 2 a 2 4- ' ‘ ‘ = m it follows that 4“ ^*2 + ' ' ’ 

+ ma„ = m —1 where o', =-«! — 1. On differentiating 9m(*) with 

respect to 5 i we find 


dqm 

dsi 


2 

(a') 


1 

• a„l\l/ \ 2 / \m/ 


where (o') = (cf'i, a2, ■ * 'j^) so that dqm/dsi => qm-i, m = 1 , 2 , • 
(go(») being defined by go(*) = !)• Similarly on differentiating qmia) 

with respect to 52 and writing a'2 = az — 1 we find 


o ^ ^ __ ^ — 

dsz (^) oti 1 (/z ! *8 J ■ ■ 

where («') = (cej, a' 2 , ■ * * , 

«“ m — 2 it follows that 



Since ai 4“ ^*^2 4* ^*3 4" ’ ' ‘ “h mom 



^m-2 


where 9-i(<) is defined by 
the general result 


m *=* 1, 2, • • ' 

Reasoning in this way we obtain 


(4.18) —m = 0,1,2,- ■ • ; fc —1,- ■ -.m. 

uSk 

(the q*8 cari 7 ing negative subscripts all being assigned the value zero). 

It is important for us to have the explicit expression for the principal 
characteristics 9in(*) iu terms of the variables (*) = (Zi, 22 >‘ ’ ‘ >^n) 
of which the 5 * are the power sums (see (4.16)). To obtain this con- 
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sider the reciprocal of the polynomial f(t) = (1 — zj) • • • (1 — Znt) 
in the indeterminate t : 


(4.19) = 


(1 - Zxt) ■ • • (1 - Zrxt) 


0 


00 

On writing (1 — = 2 it becomes clear that 

j5,=o 

Pfc(») = S 2/* • • ■ (ix+^2-\-- • • + 

(/5) 

(the summation being over all partitions of k) is the complete homo¬ 
geneous symmetric function of degree k in the n variables s. Since 


we have 


log J- 


log {/(<)}- 


Zd 


CO 1 
2 

/?/=! Pi 


SO that 


Slog?- 
1=1 (J 


{/(f) )-l = g(»l/l)r+(»2/2)in 


M) - ? (t) 


tp» 


- I. =77 (1)'“ I. il (I)'■■■ 

-I i S .TT^ (t)' (t)" } 


f* 


where the summation is over all (a) for which ai -f ZtXz + ■ * • + ka^ »=» k. 


00 


Hence {/(O)’'= 2 so that 

1 C =.0 


(4. 20) gjt(«) = pfc(a) ; = 0,1, 2, • • ■. 

This relation remains valid for negative integral values of k if we define, 
as we shall do, />*(«) =0, Ar = — 1 ,_2, • • •. 

A similar argument may be applied to the polynomial g{t) in the 
indeterminate t : 

(4.21) g{t) = (1 + z,t)(l + z^t) ■ ■ ■ (1 + 2„0 =2ait(*)«* 

0 

where <tjc is the elementary symmetric function o-fc = SziZz • • - z* of degree 
k in the variables z. We 




implying 
(4. 22) 


?*(**) =- a^(») 
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where s* is obtained from * by changing the signs of those sj which carry 
even subscripts 

(■**) = (^Ij ^ 2 , ^ 3 , ' 54 ?' ■)* 

We shall denote 9 *(s*) by 7rjt(a) so that 


<rfc(a[) =7TTt(*). 

The pol 3 'nomial 7Tt(s) in the k variables (si, • * being obtained 

from qk{s) by changing the signs of S 2 , s^,' • ■ has the explicit expression 


(4.24) TTfcCj) =2 

(a) 


^• • • 
«!! • • ' ajcl 





Since every permutation of the symmetric group on m letters is either 
even or odd (being even or odd with a 2 + a 4 + 0:9 -|- • • •) it is clear 
that, in addition to the identity representation, the symmetric group on 
m letters possesses a second one-dimensional representation (known as 
the alternating representation) ; namely, the representation which asso¬ 
ciates with each even permutation the number (= 1 X 1 matrix) 1 and 
with each odd permutation the number (= 1X1 matrix) — 1. The 
polynomial 7 rm(s) defined by (4. 24) is the simple characteristic of the 
alternating representation. If F is any representation of the symmetric 
group on m letters the Kronecker product of F by the alternating repre¬ 
sentation is a representation of the same dimension as F and this repre¬ 
sentation will not be equivalent to F unless the characters of all odd 
permutations in F are zero (in which case it will be equivalent to F). 
If F is irreducible so also is the derived representation obtained by taking 
the Kronecker product of F and the alternating representation; in fact 
I x(s)|^ is the same for F and for the derived representation, so that if 
the average of | x(«)l* (over the symmetric group) is unity for F it is 
also unity for the derived representation. This average is unity if and 
only if the representation is irreducible. Associated, then, with each 
irreducible representation F of the symmetric group is an irreducible 
representation F* and the relation is reflexive: (F*)* = F, If F* = F 
we term F self-associated; otherwise we term the two distinct representa¬ 
tions F, F* associated. The identity and alternating representations are 
associated; and, generally, the simple characteristic of the symmetric 
group corresponding to F* is obtained from the simple characteristic 
corresponding to F by changing the signs of S 2 ,s^' 


5* The simple characteristics of the symmetric group. 

Let us imagine the m letters whose permutations are the elements of 
our symmetric group placed in k compartments or boxes containing. 
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respectively, Ai, A 2 , • ■ •, A* letters; Ai -f- A 2 + • • ■ + A* = m. Those 
permutations which leave fixed all letters not in the ^-th compartment 
or box form a subgroup Gj of the symmetric group on m letters, namely, 
the group of Xj \ permutations on Xj letters, ; = 1, 2, • • •, The direct 
product G^X G^X- • ■ X Gfc of the A: groups G^, G 2 , • • ■, Gj is also a 
subgroup, of order Ai! A 2 ! • * * A* I of the symmetric group on m letters; 
in fact, the subgroup consisting of those permutations of the m letters 
which do not send any letter out of its box. The principal characteristic 
of Qj being the principal characteristic of the direct product 

Gi X Gz X ' ' ' X Gjc is ?x,(s) 5 xj(«) * • ‘ 5 Xk(«) and, regarded as a 
characteristic of our symmetric group G on n letters, this corresponds to 
a (generally reducible) representation of G; namely, the representation 
of dimension m ! —r~ Ai! A 2 ! ■ * • At! furnished by the permutations of 
the left cosets of X X ' * X G** in G which are induced by the 

left translations of G. We have, therefore, associated with each parti¬ 
tion (A) = (Ai, A 2 , * ■ ■ j A*) of m a representation (in general reducible) 
of G which we shall denote by A(A); its characteristic is q\,(s) • • • qxAs) ; 

(4.25) A(A) ?=i?x,(«)?x,(*) • • ■?x.(«) =px,(a) • • • px^{x). 

We shall suppose Ai ^ A 2 ^ ^ A* > 0 and shall arrange the parti¬ 

tions (A) in dictionary order as explained in Chapter One p. 8. Thus 

for m = 4 the five representations (all but the first of which are 
reducible) are denoted by 

'^(4), A(3,1), A(3*), A(3, 1*), A(1‘) 

and their characteristics are 

A(4) q,(s) = i(s/ + + Bs.) 

A(3,1) —» 33(»)?i(«) (si* + 3si% + 3iii,) 

A(2") ?2(»)93(j») = i(V + 

A(3,1“) -» ? 2 («)g,(»)g.(.) = + Si“s 2 ) 

A(1‘) = 

It is clear that A(m) —> ^m(«) so that when Ai = m the representation 
obtained is the irreducible identity representation; in all other cases 
Gi X G 2 X ' • • X Gfc is a proper subgroup of O and the representation 
is reducible containing the identity representation exactly once (see 
page 94). 

The significance for us of the result expressed by (4. 25) is the fol- 



SYMMETRIC POLYNOMIALS 

lowing. We shall readily show that every homogeneous symmetric 
polynomial of degree m, with integral coefficients, in the n variables 

ae CO 2c,x.px.(») • ■ where 

fte coefficients c.x, are integers positive, negative or zero and the sum- 

r t' T ““ Hence any homogeneous sym- 

metric function of degree m in the n variables (z) = (z, ■ ■ ■ - ) 

with integral coefficients, yields, when expressed in terms of the power 

sums sjc — z^ + . . . k = l,- ■ • ,m, a generalized characteristic 

Of the symmetric group on m letters. There will remain only the task 
ot tmding those particular homogeneous symmetric polynomials of degree 
w m the n variables (z), with integral coefficients, which yield the simple 
characteristics of the symmetric group on m letters. To prove our state¬ 
ment we have merely to observe that any homogeneous symmetric poly¬ 
nomial (with integral coefficients) of degree m in the n variables (z) is 
expressible in the form 2 ^(a)ai-^( 2 ) ■ • -an^iz) (where the <T>(a) are 

the elementary symmetric functions) and the are integers (the 
summation being over all classes (a) of the symmetric group on m 
letters). This is simply the fundamental theorem of the theory of sym¬ 
metric functions and may be expressed by the statement that the ele¬ 
mentary symmetric functions a{z) constitute a basis for all symmetric 
polynomials. Its proof by the method of mathematical induction is 
immediate. We first observe that any homogeneous symmetric poly¬ 
nomial, with integral coefficients, of degree m in the n variables 

(») =» ( 01 , • • • ,z„) is a linear combination with integral coefficients of 
the particular polynomials of this type: 


(4.26) 


^(X) (») =“ 2 2^1^^ • • ■ Z 


where Ax ^ Aa > • • • > A„ > 0 is a partition of m: Ai -f- Aa + • • ■ 
+ An = m. We suppose these T^xy (») arranged, for a given value of m, 
m dictionary order (with respect to (A)) and observe that the <r^(z) 
are the last: T^x-, (ai), for each value of m. Evidently 

^(X)(») - {ai(z)}^»'^«{<T2(»)}^»“^« ■ - '{(7„(*)}^'» 

is a linear combination (with integral coefficients) of the T(X'y{z) where 
the partition (A') follows (A) ; simply because it is symmetric and the 
product of the <7^8 starts out with T^\){z). Assuming our theorem true 
for all partitions (A') of m which follow (A) its validity for (A) follows. 
Since it is trivially true for (A') = (1-”) the induction proof is complete. 
What we have to prove is that this fundamental theorem of symmetric 
faction theory implies that the complete homogeneous symmetric func¬ 
tions of degree m: pj(z) (the summation being over aU 
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partitions of j) may be used as a basis for all symmetric polynomials. 
To do this we observe that the generating functions and g(t) 

of (4.19) and (4.21), respectively, are connected by the relation 
9W{f{ —0)"" = 1 so that 

n oo 

{ 2 <^/^^}{ 2 (— = 1 

0 0 

and this yields the series of relations 

(Topo 1 f <roPi <ripo 0 j o’op2 — o'lpi ~j" <r2Po 0 j • • * 

(it being understood that = <rn +2 = • --- 0). These relations may 

be conveniently expressed by the statement that the two matrices 



are reciprocal for every value of Ar; A; = 1, 2, • • • (the elements below 
the main diagonal in each matrix being zero). Since = o-q = 1 the 
determinant of either matrix is unity so that each element of either is 
a cofactor of the other. In particular on taking the cofactors of the 
elements in the first column of P* we read 


(4. 27 ) <Tx Px f <T2 




showing that the pf constitute a basis for the elementary symmetric 
functions <nc and hence, by the fundamental theorem, for all symmetric 
polynomials. And if the coefficients in a given symmetric polynomial 
of degree m are integral it is expressible as a linear combination of 
the products p\,(») * ■ ■ px^{») with integral coefficients; that (A) 
“ (Ai, ■ ' *, A*) is a partition of m is clear since each px, is homo¬ 
geneous of degree A/ in the n variables (»). If there occurred in the 
expression for our symmetric polynomial of degree m terms other than 
those for which Ai + Aa -f- • • • + A* = m we would collect together all 
expressions for which Ai -|- Aa -)- • * ■ A* had the same value and then 
we would have a sum of homogeneous polynomials of different degrees 
which vanishes forcing the vanishing of each of the polynomials. Hence 
our given symmetric polynomial of degree m is expressible as a linear 
combination (with integral coefficients) of those products pxi(») ■ * ■ pXk(*) 
for which (A) is a partition of m. 
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CRITERION FOR SIMPLE CHARACTERISTICS 

Knowing now that any homogeneous symmetric polynomial of degree 
m in the n variables (*) = • . ., 

mshes, when expressed m terms of the power sums x,, = + . . ■ + 

group G on m letters what 
we need is a criterion which will tell us when a given set of generalized 

characteristics are, each and every one, simple. This criterion is fur¬ 
nished, for any finite group G, as follows. Let ^,{f) be the simple 
characteristics of G and let /. and U be any sets of values of the inde¬ 


terminate function / defined over (?; then <#>/(A) =-Sxi(s)/,(s); 

<^/(A) =-2xr(^)A(0 the summations being over all elements s,t, 
respectively of G. On denoting by ^i(h) the expression -2x(<)A(<) 

that the coefficients of are the conjugates of those of (t>i{fz) 

whilst the indeterminate argument U is the same) we derive, on multi¬ 
plication, the formula 


(A) = 2 h {^)xi (O/i (s)/2(0 

and on summing over the p simple characteristics ^;(/). i. e. letting 
; run from 1 to p and adding, we obtain, after using the orthogonality 

relations (3.17) 


y a 

the right-hand side being the principal characteristic of G when the 
indeterminate / has the value defined by /» = The force of 

this relation is that its converse is true in the following sense. Suppose 
we have a set of p generalized characteristics: 

F’j(f) = c>“^a(/) ; ; = 1^ 2,- • • 

which possess the property 2 then each and 

every one of the p generalized characteristics Fj{f) is either simple or 
^e negative of a simple characteristic and all simple characteristics of 
G are obtained from the set Ff (/) in this way. In fact we are given that 

=<^i(/i/2) = 2 (/2)<^;(/i) 

end this implies^2 = ^kifz) since the p simple characteris¬ 

tics <^>(A) are linearly independent. Indeed an hypothecated relation 
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®“<^a(/i) = 0 would imply = on multiplication by Uhxj^ and 

summation with respect to Ic this yields a> = 0, every j. Similarly the 
linear independence of the expressions ^>(/ 2 ) tells us that the equation 

2 c/c/ 0;3(/2) = implies 

2 C/c/ = 8r*. 

y=i 

In other words the p X p matrix whose elements are cj^ is orthogonal; 
since its elements are integers (positive negative or zero) it follows that 
the elements in any row are all zero save one which is ± 1 and that the 
elements in any column are all zero save one which is 1. Hence each 
of the p generalized characteristics Fj(^f) is either a simple characteristic 
or the negative of one (it will be simple if the coefficient of f is positive 
and the negative of a simple characteristic if this coefficient is negative) j 
and all of the p simple characteristics of G are obtained in this way. 
In other words the generalized characteristics Fj(f) are merely a re¬ 
arrangement of the simple characteristics <^>(/) followed, possibly, by a 
change of sign of some of them. In the particular case of the symmetric 
group on m letters our criterion for simple characteristics takes the form 

(^- 30) '^^Fi (s)Ff (r) = qm(sr) = pm(ay) 

where sr is the set of m quantities (Sir^, • • ■ ,s„^r„^) and zy is the set 
of quantities (the symbols r being the power sums of the symbols 
y just as the symbols 5 are the power sums of the symbols z: r* = yi* 
+ • • H- y*.*)- In fact so that 


(sr)<“>=si^- - • •rm“"= (5iri)“i- ■ 

and 

sgVg = (2 2j«) (2 y*'^) = 2 {ziykY’ 

j.k 



We now proceed to the determination of the simple characteristics of 
the symmetric group on m letters. We denote by A {h, ■ ■ ■ ,ln) the n-th 
order determinant whose y-th row consists of the IjAh powers of the n 
indeterminates Zi, Za? ‘ * * # the S 3 Tnbols Zj, • • •, Zn being non-negative 
integers (no two of which are equal) which we may suppose arranged 
in descending order of magnitude: Zi > Z 2 > ■ ' • > ^ 0. When the 

set (Z) = (Zi, - ■ •, Zn) is the set (n — 1, n — 2,- --,1,0) we obtain 
the Vandermonde determinant whose value is the difference product 


A —A(»)=n — Zk). 

J<k 


It is clear that an interchange of any two 
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of the variables (z) changes the sign of each of the functions A{1) and 
A(*), i. e. that both A{1) and A(») are alternating functions of the 
variables (s). Furthermore .4(0 contains A{z) as a factor and so the 
quotient A{1) ~A(z) is a symmetric polynomial (with integral coeffi¬ 
cients) in the variables (*) of degree (?,-f-• • • + Z„) — ((n_1) 

2)-|---*-]-l-)-0). If then, (A) = (Ai, A 2 , ■ • •, An) is any par¬ 
tition of m with Ai ^ A 2 ^ ^ An ^ 0 and we set ?i = Ai (n — 1), 

^2 = A 2 4- (n — 2), • • -, = An -we have h > h > • ■ ■ > l„^0 and 
the quotient ^(Z)-^-A( 2 ) is a symmetric polynomial (of degree m) 
with integral coefficients in the n variables (a). It furnishes, therefore, 
when expressed in terms of the power sums (s) = (sj, ■ • -jSm) a 
generalized characteristic of the symmetric group on m letters. We 
have, then, a rule for associating with each partition (A) of m a gen¬ 
eralized characteristic of the symmetric group on m letters and we 
propose to show that these generalized characteristics are all simple and 
are, in fact, the complete set of p simple characteristics of the sym¬ 
metric group. We denote the generalized characteristic A{1) ~A{z), 
where Zi=iAi + (n—1),- • = by {A}(») and we shall show 

that (*) {A} (y) = qm(zr) =p„(aiy) and then that the coefficient 

(X) 

of sx”* in {A}(») is positive, every (A). In view of the general theorem 
of the preceding paragraph this suffices to prove that the characteristics 
A(Z) -t~A(«) are all simple and exhaust the simple characteristics of the 
83Tnmetric group. 

To do this we first consider a determinant of order n of which the 
element in the t-th row and jAh column is {at + On subtracting 

the first column from each of the others and removing the common factors 

(61 — 62 ) (61 — 63 ) • • • (&i — hn) (61 -h ax) (61 + a-i) • • • (61 4- ttn) 

we obtain a determinant of which the elements in the t-th row are 1, 
(“* 4 -^ 2 )"',' ■ •, (ci-h 6n)“‘. On subtracting the first row of this 
determinant from each of the others and removing the common factors 

(fli — az) {ax — Oa) • - ' {ax — On) ~ {ut 4 - 62 ) (ox + 63 ) ‘ ‘ (fli + bn) 

we obtain a determinant of order n — 1 of which the element in the t-th 
row and y-th column is again {at 4- where now i, j run from 2 to n 
instead of from 1 to as before. It follows at once that the n-th order 
determinant, of which the element in the t-th row and /-th column is 
(ai4-6i)‘‘, has the value A(a) A(6 )-h n(a< + 6/) ; (1 =» l, - • 
y —“ 1, 2, • ■ •, n), where A(a) denotes the difference product {ax — az) • ■ * 
{On%~x — On) (a result due to Cauchy). On writing a* = “ — fit 

this result of Cauchy appears in the following equivalent form: the 
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determinant of order n of which the element in the t-th row and /-th 
column is (1 — has the value 

A(a)A(p) ^n(l — 

But if A denotes the n X «> matrix of which the elements in the i-th 
row are (1, ai, ct^^, ■ •) and B the co X matrix of which the elements 
in the ;-th column are • •) the product ^ B is an n X « 

matrix of which the element in the i-th row and /-th column is 1 + 

+ • or (1 — The determinant of the product AB 

may be found by selecting any n-th order matrix from A, multiplying 
its determinant by the determinant of the corresponding matrix from B 
and adding all products so obtained; that the number of products is 
infinite need cause no concern since ct and P are indeterminates and we 
may regard them so chosen that the components a*, are all < 1 in 
numerical magnitude so that the infinite series which appear are all 
absolutely convergent. All determinants of order n selected from the 
matrices A and B are of the type ■ ■ • ,ln) where we may, without 

lack of generality, agree that h > h > ■ ■ ■ > > 0. Hence we have 

2 • ■ - ,1.) ■ • J„)(P) = A(*)A(P) -^n(l — «(ySy)- 

On setting P = i. e. J3i = S,t, = S^t, ■ ■ ■, =• S„t where t is an 

indeterminate, we have A (h, * • ■, Zn) (P) = A(Zi, • ■ ■, Z„) • ■ ■ + 

A(P) =A( 5 )i(n-^)-^tn- 2 ) ...^ 1 . 0 ^ writing 

i. — (» —1) =A.; („_2) =^2; • ■ • ; Z„ = A„ 

we find 

2 {A}(a){A}(8)- {jijj 

On equating coefficients of we obtain 

2{A}(a){A}(5) =p„(<x5) 

where the summation is over all partitions {A} of m. This proves that 
the symmetric polynomials {A} (a), furnish, when expressed in terms of 
the power sums (si, * * ', 501 ), either simple characteristics or the nega¬ 
tives of these; all simple characteristics being obtained in this way. To 
show that we have actually the simple characteristics, and not the nega¬ 
tives of any of them, we must show that the coefficient of Si” in 
{A}(») > 0. Before doing this we remark that Frobenius stated the 
result of this section in a slightly different form. From 

{A} (a) == <^(X)(s) = A(Zi, • ' ’ ,ln) 
and (4. 7) we have 

( a) 
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so that x\t] is the coefficient of A(K,h, - ■ ■ the development of 

(4.31) A(z).«»= n 

P<«3 

In order to show that the coefficient of s," in {A}(*) is positive we shall 
derive an expression, due to Jacobi, for {A} (*) as a determinant whose 
elements are members of the set p,(z) =,,(a), ; = 0,1, • • •, m. On 
denoting by fj the polynomial: 

fi = (1 2i^/)(l - Z2ti) * • (1 - Znti) 

in the indeterminate ty, ; =- 1, 3, • ■ •, m, we have 


OO 




so that 
(4. 33) 


(AA* • 


CO 

2 p/^ 

(fc)-o 






'fn 


The difference product A(t) _ — — equivalent 

to the Vandermonde determinant, of order m, of which the elements in 
the p-th row are ( t,"-, • ■ .,<,,1), p = i,2,. . and on 

multiplying both sides of (4. 33) by A(f) we see that A(«) (/i, • • • ^ /m)"^ 
is equivalent to a determinant of order m of which the elements in the 

p-th row are (1 |■ ■ ■, ,|p,^(/p). This deter- 

minant is the product of an m X co matrix ,4 by an oo X w matrix B 
where the p-th row of 4. is (1, tp, • • •) whilst the j-th column of B 

^9 • - ,^ 0 , pi, ■ ■ ■); it may, accordingly, be written 

as the sum of products of an m-th order determinant from A by the 
corresponding m-th order determinant from B. A typical m-th order 
determinant from A has tp‘^, • - ■, as the elements of its p-th 

row where h > h > ’ • • > ^ 0 and the corresponding determinant 

of B has, as the elements of its p-th row. 


(Pi p-On-i), pi„_(m-2), ' • ',Pl,), 


1, • • ■, m. 


On writing Xp = lp — (m — p), p = 2, ■ • -, m, this Tw-th order deter¬ 

minant from B has (px,, px„- ■ ‘,px„) as its diagonal elements and the 
remaining elements are obtained from these diagonal elements by 
methodically increasing (decreasing) by unity the subscript attached to 
each p(*) as we move from each column to its neighbor on the right 
(left). We propose to show that this determinant of order m is pre¬ 
cisely (A) (a) ; we denote it, for the moment, by {A} (a). On observing 
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that the quotient of the m-th order determinant from A by A(l) is 
{A) (t) we see that 

(4.33) (/,- ■ ./„)-x = 2{A)(*){A}(0 

(X) 

where the summation is over all sets of m numbers (Aj, - - ' ykm) for 
which Ai ^ Az ^ ^ An» ^ 0. Since, however. 


m 


fl ' ' fm 

we obtain, on ^vriting tq = tyqy 


n (1 

P>Q 


Zptq) 


00 


(/i* • 

0 

and, since {A} (f) = {A} (y)where Ai + A^ + ■ • ■ +\„ = k we have 

2 pi(»y)i‘ = 2 [2 {a)(*){a} (y)]<* 

0 k=0 (X) 

where the summation with respect to (A) is over all partitions of k. Hence 


=2{A}(*){A}(y), k = 

(X) 

and since we have already proved that pm(^) 
we have 


0 , 1 , 2 , 


2{A}(*){A}(y) 

<X) 


2 {A} (») {A} (y) = 2 {A} (») {A} (y), 

(X) (XJ 


the summations in each case being over all partitions {A} of m. The 
linear independence of the quantities (A) (y) is guaranteed by the fact 
that these quantities are (so far as we yet know) either the simple char¬ 
acteristics of the symmetric group on m letters or negatives of these; 
all simple characteristics being obtained in this way. Hence (A) (») 
= {A}(»), (A) any partition of m. This proves the desired result: 
namely, that {A} (») = ,4 (Zi, ■ ■ •,Zn)H-A(*) may be expressed as an 
m-th order determinant of which the element in the t-th row and ^-th 
column is _<„_»(») = The diagonal elements are pxtis) 

“?x, («) the other elements in any row being obtained by methodically 
increasing (decreasing) the suffix carried by p(») “^(-s) as we move 
from any column to its neighbor on the right (left). If is such that 
A* > 0 whilst Ajk*i = Afc^z = * • • = An = 0 the last n — k rows of our 
determinant have unity in the diagonal and zero's preceding the diagonal. 
Hence, and this is the essential simplification, (A) (z) may be expressed 
as a determinant of order k of the type described above. 

It is now easy to calculate the coefficient of Si"* in {A} (») = ^(X) (*) 
and to check our statement that it is positive. It is important to have 
its actual value as this yields, when multiplied by m! the character of 
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e ^it permutation, i. e. the dimension of the representation (irre- 
ducible) of the symmetric group on m letters whose characteristic is 
(s). To obtain this coefficient of s,"* we merely set Si = 1 , 5 ^ = 5 , 

= • • Then pi{%) ^ q}(s) and the value of 

for this value of s, may be calculated as follows. Set Ai + it 1 = Zi, 

Aa + A; — 2 = , Aa = Zfc and multiply the ;-th row of our A:-th 

order determinant which furnishes (for the particular value of 

s mentioned above) by Zj! We obtain a k-th order determinant of which 
the element in the ;-th row and ^-th column is If {If — l) • • ^ g 

+ 1 — fc) (^ = 1 , 2 ,- • •, A* — 1 ) the elements in the k-th column being 
all unity. Since the element in the j-ih row and g-th column is a poly¬ 
nomial of degree k — q in If (the coefficients of which are independent 
of the row number j and the coefficient of the highest power being unity) 
it IS at once clear, on subtracting from each column an appropriate linear 
combination of the succeeding columns, that the determinant we are 
seeking to evaluate is equivalent to the Vandermonde determinant whose 
;-th row is (Z/“S • ■ •, Z^, 1 ). Hence its value is A(Z) =n ih _ Ig) 

and this > 0 since Zi > Z 2 > ' * * > Z* > 0 . 

Hence the dimension of the irreducible representation D(\) of the 
symmetric group whose characteristic is <^,x,(a) is given by the formula 

(4.34) d,x, !,=.A,+ — A(0 = n (h — h) 

. f <Q 

It IS clear that (A) may be written as an n > & element partition of m 

by adding (n —fc) zeros A*^i=A *,2 = - • -^A^; and that then d(X, 
appears in the form: 

(4.34>>i») <i,x,-=m!ri ( 2 p — i,=A, + n — t; 

P < <7 

1 , 2 , 


n. 


• * ^ 

We resume the essential result (Frobenius-Schur) of this somewhat 
long section: Attached to each partition Ai ^ A 2 ^ ^ A* > 0, of m: 

4- A ,2 4* • • 4- A* = m, is an irreducible representation D{\) of the 

symmetric group on m letters, all irreducible representations of this 

group being obtained in this way. Its characteristic is the Ar-th order 
determinant 

(4.36) {A)(») =t^cx,(4i) 
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(where the remaining elements of any row are obtained from the diagonal 
element by methodically increasing (decreasing) by unity the sufRx car¬ 
ried by ^(s) as we move from any column to its neighbor on the right 
(left) ; it being understood that each q carrying a negative suffix is zero). 
The dimension of D(X) is given by (4. 34). 

6. Associated irreducible representations of the symmetric group. 

We have already seen that with each irreducible representation D(\) 
of the symmetric group on m letters there is associated a second (possibly 
the same) irreducible representation of the same dimension as D{k); 
namely the Kronecker product of D{k) by the one-dimensional alter¬ 
nating representation.. We now show that the representation associated 
with D{k) is the representation attached to the partition (/a) of m 
which is obtained from the partition (A) as follows. We first represent 
(A) by a diagram of horizontal rows of dots (all beginning on the same 
vertical line) the first row containing kx dots, the second A 2 dots, ■ • • 
and the last At dots. Thus the partition (3, 2% 1 *) of 10 is represented 
by the diagram 


By simply interchanging the rows and columns we obtain a second dia¬ 
gram (which is termed the associate of the original diagram) and the 
partition which defines this new diagram is the partition (/*) which is 
termed the associate of the partition (A). It is clear that /ii and 
that the number j of non-zero parts in (/t) = (/xi, • • • , 4 */) is Ai. Thus 
the associate of (3, 2^, 1®) is ( 6 , 3, 1 ). When a diagram (or its defining 
partition) coincides with its associate it is termed self-associated. E. g., 
(3,2,1) is a self-associated partition of m == 6 . What we propose to 
prove is that associated representations are attached to associated par¬ 
titions. Since the characteristic of the representation which is associated 
with D{k) is obtained from the characteristic of D{k) by changing the 
signs of S 2 , 54 ,* • • and since (see (4.22), (4.23)) 

?/(«!> — S2,S9y- • •) =7r/(j) =<ry(») 


we have to show that 




W(») =<t>m{s) 
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I 

if a'^ribn'r^,'non-diagonal elements are obtained 
by a methodical increase (decrease) by unity of the subscript as we pass 

XrtLtrtblt ^ 


Po Pi - • ■ Pk~i 
P0‘ • Pf^2 


; 2 .= 


are reciprocal for each A: = l, 2 , 3 , 

determinant 

{/*}(») = 


(see p. 112). Id fact the ^‘-rowed 


I Pt^ji^) 

IS a certain y-rowed minor of namely, the minor obtained by 

rasing the first fii columns and retaining the first, the (^i —/*■> -f- 2 )-nd 

nn^ f- • and the —;x, + ;).th ro«;s. Save for a 

n«]? be readily settled later M{z) is, therefore, 

qual to that minor of the reciprocal matrix 2 which is obtained by 

retaining the first rows and erasing the first, the (mi — Mz + 2 )-nd ■ • - 

!n^ columns. Since > 0 the last column is kept 

nd the suffix attached to the < 7 ( 2 !) in the lower right-hand corner is j 

Uor the minor has rows and the subscripts diminish methodically by 
one as we step from each row to its neighbor below whilst the a at the 
top of the last column has the subscript — 1 ). Counting from 

the last column the first column omitted is the U, + l)-st and sn +b^> 
suffixes of the last diagonal elements of the minor of J in question 

all equal ;; the second column omitted, counting from'^the last is the 
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{fij-i + 2)-nd and so on, so that the next diagonal suffix, counting 

upwards to the left, is less than j by the number of /a’s that equal fij. 

Reasoning in this way, we see that the diagonal suffixes of the minor 

of 2 reading upwards to the left, constitute the partition (A) of m 
Ui*J 

which is associated with (/*). For instance if m = 4 and /x = (2,1*), 
so that (A) = (3,1), we have proved that 


{ 2 , V}{z)^ 

The negative signs may be removed from the <r’s carrying odd subscripts 
by changing the signs of all columns having a <r with an odd subscript 
at the bottom and following this by a change of sign of all rows having 
a <T with an even subscript at the end. On reflecting the a-rainor about 
its secondary diagonal, an operation which does not affect its value, we 
have proved that 


P2 

P3 

P4 


— 

0-4 

Po 

0 

Pi 

P2 

— 

<To 

-<1^3 

Po 

Pi 





1 




• 

• 

?(*/(») 




or, equivalently. 







^(M) (^) — 

% 

— =i= 



Since 7rr(<) aud ?r(«) take the same value i when Si = l, S 2 = $i 

^ Sm 0 and since the value of is positive, for all par¬ 

titions (/i), when the (a) are assigned these values (being, in fact, the 
dimension of D{fL) divided by ml) it follows that the connecting sigu 
is positive. Hence 


where = (^i, — ■ ■) 

showing that i?(/x) is the representation associated with I>(A). It may 
be observed that when (A) is self-associated the sum of the number of 
dots in the first row and first column of the representative diagram 
= 2 Ai — 1 ; when this first row and first column are erased the sum of 
the number of dots in the new first row and column = 2Az — 3 and so on. 
Thus every self-associated partition of m yields a partition of m into 


Ml 
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unequal odd numbers and vice versa. E. g., when m = 8 we have the 
two self-associated partitions (4,2,1=^), (3^2) corresponding to the 
partitions (7, 1), (5,3) of 8 into unequal odd numbers. 

7. The homogeneous rational integral representations of the full 
linear group. 

We have seen, (4. 10), that the matrices [A]m of the Kronecker m-th 
powers of the n X n matrices A of the full linear group are all com¬ 
mutative with the matrices p([-£']m) of an n”*-dimensional representation 
of the symmetric group on m letters, and (p. 105) that this implies the 
existence of a basis in which the matrices appear in reduced form: 


(4. 36) 




X Mj(A)). 

i 


The summation on the right is over the irreducible representations of 
the symmetric group which occur in the reduction of the representation 

and the dimension Bj of M}{A) is equal to the number of 
times T/, whose dimension is dj, occurs in T: r = 2S>ry. The matrices 

i 

Mf(A) furnish a homogeneous rational integral representation of the 
full linear group on n letters (since they are derived from [A^n by the 
mere introduction of a suitable basis). The identity representation Tj 
certainly occurs in the reduction of p([i^]m) and the number of times it 

occurs isy ^ 1 • lu fact the trace of p([A'\m) is s*®* = Si®* • • • 

(see (3.22)) and so the trace of p{[E'\m) is the value of when 
A=Ef i. e. when Si = Sz = ■ ■ • = Sm =* u. The number of times 
P([^]m) contains Fi is the average of the trace of p([E'\m) over the 
symmetric group, i. e. Si = qm{s) = pm{x) when Si= 82 = ■ ■' = &m = n; 
or, equivalently, when 2i = ^2 = * * • = = 1. Turning to the equa¬ 

tion (4.19) we see that Si is the coefficient of t”* in the expansion 
(1 —f)-”, i. e. 

Si n m — 1! /nm — l\ 

^ (n— 1) ! m! \ m / 

Included, therefore, in the analysis (4. 36) of [A'jm is the representation 
Mi{A), of dimension ^ of the full linear group. It fol¬ 

lows from (4.14) that the characters of the representation Mi{A) of 
the full linear group are given by 

^. (J)- 

where 8 ,=^Tr(A); S 2 = Tr{A^); ■ • • s„ = rr(4"'). Similarly the 


(a) *i ^ 1 \ 

Tr{A^); ■ • • Sm 


Tr(A"*), Similarly the 
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characters of any of the representations Mj(A) which occur in (4. 36) 
are furnished by the corresponding simple characteristic of the symmetric 
group on m letters on setting Si = Tr(^), • • ‘, $m = Tr{A"*) ; thus if 

the characters of Mj are furnished by <t>^\^{8). 

We now proceed to show 1) that the homogeneous rational integral 
representations of the full linear group which are obtained in this way 
(i. e. by the reduction of [i4]m) are all irreducible; 2) that no two of 
them are equivalent and; 3) that they exhaust the homogeneous rational 
integral representations of the full linear group. To do this we first 
calculate the sum of the squared dimensions 2(3/)^ of the various repre¬ 
sentations Mj{A), Since r = the desired sum is the average 

over the symmetric group on m letters of the squared characters of 
^ (P- other words it is the value of qmis) = pm(^) 

when Si = Sg = ■ ‘ ■ = s^ = (not n) or, equivalently, when the 
(not n) variables (») all equal unity. Hence it is the coefficient of t^ 
in the expansion of (1 — 


(4.37) 2(3/) 




+ m 


/ (n 


+ m — 1) ! 
* — 1) Im! 


q, say, 


In other words the sum of the squared dimensions of the various repre¬ 
sentations Mj(A) of the full linear group on n letters equals the number 
of terms in the expansion of (^i H- ^2 -j- • • • -{- ^n*)"*. On identifying 
the indeterminates (a) with the elements (aD of A we se^ that 
2(3/)^ equals the number of power products of degree m in the elements 
(a/) of A. Let us denote, for a moment, these q power products by 
• ‘,1^; then each is an element of [^]m and each element of 
[A]m is one of the v^s. The various elements of the matrices Mj(A) 
number 2(3/^) and we denote them, arranged in any order, by 
(w^,- • •,w«). Then the fact that [4]m and 2 X Mj(A)} are 

i 

merely different presentations of the same matrix tells us that the (v) 

= (ij\ • • ■, v**) are homogeneous linear functions of the (w) = (w^, -, 

and that, conversely, the (w) are homogeneous linear functions of the 
(v). But this prevents the reducibility of any one of the representations 

^^i(A'i or the equivalence of any two of them. For in either event we 
would have 


[^]^ = 2 X Mi(A)) = 2 X Njc(A)} 


where the sum of the squared dimensions of the representations 
Wfc(j4) ■< q. But this is impossible since it would imply the possibility 
of expressing the q linearly independent variables v as homogeneous 
linear functions of a lesser number of variables (namely, the elements of 
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the various matrices Nk{A)) ; that the variables v are linearly inde¬ 
pendent is a consequence of the fact that the identical vanishing of a 
homogeneous polynomial of degree m in variables implies the vanish¬ 
ing of each and every one of its coefficients. Similarly there are no other 
irreducible homogeneous rational integral representations of the full 
linear group than those furnished by the Mi{A) ; for if there existed a 
single such representation D{A) of dimension d q elements of 
the non-equivalent irreducible representations Mj{A),D{A) of the full 
linear group would be linearly independent (by the Frobenius-Schur 
extension of Burnside^s Theorem (p. 51)). But this is impossible since 
they are, each and every one, homogeneous linear functions of the q 
variables (t;). 

We have seen, then, that the Kronecker m-th power is a source in 
which may be found all irreducible homogeneous, rational integral repre¬ 
sentations, of degree m, of the full linear group; and that the number of 
these is precisely the number of irreducible representations of the sym¬ 
metric group on m letters which occur in the reduction of p([£']m). It 
remains only to find which representations D{k) of the symmetric group 
on m letters appear in The number of times D{k) occurs in 

p([-^]m) is found by averaging, over the symmetric group, the product 


where Si=S 2 = - * • = 5^ = n; in other words it is the value of 
^(\)(*) for this value of s. Since each qk{s) has, for this value of », 

the value f we have to evaluate a /:-th order determinant 


(where (A) is a A; element partition of m) with these numbers as its 
elements. It will be convenient to write (A) as an m element partition 
of m (whose last m — h elements are zero) and to calculate the w-th 
order determinant 


(4. 38) 




9x.(«) 


9x«(«) 


for the stated value of (»). Since f ^ 

^ ^ \ Ic ) /.*!(n —1)! 


we 


may remove the common factor 


from each row and we are. 


(n-1)! 

then, confronted by a determinant of order m whose first row is 


( 


(ft -f- Ai — 1) ! (ft Ai) ! ^ _ (7t -|- Ai -j- 


m 


2)1 


At I 


' (Ax-f 1)1 ' 


(Ai-j-m — l)! 


) 
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On making the substitution A,- + m — j = Ij, ; = 1, 2, • - •, the ;-th 
row of our determinant is 

( {n I j — m ) ! (n -f- + 1— in)\ (« + — 1) 

V(Zi + l —m)!' (Z,. + 2 —m)! TTl 

(it being understood that any term in which the factorial of a negative 
number appears in the denominator is to be assigned the value zero) and 
on subtracting the (m — l)-st column from the m-th the element in the 
;-th row and m-th column changes into (n — — 2)!-f-i!/! 

so that the common factor (n — 1) may be removed from the last 
column. Subtracting now the (m — 2)-nd column from the (m — l)-st 
and so on we see that the factor (n — 1)"*"' may be removed leaving us 
with a determinant whose /-th row is 





(n -f- 

ih + l 


m) ! (n 
m) ! ’ 

{n 1) -\- X 


- m) ! 
-m) ! ’ 

— m) ! 
m) ! 


{n 

hl 


2 )! 


)■ 


Of course this does not mean that our original determinant vanishes 
when n = 1 because we have multiplied it by {(n — 1 ) !}”*. If n = 1, 

( n k — 1\ 

^ 1 == 1 so that we have to evaluate the determinant 4 n\)(s) 

of (4. 38) where each gj{s) which has a non-negative subscript is unity, 
the qi{s) for which j is negative having the value zero. Hence if As > 0 
our determinant is zero since both its first and second rows consist entirely 
of ones. In other words : when n = 1 the only irreducible representation 
7?(A) which appears in the reduction of is D{m), i. e, the 

unit representation, this one occurring once. We explicitly mention this 
trivially evident fact (trivial because p([£]m) is of dimension n” which 
is unity when n = 1 ) because it directs attention to the general situation. 
Conversely if A^ = m so that A 2 = A 3 = • ■ • == Am = 0, whilst n is arbi¬ 
trary, the unit representation D{m) occurs qm{s) or 

times in p([-E]fn) so that of dimension 4* ^ occurs 

once in the reduction of We turn now first to the case n = 2 

and assume A 2 !> 0; then the first row of our modified form of our 
m-th order determinant is (Ai + 1,1, 1 , - - •, i) whilst the second is 
(A 2 ,1,1, * ■ •,!)• On subtracting the second row from the first we 
see that we can remove the factor (A^ — A 2 -h 1 ) and have then merely 
to evaluate a determinant of order m — 1 whose first row is (1,1, • • *, 1) 
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and whose second row is ( 1 , 1 , • • •, 1 ) or ( 0 , 1 , 1 , • • •, 1 ) according as 
As ^ 0. Hence if n = 2 no partition for which there are more than two 
non-zero elements will appear in the reduction of p([^]m). Conversely 
if we have a partition with only two non-zero elements: (A) = (Ai, Aj), 
Ai + A 2 “ m; and n ^ 2 is arbitrary the number of times the corre¬ 
sponding representation 2?(A) occurs in the reduction of p([£’]m) is the 
value of the determinant (second order) 


9x.(s) 


when Si = S 2 


$m — W 


By the same argument as that given above for the m-th order determinant 
(i. e. by subtracting the first column from the second) this works out to be 


(n Ai - 

-l)!(n 

“h ^2 — 2 ) ! 

(n- 

-!){(«- 

- 2 )!)^ 


A:t 

1 


(Ai + 1)! 

1 


(A 2 —1)! 


A,! 


1 . e. 


- - - 1) ■ In other words when n. = 2 

(n — l){(?i — 2)1} 

no 2)(A) occurs in the reduction of p([-£^]m) for which (A) contains 
more than two elements; and every 2^(A), for which (A) = (AijA^) is a 
two element partition, occurs in the reduction of p([^]m), provided 
n > 2 , S(X) times so that the dimension of the corresponding representa¬ 
tion Jl/(\)(i4) of the full linear group is 8 (\). If n ^ 3, A 3 > 0, we sim¬ 
plify (4. 39) by subtracting each column (starting with the (m — l)“St) 
from its successor and note that we can remove the factor (n — 2 )"*'^; 
we are confronted with an m-th order determinant of which the j-th 
row is 


— m) ! (n + Z/ — m) ! — m) ! 

(Zi + 1 —m) r (Zj + 2 —m) ! ’ (Z; + 3 —m) ! ’ 

(n 1 — m) ! {n -f- If — 3) 

(Z> + 4 —m)!~’' ■ zTi 

For the case n = 3 we find on subtracting the second row from the first, 
the third from the second, removing the common factors (Ai — A 2 -h I)* 
(A 2 — As 1), then subtracting the new second row from the first and 
removing the common factor (Ai — As + 2), that we are left with the 
evaluation of a determinant of order m — 2 whose first row is (1,1, • • •) 
and whose second row is (1,1,* ' >1) or 1»' * ’) according as 

A* ^ 0. Hence if n «= 3 no i?(A) for which the number of non-zero ele¬ 
ments > 3 will appear in the reduction of p([E^m) whilst if we have a 
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three-element partition and n ^ 3, -Z)(A) will certainly occur with the 
multiplicity 

^ _ (« + Ai — 1 ) ! (n-l-Az — 2 ) ! (n-f A 3 —3) ! 

' ' (n —l)(n —2)2 {(n —3) !}^ m ! ‘ 

The argument is quite general: if m >■ n no partition for which the 
number of non-zero elements >■ n will appear in the reduction of 
p([£']m) so that for such partitions (A) there are no irreducible repre¬ 
sentations jV(X)( 4) of the full linear group. In fact the relation 

n (X> 

l)^pkt^) =1 of p. 112 gives us, on comparing the coeffi¬ 
cients of (—the relation 


o-npx, 0-n-ipXi*t + * • ■ + (-1) ”o-opx,+n = 0. 

Similarly on comparing the coefficients of (—i) ^n+Xa-i 


<^np\rl -t^n-iPXa + * ’ ‘ + (-1) 


a+n-i 


0 


and so on; the last equation (obtained by comparing the coefficients of 
(—being 


o-nPWn — • ■ • + (-l)'*<ropx^, = 0. 

Since these n 1 homogeneous relations between the n + 1 quantities 

( l)"o-o, are consistent (with ao™!) the determi¬ 

nant of their coefficients must vanish (not only for the special values 
= 52 = * • ■ = Sm = n but identically in a). For any k element par¬ 
tition of m (A:< n) there will be an attached representation of the full 
linear group and its dimension S(X) is furnished by the formula 

(4 40) S(Xi =_ (^-^Ai 1) I A 2 2) !••■ (n-j-Ajfc — k) ! _ <f(X) 

(n —l)(n —2)2(n— 3)«--- {n~kl)^^{{n — k) 

where d(X) is furnished by the formula (4. 34) ; M^xAA) appearing d(X) 
times in the reduction of ?([£']«.). The expression (4. 40) can be given 
a more convenient form by evaluating, if n > A:, an n-th order determi¬ 
nant rather than a Ar-th order determinant. In other words we add the 
n — k zero elements Afc*i = A**™ = ■ • - = a„ = 0 to (A) which then 
appears in the form (A) = (Ai, A 2 , ■ - •,A«). On setting Ar = n in 
(4. 40) we find 

j} ^ __h Mil - ' 'ln\ d(X) 

< > (ti —i)(n — 2)2(n —3)= • ■ • 2"-2l'»-i ml 

where 

=*“ Ay + n — y; y = 1, 2, • * •, n. 
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But^ = 
m ! 


A(0 


(4.41) Sa,= 


ln\ 


(4. 34*^*^) so that 

A(0 


(« — 1) ! (n —2) ! • •• 2! 1! ^ 

+ ^ —;; y--l,2, • • •,n. 


We have, accordingly, determined all irreducible homogeneous rational 
integral representations of degree m of the full linear group on ri letters. 
There is one of these, il/(X)(.4) attached to each partition of m which 
contains not more than n non-zero elements and its dimension is fur¬ 
nished by (4. 41). Any two irreducible representations of the full linear 
group (which are homogeneous rational integral representations of degree 
m) which are equivalent to one another must be equivalent to one and 
only one of these. In fact the argument of pp. 124-25 shows that 
no two of the Mj{A) have the same characters. In other words two 
irreducible homogeneous rational integral representations of degree 
m of the full linear group are equivalent if they have the same char¬ 
acters. 


The results of the preceding paragraphs were derived for irreducible 
homogeneous rational integral representations of the full linear group. 
We now complete the theory of rational representations of the full linear 
group by proving that every reducible homogeneous rational integral 
representation r, of degree m, of the full linear group is completely 
reducible and, hence, expressible in the form r = where the Fy are 
the irreducible representations Mj(A) of the preceding paragraph and 
the c^ are positive integers or zero. Let D{A) be the matrices of F, 
whose dimension is d, so that each of the elements of D{A) is a homo¬ 
geneous polynomial of degree m in the n* elements of A. The subset 
-D(r7) of the collection of matrices D(A), where XJ is an arbitrary 
unitary ny^n matrix, constitute a group (this subset being, in fact, a 
d-dimensional representation of the unitary subgroup {?7} of the full 
linear group). Owing to the defining relation C7‘*Z7 = En, i. e. 

^ each element Ua^ of U has its absolute value not greater 

a 


value of each of the d* 


(” 


coefficients of the various poly- 


than unity. If, then, the positive number B dominates the absolute 

-f-m —1\ 
m } 

nomials which constitute the elements of D{A) the absolute value of 

( ^2 _| J \ 

^ every U. 

Hence the collection of d X d matrices D(U) is a bounded subgroup 
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of the d-dimensional full linear group. Hence, by the basic theorem of 

p. 57, it may be presented, by a proper choice of basis, as a collection of 

unitary matrices. The representation r= {D{A)} being, by hypothesis, 

reducible, the subset {D{U)) is a fortiori reducible and, hence, since 

each D{U) is unitary we can find a transforming matrix T, with ele¬ 
ments independent of 17, such that T-^D(U)T = D^Xu) D 2 {U). 

Each of the equations implied by this matrix equation expresses the 

vanishing of a homogeneous polynomial of degree m in the n* variables 

these variables being conditioned only by the fact that they are the 

elements of a unitary matrix. It follows, by the argument of pp. 86-87, 

that these polynomials must vanish identically; in other words 
T ^D(A)T = Dx{A) -f-Z>2(-4) where A is an arbitrary d X matrix. 
Hence the reducible representation r= {D{A)} is completely reducible; 
its irreducible parts Mi {A ) furnishing irreducible representations Mi ( U) 
of the unitary subgroup of the full linear group. Moreover the coeffi¬ 
cients c^ occurring in the reduction of V are uniquely determined hy the 
characters x(^) of r. In fact the relation T = implies x(-^) 
= c\a(A) where the xii^) are those simple characteristics of the 
symmetric group on m letters which correspond to partitions (A) of m 
which contain not more than n non-zero elements (the variables («) 
in these simple characteristics being assigned the values Si Tr(A), 
^2 = Tr{A^), ■ ■ ■ )• Hence if a reducible representation had two analyses 
r =6“r„, r we would have 6“xaM) =c^Xa{^) forcing 6'* 

every k, in view of the linear independence of the Xki^) In 

other words aiiy homogeneous rational integral representation of degree 
m of the full linear group is determined up to an equivalejice (i.e. a change 
of basis) by its characters. Since any non-homogeneous rational 
integral representation is expressible as a sum of homogeneous rational 
integral representations of different degrees (p. 45) the characters 
of any non-homogeneous rational integral representation are furn¬ 
ished by a polynomial (non-homogeneous) in the n independent vari¬ 
ables (5j, ■••,Sf^). If, then, we have two non-homogeneous rational 
integral representations F, F with the same characters, their homo¬ 
geneous parts (of corresponding degrees) must have the same characters 
and, hence, be equivalent; for if a non-homogeneous pol 3 Tiomial in 
n independent variables vanishes identically its homogeneous parts 
must vanish identically. Hence every rational integral representation 
of the fuU linear group is completely reducible, the coefficients occurring 
in the reduction being uniquely determined by the characters of the repre¬ 
sentation. Finally this implies, on using the theorem of p. 34, that 
every rational representation of the full linear group is completely 
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reducible and is determined (up to an equivalence) by its characters. 

In fact let r and T' ={R'(A)} be two rational representa¬ 

tions which have the same characters. Then 

are rational integral representations. If le' let k > h' and write 

IfiA) in the form where «'(4) = {(det 4)‘-*'P(4)} is a 

rational integral representation. Then {P(A)), {Q'{A)) have the same 
characters and are, accordingly, equivalent; this equivalence implies, in 
turn, the equivalence of {R{A)} and {i2'(a4.)). 



CHAPTER FIVE 


THE CHARACTERS OF THE SYMMETRIC GROUP 

In this chapter we shall discuss in some detail the characters of the 
symmetric group and shall show how to analyse the reducible repre¬ 
sentations A (A) of this group. We shall also analyse the reducible 
representation of the symmetric group on -j- m 2 letters which is fur¬ 
nished by the direct product of any irreducible representation of the 
symmetric group on mj letters by any irreducible representation of the 
symmetric group on letters. 


1. The construction of the character tables for the symmetric groups. 

It follows from (4. 35) and (4. 18) that p ^ ^ may be expressed 

as the sum of h determinants (where the partition (A) of m consists of 
k non-zero parts) of which the ;-th differs from the determinant which 
furnishes <^(X) (^) in the fact that the suffixes of the in the /-th row 

are all decreased by p (; = 1, 2, - - ■ ,k). The suffixes of the diagonal 
elements of this j~ih determinant, namely (Aj, Az, • - •, A/ — p, • • -, A*) 

add up to m — p but they will not, in general, constitute a partition of 
m — p for A> — p may weU be negative and even if it is not the normal 
non-increasing order may well be destroyed. However, an interchange 
of two adjacent rows of our determinant, which amounts only to a change 
of its sign, changes two adjacent diagonal suffixes by interchanging them 
and at the same time decreasing the one which was originally on the 
right by unity and increasing the one which was originally on the left 
by unity. By doing this sufficiently often the sequence (Ai,A 2 , • • •, 
—p, ■ • - yA*) may be put in non-ascending order. If it then ends 
in a negative integer we discard the corresponding determinant, whose 
last row consists entirely of zeros; if it ends in one or more zeros we 
ignore these as the corresponding determinant has units in the diagonal 
places in the last one or more rows, all preceding elements in these rows 

being zero. We shall understand by {Ai, Aj, • • •,A> _p, • - ■, A*} 

the simple characteristic of the symmetric group on m _p letters 

(p==l,2 , • • ■,m — 1) corresponding to the partition of m — p 
obtained in this way provided the number of necessary interchanges is 
even, and the negative of this simple characteristic if the number of 

interchanges is odd. Since {•■•a, 6 --} = — {---6_1, a + l- -*} it 

is clear that { • • • a, 6 • • • } = 0 if 6 = a + 1; similarly { • a, 6, c, d - - • } 

132 
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?v^ ^ ^ + 2 or if d = a -[-3 and so on. With this understanding 

of the symbol {A„ , a> — p, • • • ,A;,} we have, then. 


(5.1) 


^ dSj, 




On writing out <t>a) (s) thus : 



‘^(\)(«) = 2 


v<<») 

A(X) 


we have 


(o) ®: 


1 


(!)■' (S) 


a«i 


(*) 

ds^ 


v(a) 

A(X) 


(o') « 


1 - 


(Xj,l 


m 


&■ ■ (?)" fe) 




where </p = ap 1 and (o') = (ot„- • ■ • •, a^) is that class of 

the symmetric group on m — p letters which contains one less cycle on 
p letters than the class (a) of the symmetric group on m letters. On 

equating coefficients of Si^ • ■ * on both sides of the equa¬ 

tion (5,1) we find 



where (aO/ = (A»,- • —p,* • ^A*), 


a relation which we find convenient to write in the form 


(6.2) {Aj, - ■ - jAfclta) = 2 {Ai, Az, • • -jk) — p,- ■ •,Ak}(a-). 

This basic formula enables us to write down at once those characters of 
the symmetric group on m letters which correspond to a class containing 
at least one cycle on p letters when the characters of that class of the 
symmetric group on m — p letters which contains one less cycle on p 
letters are known; (p == 1, • • - ,711 — 1 ). The same formula yields 
directly the characters of the class containing but one cycle on m letters; 
since A*. ^ 1, Ag ^ A 3 ^ ^ A* ^ 1 we have Ai -f- ^ — 1 ^ m (the 

equality holding only when Az = A 3 = ■ • * = A* ■= 1) and so Ai — m 
+ (fc — 1 ) <0 and this implies {Ai — m, Az, ■ * ', Ajt) = 0 unless 
Az =" As «=» • • • = Afc = 1 since then the last term, when it is rearranged 
in non-increasing order, namely Ai — m h — 1 < 0. The other terms 
{Ai, Az — m, • • •, Ajt) etc., are zero for all partitions (A) since Az — m 
+ (le — 2) <Ai — m -\-h — 1<0 and so on. Hence the characters of 
the class containing but one cycle on m letters are zero unless the par¬ 
tition (A) is of the type (m — 1*“'). On subtracting m from 

the first number m — A: -4- 1 of this partition of m we obtain {1 — jt, I*:-!} 
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and fc — 1 arrangements are necessary to write this as {0*} which = 1. 
Hence 

(5.3) —+ (—1)*-S ^ = 1,2,- - - 

all other {A}a„=i = 0. 

This formula has the definite advantage, over the recurrence formula 
(5. 2) that it tells us explicitly, without referring to data concerning the 
symmetric group on a lesser number of letters, the characters attached 
to a particular class of the symmetric group on m letters, namely the 
class containing but one cycle on m letters. The formula (4.34) of 
Frobenius giving the dimension of Z)(A), or, equivalently, the character 
attached to the unit class, has a similar advantage. We may combine 
our recurrence formula with the dimension formula of Frobenius to 
determine directly characters of classes containing one or more unary 
cycles. B. g., suppose we wish to calculate the characters of the sym¬ 
metric group on m = 20 letters corresponding to the class containing 
= 12 unary cycles and *8 = 1 cycle on 8 letters. We shall illustrate 
by considering the representation Z>(9, 6, 3,2). Applying our recurrence 
formula with p = 8 we obtain 

{9, 6, 3,2}(,,, = {1,6, 3,2}(a.> + {9,-2, 3,2}, 

H- (9, 6, —5,2),«., + (9, 6, 3, —6}<a'>; 

of the four terms on the right the first, third and fourth vanish; the 
first because 3 = 1 + 2; the third because — 5 + 1 <0 and the fourth 
because —6 < 0. There remains (9, — 2,3,2}(o., = — (9,2, — l,2}(a') 
= (9, 2,1}(a') and since (o') is the unit class the dimension formula 
(4. 34) yields, since 

12» 

(Zi, Iz, h) = (11, 3,1), (8) (10) (2) = 320. 

Similar, although not quite such convenient, formulae may be found for 
the characters of a class containing only cycles of the same length. E. g., 
let n — 2m and consider the class containing m binary cycles. The 
characters of this class are found by setting Sj = 1, 5i = Ss = * • • Sm •*= 0 
in the expressions for the simple characteristics; it being clear that then 
qi = 0 if j is odd whilst g 2 p = l/2P.p\, Thus, when m = 12, the 
character, for the class ag = 6, of i) (5,4,2,1) is 

0 (2®. 3!)-^ 0 

06 fit 0 (2®. 2!)- 0 

1 0 2 - 
0 0 1 


(2*. 4!)-i 

(2®.3!)^ =6!((4!2I)-‘ —(3!)-*}^-5. 

0 
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Similarly the character for the class as — 4 of i?(6,3*) is 

(3". 2 I)-" 0 0 

3*. 4! 0 3-1 0 =12, 

0 0 3-1 

whilst the character for the class a4 = 3 of i?{7,2*, 1) is 

0 (4^2!)-l 0 0 

0 0 0 

10 0 0 
0 0 10 

Two more examples will suffice; suppose when m = 15 we wish the 
character, for the class as *= 3, of the representation Z>(5, 4,3,2,1). 
On setting 55 = l, 5i = Ss = * ’ ■ = = 0 all the qi vanish save those 
for which j is a multiple of 5 and q^p takes the value (5p. Then 

the desired character is 

5-1 0 0 0 0 

0 0 5-10 0 

53.3! 0 0 0 0 5-1 — —6. 

0 10 0 0 

0 0 0 1 0 

If we wish, as a final example, to obtain, when m = 12, the character, 
for the class a, = 1, aj = 1, ctz = 3, of the representation Z)(7, V) we 
may proceed as follows. On applying our recurrence formula twice, first 
with p «= 1 and then with p = 2, we find 

{7,1'^)(«, = {6,l“)(a', + 

= {4, V),a"> — {6, iMta") -f- {5, - {7, 

where (a") is the class, of the symmetric group on 9 letters, consisting 
of permutations each of which has three ternary cycles. Since this class 
is positive {4, !*}(«") = {6, l®}(a") and we have merely to calculate 
{Sjl^lta") and {7,13)(a"). We find 

0 (3^2!)-! 0 0 ( 33 .3!)-i 

1 0 0 3-1 0 

{5,l*}(a'’) “3».3l 0 1 0 0 3-1 = —2 

0 0 10 0 

0 0 0 1 0 

0 0 (3*. 3!)-i 

{7,1»}(«-, — 3».3! 10 0 —1 

0 1 0 

so that the desired character is — 3. 


r 


43.31 
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The same method enables us to obtain readily an explicit formula for 
the characters of the class cti = 1 , ctm-i = 1 of the symmetric group on 
m letters. First of all it is clear that the character is zero (provided 
^* > 2) unless As = A 4 = • • * = A* = 1. In fact if this is not the case 
A 3 A 4 -j— ■ ■ —Aik — 2 , A 2 — 2 and so tn Ai “}“ A 2 ■ * * “f“ 

> Ai -f- or, equivalently, Ai — (m — 1) < — k 1. Hence after 
k — 1 transpositions (which bring Ai — (w — 1 ) to the end rather than 
the beginning of the partition) it remains negative so that {Ai — m + 1 , 
^ 2 , • • the other terms {Ai, A 2 — m + l,A 3 , * • - jAk},* • ■, 

{Ai, A 2 , • • •, Afc-i, A* — 771 + 1} vanish a fortiori. If A 3 = A 4 = • • • 
= Ak = 1 and A 2 > 2 we have Ai < tti — k and the same argument shows 
that {A}ai=i.am-i=i = 0. It remains only (provided > 2 ) to discuss 
the cases A 2 — 1, Aa = 2. In the first case Ai = 771 — A; + 1 and 
{Ai — 771 + 1 , 1 *-^} = {2 — k, !*■'} and this vanishes since the last ele¬ 
ment, 1, equals the first, 2 — k, plus k — 1. Also {Ai, A 2 — tti + 1,1*"^} 
= {Ai, 2 — 771,1*'^} and since 2 — m plus k — 2 = k — 77 i <0 (unless 
= 771, in which case we are dealing with the alternating representation 
whose characters are known, being 1 (— 1 ) for the even (odd) classes) 
{Ai, A 2 — 771 + 1,1*"^} = 0; the other terms {Ai, Aa, As — tti + 1, * • •, Ak}, 

• • • , (Ai, A 2 , • • • , Xk-i, A* — 771 + 1} vanish a fortiori. If A 2 = 2, Ai = 777 — k 
and we have to calculate {1 — fc, 2 , 1 *"^} = (— 1 )*”^; the other terms 
vanish as before. Hence if X; > 2 the characters, for the class «! “ 1> 
ctm-i = 1 , all vanish save those for which k — m, (the alternating repre¬ 
sentation) and those for which Aj = tti — k, A 2 = 2 , A 3 = A 4 = ' * ' 
= A* = 1. If = 2 all {Ai — 771 + 1, A 2 } vanish for which Ai — 771 + 2 
< 0 and since A 2 > 0 the only possibilities for Ai are m — 1, m — 2. 
Since {0, 1} vanishes the character of (tti — 1,1) for the class in ques¬ 
tion is zero whilst the character of (tti — 2,2) is —1. Since k^\ 
yields the identity representation we may resume our results as follows: 
outside the identity and alternating representations whose characters are 
known the only representations for which the characters for the class 
«! = 1, am-i = 1 differ from zero are those for which (A) = {m — k, 
2,1*"*) whose characters are (—1)*^“^ and those for which (A) 
= (tti — 2, 2) whose characters are — 1: 


(5.4) 


{tti — fc, 2 , =“ (— 1 )*’^ (771)01=1 = 1 ; 

{l"*}ai=i =1 if 777 is even 

^ = — 1 if 777 is odd 

All other {A}oi=i = 0, 

<*•.-1=1 


{777 


2. 


1 ; 


X—• 

We may derive by the method just described explicit formulae for the 
characters of those classes of the symmetric group on m letters which consist 
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ola^ = m~p miary cycles and ap = 1 cycle on p letters; (^3 = 2 , 3 , 4 , ■ • •). 
We first remark that a partition (A) of m may be conveniently specified 
as follows: draw the principal diagonal of the diagram of the partition 
(i. e. the diagonal starting at the upper left-hand corner) and suppose 
it strikes s columns. Denote by 61 > 62 > • • ■ > 6* > 0 the number 
of dots to the right of the diagonal in the rows 1,2,' ■ ■, s, respectively, 
and by Ui >■ a2 • ■ • >- ^ 0 the number of dots below the diagonal 

in the columns 1 , ■ ■ ■ ,s respectively. Then the partition is described 
by & = (61, ‘ , ba)y a = (tti, ■ *, fls) it being clear that the partition 

is self-associated when and only when a = h. The number of dots in 
the first row and column together = bi 1 ; when these are deleted 

the number of dots in the new first row and column = ^>2 + 02 + 1. 

Proceeding in this way we have m = 2 -f- 1). It is clear from 

Jrl 

the definition that bj = X.j—j - ■ - ,6'), whilst the differences 

P — ^+1 (p = 5, ■ • •, A; — 1), satisfy the inequalities 

0 <5 —A,*i <5 + 1 — A,,2 <• ■ ■<A:_l_Aft<^ —1. 

Hence they are the complementary set to the set Ui > aa > • • • > a* in 
the set 0,1, • • •, fc — 1. In fact Ak > 0 shows that ai = k — 1 is not 
in the set; if Ak > 1, 02 = A: — 2 is not in the set and so on. The fol¬ 
lowing will serve as illustrations of the definitions of b and a 

(A) = (3,2M2); 5 = 2; 6= (2,0); a= (4,1) 

(A) = (4,2,1^); 5 = 2; fe = (3, 0); «= (3,0) 

(A) = (4M); 5=3; 6=(3,2,1); a=(3,l,0). 

We denote, for convenience, by x<X)(p) the characters of D(A) for the 
class ai ^ m — p, ap = 1 so that, for instance, X(X) (2) are the characters 
for the transposition class whilst X(X)(1) ^^e the characters for the unit 
class (i. e. the dimensions of the various irreducible representations). 

Our object is to obtain for X(X) (p) (P“ 2 , 3, 4, • • •), an e.xplicit formula 

analogous to (4.34) which furnishes X(X)(1)* The recurrence formula 
(6,2) tells us that X(X) (p) is the sum of the dimensions of the irreducible 
representations 

D(Ai, A2, • • ’, A> p, ■ * ' , Ak) ; (j = 1, ■ • , k), 

of the symmetric group on m — p letters (where we follow the previously 
agreed on convention for the restoration of the normal non-increasing 
order of the (Ai,• • •) when this has been destroyed by the subtraction 
of p). Writing, as before 
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the dimension of D(Xi — p, A 2 , * * *, A*) is 

— — • • 0i~p—lk)il2 — h) ■ ' • (Zfc-i —4) 

-^(h — p)U2\- ■ - 4 ! 

and there are similar expressions of the dimensions of the other irre* 
ducible representations. On dividing through by 

X(x,(l) =m! (4 —4) • • • —4)^4! - ■ - 41 

the quotient X(J^)(p) “^X(X)( 1 ) appears as a sum of k terms of which 
the first is 


4(4 — 1 )- • •( 4 _p+i )(4 —p_ 4 ). . .( 4 _p_ 4 ) 

— 1 ) - • ■ (m—p-l- 1)(4 — 4 ) • - (4 — 4 ), 

If we write f(x) = {x — 4 ) * * * — 4 ) this may be written as the 

quotient of 4(4 — 1) ‘ ' ' (4 — ?> + l)/(4 — p) by — pm{m — 1) • • * 
(m — p + l)/'(4 ) where f indicates the derivative of /; hence 


X(m(p) 

X(X)(1) 




-i)--(4 —p+i)/(4 —p) 

pm(7n —l)-(m —p+l)i^ f (4) 

Now the analysis of the function a; (a:— !)• -(x — p -}- X)f{x — />)-?-/(a^) 
into simple fractions yields a polynomial in x plus terms Af -J- (x — 4 ) 
where ^^ = 4(4 — 1)* ' (4 — P+l)/(4 — P) so that 


X(X)(P) -^X(X)(1) 


(2^i) 

i=i 


pm(m — !)• • '(m — p-|-l). 


On writing (x — 4)"'= (X/x) (4/^) +’ 

the coefficient of ( 1 /a;) in the development of 


it is clear that ^ 

/=i 


x{x — X) • • • (x —p+ l)/(x —p) H-/(x) 


as a series of descending powers of x. The zeros of f{x) are the k num¬ 
bers ( 4 ,* ' -> 4 ) so that, if y = x — k, the zeros of f(y-\-k) are the 
k numbers 4 — k,- • •, 4 — i. e. the k numbers Xf — j (/ = 1 ,' * * > ^)* 
Of these the first s are the numbers ( 61 , • * •, 6 *) whilst the remaining 
k — 5 are the negatives of a/ 1 where the two sets a = (oi, • * •, fl*) 
and Cfc =» («•♦!, * • *, a*) together form the set 0,1, • • •, {k — 1). Hence 


/(y4-^) =fl (y —6i) -n (y + at+1) 

/=1 ♦+! 


= n {(y —&i)/(y + aj + 1)} • (y +1) - - • (y + *)• 
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It will be convenient to denote the function 

(y —6i) • • ■ (y —6,)/(y+ a, + 1) • ■ • (y+ a, + 1) 
by F{y) and then f{x) = f(y + fc) = F{y) (y + 1) ■ ■ ■ {y + k). The 

k 

desired sum 2 being the coefficient of 1/x in the development of 

x{x—l)- • ■ {x — p-\- i)f{x — p) -^f{x) 
in a series of descending powers of x, is, equivalently, the coefficient of 
1/y in the development of this same function in a descending series of 
powers of y. But 

x{x —1) - • • (x — p-\-l)f{x — p) ~~f{x) 

= (y 4- A:) • •• (y + ^4- 1 — p)-(y-^k — p) - ■ ■ {y i — p)F{y ^ p) 
-j- (y4- 1 ) . . - (y^]c)F{y) 

—1) • ■ ■ (y — p-\- l)F{y — p) ~^F{y) 

and we have merely to seek the coefficient of (1/y) in the development of 
this function. An application of Taylor’s expansion yields 

^(y ~p)^F{y)~l — pF'{y)/F(y) -f- p^F"{y)/2 ! F{y) 

— p^F'"{y)/S\F{y)-\-- • ■ ; 

and, on taking the logarithmic derivative of 

F{y) = U {{y — b,)/{y at -i- 1)} 

we find 

^'(y)/F(y) = i {[l/(y- 6y)] — [i/(y + 4-1)]) 

= i^/y^) 4- ca/y® 4- {c*/y*) 4- ■ ■ ■ 

where 

c8-i{V—(0/4-1)*); c*==i:{V4- {0i4-i)‘’}; 

i=l /=» 

c, = i{V—(o/4-i)M;- • • 

n 

(we have availed ourselves of the relation 2 {&/ 4“ (“/ 4* 1)} = Ou 

y=i 

successive differentiation of this relation we find 

^'(y)/F{y) - {F'{y)/F{y)y ^ {F'(y)/F{y)y ^ {—2m/y’>) 

4- (m* —3c3)/y^ 4- (2mc8 — 4c4)/y® 4" ' ' ' 

^"iy)/Fiy) - {F"{y)/F{y)){riy)/F(y)) 4- {^"'(y)/^’(y)}' 

— (6m/y*) 4- (12 c 3 —6m*)/y*4-- ’ ’ 
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F^""^(y)/F{y)={F"'{y)/F{y))[r{y)/F{y)} + {F'"{y)/F{y)y 

= (—24m/y=) + • • - . 

Hence 

F(y — p) -i- pF{y) =— (l/p) + {m/y^) (pm + c^)/i/ 

+|( 2 c 4 -y 3pc^ + 2mp^ —pm^)ly* 

+ {C5 + 2pc4 4 - p(2p — m)c3 + rnp^{p — -m)]/y^ + ' • ' • 

This has to be multiplied hy y(y — !)• ■ (y — p+l) and the coeffi¬ 
cient of y~^ in the product then determined; equivalently we may multiply 
by (y — 1 ) • • ■ (y — p-f~ 1) determine the coefficient of y“*. This 
coefficient yields, when divided by m(m — 1 ) ■ ■ • (m — p+ 1 ) the 
desired quantity X(m(p)- j-X<M(l)- We carry out the calculation for 
p = 2,3j 4. 

p = 3; X(m(2) -H-x<X)( 1) = (m 4- C 3 ) ^m(m —1). 

Since 

c, = ±{hy~(aj-yir); m = 2 { 6 i+ (®i + l)) 

i=i y=i 

Cs 4“ ^ = 2 4“ 1) —4“ 1)) 

so that 

(5-5) X(X>(^) ~^X<X) (1) =■ 2 {&>(&/ 4“ 1) —4- 1). 

The formula (5. 5) may be readily transformed as follows. We have 

(/ = 1, * • ■ 4- 1 = ; — A> (; = s 4 - 1, ■ - • ,fc) where 

a = (tti, • • ■ j as) and <x = • • • , «/;) together form the set 

( 0 , • • ’,1c — 1 ) ; hence 

2 {af(ai 4 - 1)} = 2 P(P + 1 ) — 2 «/(«> 4- 1) 

^=X 0 9*1 

= ip(p—1 )—2 (A, —;)(A, —; + l). 

1 $*t 

Thus 

i{6,(6i + l)—»<(«y + l)}“i (Aj—;)(Ai—; + l)—2p(p—1) 

1 

= 2 Ai (A> — 2/4" 1) 


2 Ai(Ai — 2; 4-1) - 7 -m(m 



so that 

(6* 6) X(m(2) -^X(X)(1) 
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p 3; here we must multiply by (y — l) (y _ 2) and the coefficient of 
y* is 

(2c4 + 3c 3 — 3m2 4- 4m)/2 = J[ 2 { (26/ + 36/ -f- 6/ 

y=i 

+ 2(ay + l)® —3(ay + l)2+ (a^ + 1)} — 3m(m ~ 1)]. 

Hence 

(6-7) X(X)(3)-^-x<M(l) = [2 {6>(6/ + l) (26,4-1) 

y=» 

+ a>(ay + 1) + 1)} — 3m (m — 1)] -i-2m(m — 1) (m — 2) 

p = 4; here we must multiply by 

(y —l)(y —2)(y —3) =y* —6y^ + lly —6 
and the coefficient of y“* is 

Co + 2 c 4 4- Ca — 2(2m — 3) (Cg 4- w) 

— 2(2m —3){6y(6j + l)—a,(a, + l)}] 

80 that 

(5- 8) X(X)(4) --X(X)(1) = i [{V(&y + ly-ajHaj 4- 1)^} 

y=» 

—2(2m—3){6,(6>4-l)—a>(a>4-l)}]-^m(m—l)(m—2)(m—3). 

For higher values of p it is more serviceable to use the recurrence formula 
(5. 2) as the expressions deduced by the manner described above become 
too complicated. 

Examples: 

As examples illustrating the use of the general results already obtained 
we shall construct the character tables of the symmetric groups on 4 and 
6 letters; the tables for m « 2, 3 having been already determined (pp. 
99, 100). 

1. m = 4. 

Here there are 5 classes and we shall arrange these according to the 
following scheme; (ct) precedes (o') if the first non-vanishing member 
of the set of differences «! — of^i, otz — • " is positive. It is unneces¬ 
sary to write down the characters of J?(2,1*) and since these 

representations are associated with 1?(3,1) and -D{4), respectively. 
We shall denote the class (a) by the symbol (l*i, 2“», • • - jm®-) (the 
terms with zero exponents being omitted.) For A — (3,1) we have 
a » 1, 6 — 2 and the character for the transposition class (1*, 2) follows 
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at once from (5. 5). The character, for this class, of the self-associated 
representation Z)(2^), is zero, since the class is negative. The characters 
for the classes (4) and (1, 3) are furnished by (5. 3) and (5. 4), respec¬ 
tively. There remains only the class (2^) (the characters for the class 
(1*), i. e. the dimensions of the various irreducible representations being 
given by (4.34)). For this class we use the reduction formula (5.2) 
and find 

1 }( 2 ’) = { 1 ®)( 2 > = — 1 ; 

{2*}(2*) = {0, 2}<2) -f- {3}(2) = {2}(2) - {1*}(2) = 2. 

Hence the character table for the symmetric group on 4 letters is (even 
(odd) classes being denoted by the attached sign +(—) and self- 
associated representations being denoted by a *) 

{4} {3,1} (2*}* 

( 1 *)* 13 2 1 

( 1 ^ 2 )- 110 6 
(1,3)* 1 0—18 

(2^)* 1—1 2 3 

(4)- 1—1 0 6 

The numbers at the right of the table indicate the number of elements 
in the corresponding class. 

2, m = 5. 

Here there are seven classes and the table is readily constructed (the 
characters for the class (1*, 3) being given by (5. 7)) 



{5} 

{4,1} 

(3,2) 

(3,1*)* 

(vy 

1 

4 

5 

6 1 

(V,2)- 

1 

2 

1 

0 10 

(v,3y 

1 

1 

— 1 

0 20 

(i,2^y 

1 

0 

1 

— 2 15 

(1,4)- 

1 

0 

— 1 

0 30 

(2,3)- 

1 

— 1 

1 

0 20 

(6)* 

4 

1 

— 1 

0 

1 24 


It may be noticed that the characters of (3,1} and (4,1} are simply 
OEi — 1. This is but a special instance of a general formula which states 
that the characters of D(m — 1,1) are given by cii — 1. We proceed to 
the derivation of several formulae of this type. 
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2. Formulae giving those characters of the symmetric group which 

are attached to two and three element partitions of m in terms 
of the class numbers. 

We first discuss the case of two element partitions: (A) = (Ai, Az), 
Ai -f Az = m. On expanding the two-row determinant 

g\,(s) 

(which furnishes the simple characteristic {Ai,A 2 } of the symmetric 
group on m letters) in terms of the first row we obtain 

{A^Az} = ?Xa(a)?Xj(s) —?Xi*i(«)gx»-i(»). 

Kow a typical term of q\i{s) is ^ 




(^) = ( 01 ,- ',0m) is a class of the symmetric group on Ai letters; 

since Ai < m one or more of the elements 0m,0m-i,' • - of (^) are zero. 

Similarly a typical element of q\As) is —;— -r 

rjl • •T„! \1/ \m / 

so that the product yx,(«) 9 x,(«) is obtained by adding 

_1_ 

^1 I 0m I Ti !■ • ■ Tm ! \ 1 / \ W / 

over all classes (0) and (t) of the S3'mmetric groups on Ai and Az letters, 
respectively. On writing a-i = -j- n, • • ■, -j- m it is clear that 

(a) = (oci, • • •, am) is a class of the sjTnmetric group on Aj -j- Az => m 

letters. Hence the coefficient of ^ ^ 

class of the symmetric group on m letters, in the product ?x,(a)9xa(«) 
18 the sum over all classes (t) of the symmetric group on Az letters of 

the product where denotes the binomial coefficient 

“j I (it being understood that =* 0 if ry > ay). Similarly 

for the product 9x,+i(a)?Xr-i(<) j the coefficient of 

1 (sA^ . 

ai 1 • ■ * am ! \1 / \m ) 

in this product is 2 where (a) is any class of the sym¬ 

metric group on Az — 1 letters. Hence 
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Since, when ti ^ 1, (/) = (ti — 1 ,t 2 , ■ • - jT^) is a class (o-) of the 
symmetric group on A 2 — 1 letters we may combine the terms 

+'r '’ Cl) ' ■ ' (“;)■ kj W) ■« tM- 

trary class, of the symmetric group on A 2 letters, which does not contain 
any fixed letter (= unary cycle) we have 


(5.9) 


{Ai, A 2 } 


(a) 


^(g. —2a, -l)/a,\ + (“") 

(<r) (cTi -|- 1) \<^lj \o'm/ 


the first summation being over all classes (<t) of the symmetric group 
on A 2 — 1 letters and the second over those classes (jff) of the symmetric 
group on A 2 letters for which /Jj = 0 . The particular case for which 
A 2 = 1 is a little special (since A 2 —1 = 0 ); but in this case we have 

merely to evaluate (*;) (;=) ■ • •(“”•) _ (*') • • (“”) =a._l. 

As examples of these results we cite: 


{m - 

~ 1^ 1} («) 

= «! - 1 


{m — 

“ 2, 2}«i) 

= i<Xi{cct — 

■3) -f* 

{m — 

— 3, 3} (a) 

= iai(ai — 

■ 1) («! — 5) -h («! — l)a 2 + Ota 

{m ~ 

“ ^}(a) 

= y24ai(ai 

— l)(ax —2)(ai —7) -f Jo!i(ai 



+ («i — 

• l)®s -h ^®2(«2 - 1) + *4‘ 


3)o{2 


To obtain a formula analogous to (5. 9) for three element partitions 
(A) = (Aj, A 2 , A 3 ) we expand the third order determinant 

9xi(*) 9xi*i(«) ?Xi-^2(*) 

?\,(«) ?x^i(^) 

which furnishes the simple characteristic {Ai, A 2 , A 3 }, in terms of the 
first row. The coefficient of qx^is) is {A 2 , A 3 }; that of —5Xx+i(*) 

— p— {A2, A3} (the two-rowed determinant furnish- 
OS^ 

ing {A 2 , A 3 } being differentiated with respect to $x by differentiating the 
columns one at a time); finally the coefficient of ^\x+ 2 (*) is 


9x,-i(») 9 x.+i(») 

Qx..2(s) <7\*(«) 
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-(ir 

^ ■ ‘ ' f is an arbitrary class of the symmetric group on 

A 2 + A 3 letters, the coefficient of —;—^ " i 

, ai!- • am! \l/ \m J 

product 9 \i(«){A 2 ,A 3 } is 

2 {A.,A 3 ), 

fA^ A ) = V {A 2 , As)^ {^ 

* * 0').^i!^ 2!- • jSm! \1/ \w/ 


in the 


Also 




where — /3i — 1 so that (/S') = (/3'i, ^ 2 > ‘> ^m) is an arbitrary class 
of the symmetric group on A 2 + A 3 — 1 letters; hence the coefficient of 


f. 


®m ! 


(!) 


«1 


« V « k 


I,(A., AJ, 


the summation being over all classes (^} of the symmetric group on 

A 2 -f A 3 — 1 letters. Similarly the coefficient of —;— • ■ ■ ( £!!t^ 

. ai!-a„,!Vl/ \m / 

in the product 9 x,+ 2 (a){A 2 — l,As — 1) is 


•m 


2{A3-i,A3-i),v,(“‘)- • 

iy) \yi/ \ym/ 

the summation being over all classes (y) of the symmetric group on 
A 2 + As — 2 letters. Combining these results we obtain 


{Ai, As, As} 


(a) 


— 2 {A 2 , As}(^) 


+ 2 {A2 — 

W) 


1 .A 3 - 1 ).,. 


it) 


the summations on the right being, respectively, over all classes (fi) of 
the symmetric group on A 2 + As letters, all classes (^) of the symmetric 
group on A 2 -|“ As — 1 and all classes (y) of the symmetric group on 
A 2 -h As — 2 letters. On separating, in the first summation, those classes 
(^) which contain one or more unary cycles (/?i > 1 ) and writing 
A 4 “ 1 we obtain 


V — f 

ifi') + 1 


{A3,a,},„(pJ- ■ •(“;;;) + 


(6.10) {Ai, As,As}(a) 
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I (A.,■ - (;_-)+gu.-..A.-.>„,(;;).. 


where (S) is any class of the symmetric group on A 2 + A 3 letters for 
which Si = 0. Suppose, for instance, = m — 2, Ag = A 3 = 1. Then 
Az + A3 —1 = 1 and there is only one term in the first summation : 
that for which ^i = l. There is also only one term in the second 
summation: that for which ^2 = 1. The third summation has only one 
term: that for which all y = 0 and this yields unity since { 0 ^} = 1. 
Hence {m— 2, = Ja,(a,_3) —a 2 +1 = J («!— 1) (a,— 2 ) —as; 

for ^ 1 =^ 1 + 1 = 2 and = 1 whilst S 2 = 1 and { 1 "}, 3 ,^-1. 

As examples of the use of (5. 10) we cite the following: 


(m - 

1^} (a) 

— i(ai —l)(ai~ 

3) —<22 



(m - 

— 3, 2, l)(a) 

— 2)(ai- 

-4) — da 



{m — 

-4, 3,1),a, 

1 

1 

-3)(a,— 

6) + 4ai(ai- 

— 3)02 



- i<^2{<i2 - 3) - 

- 04 



{m — 

-4, 2®},„, 

= M2ai(ai —1)(« 

1 — 4) (oi 

— 5) — («! - 

-l)a3 


+ «2(a2 — 2). 


Using the results of this paragraph we may at once write down the 
character table for the symmetric group on 6 letters (which contains 
eleven classes). It is 


m = 6, 



{6} 

{5,1} 

{4,2} {4,1^} (3“} 

(3, 2,1}* 


(i«)* 

1 

6 

9 

10 

5 

16 

1 

(l‘,2)- 

1 

3 

3 

2 

1 

0 

15 

(v,3r 

1 

2 

0 

1 

~1 

— 2 

40 


1 

1 

1 

— 2 

1 

0 

45 

(P,4)- 

1 

1 

— 1 

0 

— 1 

0 

90 

(1, 2,3)- 

1 

0 

0 

— 1 

1 

0 

120 

(1,5)" 

1 

0 

— 1 

0 

0 

1 

144 

(2«)- 

1 

— 1 

3 

— 2 

— 3 

0 

15 

(2, 4)" 

1 

— 1 

1 

0 

— 1 

0 

90 

(3^)" 

1 

— 1 

0 

1 

2 

— 2 

40 

(6)- 

1 

— 1 

0 

1 

0 

0 

120 

The formulae 

already 

given yield 

all 

characters 

of the symmetric 

group on seven 

letters save those of 

the 

self-associated representation 


{4,1*)*; and all characters of the symmetric group on eight letters save 
those of the representations {5,1®} and (4,2,1®)*. Formulae taking 
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care of these may be readily derived. Thus if we expand the fourth 

order determinant which furnishes the simple characteristic {m _3 !»} 

of the symmetric group on m letters in terms of the first column we obtain 


{m —3, l^} —{m —8,12}. 

Since the characters of {1=} are 1,-1, 1 , we see that the coefficient of 







® 1*2 *8 


and 80 


{m 3, — 1) (oEi — 2) — ctiOtj + a, 

i(®i 1) (*i —^2 

^ l){®i — 2)(ai — 3) — («! — l)c(2 + czs. 

The same argument furnishes a formula for {m — fc, 1*). Thus 

{m — 4, ^ ^ _ or* 

— i(ai —l)(«i —2) («! —3) H- (a, — l)a,_a3 

= ^4 («1 — 1) («! — 2) (cti — 3) (ai — 4) 

— i(«i — l)(«i—2)a2+ (oti — l)a3 

4- ia2(«2 — 1) — a4. 

To obtain a formula for the characters of {m — 4, 2,1^} we expand the 
four-rowed determinant which furnishes {m — 4,2,1*} in terms of the 
first column obtaining 


{m — 4, 2,1*) = ^„,4{2, 1*} — (m — 3,1^){1). 

Since the characters of {2,1*} are (3, — 1,0, —1,1) the coefficient of 

{jY • ■ the product ?._4{2,1*} is 3 

( 2^) » ®m) is any class of the symmetric 


group on m — 1 letters the coefficient of 
in {m —3,1*} is 



— 1) (o', _ 2) — a* = J(«i — 2) («i — 3) — 


and 80 the coefficient of 



in the product 
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{m — 3,1^}{1) is |ai(ai — 2) (a^ — 3)— a^atz. Hence 

{r„ - 4, 8,1^) = 3 (“;) - (“') a, _ (“^) + 

— ^0!i(ai —2) («! — 3) + cKiag 

= — 2) («! — 3) («! — 5) 

— iai(ai — 3)<X2 — i<X2(a2 — 1 ) + <X4. 

With the aid of these formulae we may write down the character tables 
for the symmetric groups on seven and eight letters. They are 


m = 7. 



{ 7 } 

{6,1} 

{5,2} 

{5.1>) 

{4,3} 

{4,2,1} {4,1>}* 

{3M} 


iV)* 

1 

6 

14 

15 

14 

35 

20 

21 

1 


1 

4 

6 

5 

4 

5 

0 

1 

21 

(1*.3)* 

1 

3 

2 

3 

— 1 

— 1 

n 

— 3 

70 

(1*, 2»)* 

1 

2 

2 

— 1 

2 

— 1 

— 4 

1 1 

105 

(1S4)- 

1 

2 

0 

1 

— 2 

__ 1 

0 

— 1 

210 

(l^ 2,3)- 

1 

1 

0 

— 1 

1 

— 1 

0 

1 

420 


1 

1 

— 1 

0 

— 1 

0 

0 

1 

504 

(1>2»)- 

1 

0 

2 

— 3 

0 

1 

0 

— 3 

105 

(1,2,4)* 

1 

0 

0 

— 1 

0 

1 

0 

— 1 

630 

(1,3*)* 

1 

0 

— 1 

0 

2 

— 1 

2 

0 

280 

(1,6)- 

1 

0 

— 1 

0 

0 

1 

0 

0 

840 

(2»,3)* 

1 

__ 1 

2 

— 1 

— 1 

— 1 

2 

1 

210 

(2.5)- 

1 

— 1 

1 

0 

— 1 

0 

0 

1 

504 

(3,4)- 

1 

— 1 

0 

1 

1 

— 1 

0 


420 

(7)* 

4 

1 

— 1 

0 

1 

0 

0 

— 1 

0 

720 
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o 


^sSa|2ss|§|||||si§iii| 


^c^ooo^oc^ooc^ 


OoOOOO^C 4 Q 


cooooocgooooo 


^ O O O O CJ o 


g ^ ^ O O <M 




o o ir: ^ 


o^ocio^^o 


e<i o 


— •i-H 




O i/t 1^ 

^ I 


o^oc^^o^oo 


^<0^0 
CD ^ 


1^0 0 


00 o 

OJ ^ 




I I I 


•I "jcsse^coo — M^oofri^ooco-^oO'-'F-.-. 

« II II II 


csi oo 4 o^<N^oejO'*^-«^o»^Tfoi^^oo 

V* ^ II 11 




I I I I I I I 


♦!♦♦! I♦l♦♦^♦l 14.41 14441 

^ « r :? « « g;:? J ® « « :? P r :? r s « J § 
c c b T- c - ” - c ^ ^ “ !i« - ” “ 
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3. The analysis of the reducible representations A (A) of the S 3 Hn- 
metric group on m. letters. 


Since {A} 






the irreducible representation f5(A) is a linear combination of the 
reducible representations A (A') ; no (A') which follows (A) occurring 
in the linear combination; moreover the coefficient of A (A) in the linear 
combination is unity. Hence the matrix transforming the A (A) into 
the -D(A) is a triangle matrix all of whose diagonal elements are unity 
(the elements above the diagonal being zero). The determinant of this 
matrix is unity and so the A(A) may be expressed in terms of the 
by merely transposing terms from one side of a system of linear equations 
to another. Thus we have the equations: 


D(m) = A(m) 


D(m — 

-hi) - 

— A(m) + A(m — 1,1) 


D{m - 

-2,2) = 

— A(m — 

-1,1) + A(m —2,2) 


D{m — 

-2,1*) = 

A(m) - 

— A(m —1>1) — A(Tn- 
-f A(m —2,1*) 

-2,2) 

D{m - 

-3,3) = 

— A(m — 

-2,2) + A(m —3,3) 


D{m - 

-3, 2,1) = 

A(771 — 

-1,1)—A(m —2,1*)- 
+ A(m —3, 2,1) 

- A(m - 

D{m - 

-3,1®) = 

— A(m) -|- A(m — 1, 1) A{m — 

2. 2) 



— A(m —2,1*) +A(m —3,3) 

— 2A(m —3,2,1) -f A(m —3,1*). 


The last of these equations, if calculated directly, would require the 
expansion of the fourth order determinant which furnishes (m — 3, !*}• 
On expanding this determinant in terms of the first column we find 
{m — 3,1®} = 9m-3(«) {1®} — —2,1*}. On setting m « 3 in the 

formula already given for {m — 2,1*) we find 


{V) ^ (3) — (2,1) — (1, 2) + (1*) 
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where we denote by (A) the characteristic ?x.{*)?x.(») ■ • ■ of 

A (A) so that, for example, (l, 2) = ( 2 , i); hence 

{!»} = (3)—2(2,1) + (1») 

so that (m - 3){P} = (m _ 3, 3) - 2(m - 3, 2, 1) + (m _ 3 , 1 =) 

It being evident, for example, that (m — 3) (2, 1) = (m — 3, 2,1) both 

being qm-3(*)q2{>)qi(s). On using the equation already given for 
D(m — 2,1*) we find 

{m 2,1*} = (m) — (m — 1, l) — (m — 2, 2) + (m — 2,1*) 

and the expression given for {m — 3,1«) follows at once. 

On solving for A (A) the equations given above we find 


A(m) = D(m) 


A(m - 

-1,1) 

= D(m) — 1,1) 


A(j71 - 

-2>2) 

= D(m) + 0(171 — 1,1) +D(m — 

2,2) 

A(m - 


= D(m) +2Z»(m —1,1) + D(m- 

-2,2) 



+ Z>(m —2, V) 


A(to - 

-3,3) 

= D(m) +D(m — l,l) +D(m — 

2,2) 



+ D(m — 3, 3) 


A(m - 

-3,2,1) 

= Z>(m) +2Z>(m —1, 1) +2U(m- 

-2,3) 



+ — 2, 1“) +D(m 

— 3,3) 



+ £>(m —3, 2,1) 


A(m — 

-3, V) 

~-D(m) + 3i?(m — 1,1) + 3D(m- 

-2,2) 


+ —2,1*) —3,3) 

+ 22 ?(m — 3, 2,1) + V(m — 3,1 >). 

It 18 understood that if the arrangement of (A) in any of the i?(A) on 
the right is not the normal non-increasing order this normal order is 
restored in the usual way (so that, for instance, if any of the Ay = Ay_i -f- 1 
the term is dropped). It will be convenient to drop the symbols 

D and A and to denote the irreducible representations X*(A) by (A) and 
the reducible representations A (A) by (A). Thus we read from the few 
formulae already given: 

{i)-(i); 

{ 2 }-( 2 ); ( 2 )-.{ 2 } 

{!'}-(2) + (1*) ; (1") = {2} + {1*} 


m 1; 
m — 2; 
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m = 3; {3} = (3); (3) = {3} 

{3,1}=—(3) + (3,1); (3,1) ={3}+ {3,1} 

{13} = (3) —2(2,1) + (13) ; (13) = {3} + 3{2,1} + {!•} 
m = 4; {4} = (4); (4) ={4} 

{3, 1} =— (4) + (3,1); (3,1) = {4} + {3,1} 

{23} __ (3^ 1) + (22) . (22) _ (4) + (3^ 1} + (22) 

{2,13} = (4) — (3,1) — (23) + (2,13) ; 

(2,13) = {4} + 2{3,1} + {23} + {2,13} 
{!•}=—(4) +2(3,1) + (23)—3(2,13) + (1*); 

(1‘) = {4} + 3{3,1} + 2(23} + 3{2,13} + {1‘}. 


We give below two tables, one the reciprocal of the other, the first of 
which expresses the D{\) in terms of the A(X) as far as (m — 6,1®) 
and the second of which expresses the A(A) in terms of the /?(A) again 
as far as (m — 6,1®). In reading these tables turn the page so that 
the left-hand side becomes the top of the page. 



Table 1. Furnishing D{\) as linear combinations of the A (A). 

(«t *9—«*) 


(»T ‘Z ‘9 —«*) 
(>I ‘*2 *9—w*) 
(,2‘9—«*) 

(tl ‘C ‘9—«*} 
( rz '£ ‘9—1«) 
(.£ '9—w*) 

(.1 > ‘9—1«) 
(Z‘^‘9—ta) 

(I 'S ‘9—) 


(•I ‘Z ‘S—«*) 
(T‘iZ‘S—1«) 

(fi *s—«*) 


^ u> 


^ CO ^ 


I 1 



IlWWl 
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Table 2. Furnishing A (A) as linear combinations of the D{X) 


{»! ‘9— 

{»! 'Z ‘9—«*} 
(iT ‘«S ‘9—tu) 
{s2‘9—1“) 
(si ‘e'9—w) 

(rz'e ‘9—«*} 

{«8‘9—«*} 

{«l ‘t‘9—“} 

iz'f ‘9—t") 

(l ‘S‘9—«*) 

9 ‘9—t"} 

{«! ‘e—1"} 

(tl ‘Z ‘S—«*} 
{l‘zZ ‘9—1") 
(it ‘e*9—tu) 

iz'z ‘9—1"} 

(i «*) 

{s ‘Q—Ut] 

I") 

{,\‘z 
{,z —t") 
(i ‘e —«*} 

{f. —«*} 

(tl *c—«*) 

{l ‘3 ‘8—I") 

8‘8—«*} 

{il *3—'"} 
Z ‘ 3 —«*) 

I ‘l—«*} 

{»} 


^ lO 


^ CO o 


^ ^ ei 40 






^ 01 oi ^ ® 2 

^ f-4 ^ 0) CO 40 
^O^CO^COCOO 

^•-409^CICOO)C0^40 


o ^ <o 


o ^ O 04 00 ^ 


04 O O 


^ ^ CO CO 


OO^OICOCOMO 

^OOCCOCOOO^Io 


^ — 04COUOOO^^Ol^COCOOJjg 

^^040IC0^O^04*0*0lU>0>CDO2^ 

0000 -no000000 ^0^^2 


^COOOO^C4C040 


OO^OOICOCft^5j§ 


Cl o o 


^^C0iOOOO^^^C040C092 


^^oieoo^oi'0*u>o^4AO 


^^040lC0C0^tO^ 


C^CO^COtOt^COOOjJ^ 


^ O O O 


^040^01^000 


-N o 




i-H 04 ^ CD ^ O 
^ 04 


O ^ 04 ^ 


® - * 2 S ® 


•Mp^i-4^e404€0^^04c0^i0r«0^04c0^^000t*0 




^o^coo^^coce 


^ CO CO o o 


oo^^co^coocooo2 

o^04eo^<04C*^o®2S 


^^^0lC0^04C0^C0^04<0^O»^O^04C0^C04Ct^O 
^p-4O4^04CO^04 04 C0*O'^04 04 C0C0^«O^04 04COOIC0^CO 


^ ^ « 


g ^ 04 ^ CO ^ • 
04 •k M 04 ' « 

iilill 


f f ” f ef f f ^ «: s; ei-« f ®: ^ v «®{« f s;«: f 
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Table 2 furnishes the analysis of all A (A) for the symmetric groups 
up to 8 save for the single representation A(l«). But this is the 

group on 8 letters so that its 
analysis is given by (3.13) the coefficients dk being furnished by the 

top row of the table on page 149. The only representations of the 
symmetric group on 9 letters which are not cared for by Table 2 are 

A(2*, 1®), A(2®, 1®), A(2,1^) and the regular representation 
A(l®). We have given elsewhere {American Journal of Mathematics, 69, 
pp. 475-477 (1937)) the complete tables furnishing the analysis of A(A) 
for all m ^ 9. However, the single Table 2 given above has the advan¬ 
tage over the various tables there given that it is a master table available 
for all values of m. In reading it one must remember the rule about 
rearranging disordered partitions and we treat an example, namely 
A (3, 2®), Table 2 gives, on setting m = 9, 

A(3, 2®) ™ {9} -f 3(8,1} -h 6(7, 2} + 3(7, V} + 7(6, 3} + 8(6, 2,1} 

+ {6, 1*} + 6(5, 4} -h 9(5, 3,1} -f 6(5, 2*} + 3(5, 2,1=} 

+ 3(4,5} + 6(4®,!} 4- 6(4,3, 2} + 3(4,3,!®} -f- 3(4,2®,!} 
+ (3, 6} -f 2(3, 5,1} + 3(3, 4, 2} + (3, 4,1®} + (3®} 

+ 2(3®, 2,1} +(3, 2®}. 

The terms 3(4,5}, 3(3, 4, 2}, (3,4,1®} on the right must be dropped 
whilst (3,6} must be replaced by —{5,4} and 2(3,5,!} by —2(4®, 1}. 
The final result is, therefore, 

A(3,2®) (9} + 3(8,1} + 6(7, 2} + 3(7,1®} + 7(6, 3} + 8(6, 2,1} 

+ (6,1®} + 5(5, 4} + 9(5, 3,1} + 6(5, 2®} + 3(5, 2,1®} 

+ 4(4®, 1} + 6(4, 3, 2} + 3(4, 3,1®} + 3(4, 2®, 1} + {3®} 

+ 2(3®, 2,1}+ {3,2®}. 


4. The analysis of the direct product of irreducible representations 
of the symmetric groups. 

Let m', m" be any two positive integers and let (A') = (A'l, ’ • ■, A'm*), 
(A"i, • • ’ be any partitions of m' and m" respectively: 



• > A'wi' — 0; A'l + A '2 + • • • + A'm' “=» m' 

• ^ A^'m* — 0; A"i + A"* + • • • + A''m" “ m". 


Then D(A') and D{\") are irreducible representations of the symmetric 
groups on m' and m" letters, respectively, and their Kronecker product 
^(A') X D{\") is an irreducible representation of the direct product of 
these two groups (p. 101). This direct product of the two symmetric 
groups is a subgroup of the symmetric group on m'm" letters; 
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namely the subgroup consisting of those permutations which do not send 
any one of the m' letters into any one of the wf' letters (or, equivalently, 
the subgroup which consists of the permutations on m letters which 
permute the letters of each of the two sets, one consisting of m* and 
the other of m" letters, amongst themselves). If (o'), (a") are any 
classes of the symmetric groups on mf and m" letters, respectively, 
(a) = (o') (a") is a class of the symmetric group on m letters; the 

equation (a) = (o') + (a") meaning -j- y = i, 2, • • •, m, 

where o'/ = 0 if ; > m' and = 0 if ; > m*'. Furthermore ((o'), 
((/')) is a class of the direct product of the symmetric groups on m' 
and m'' letters and the character of the irreducible representation 
X of this direct product which is attached to the class 

((or'), (ce")) of the direct product is ; hence the simple 

characteristic of the direct product is 


where 


w, \ m I («") 


m'l 


«(»') = j. . . I . . . m" • (/'m-! 

(5^)(«') = (O'*"' = (0)“"- • ■ (5'V)*""" 




From this simple characteristic of the subgroup of the symmetric group 
on m letters, which is constituted by the direct product of the symmetric 
groups on rnf and m" letters, respectively, we may construct, by the 
method of p. 98, a characteristic, in general compound, of the sym¬ 
metric group on m letters. To do this we have to identify the indeter- 
minates (s') (s") which are associated with the same class of the 

symmetric group on m letters; i. e. for which (o') -f- (<*^^) = («)• The 
character of the corresponding representation, in general reducible, of 
the symmetric group on m letters which is attached to the class («) 
of this group is 


m! 


—p-j—“777 2 ^(«')^(«'){A'}(«'){A"}(a*) 

71% \ fn, I (a') + (a") = (a) 

SO that, in particular, the dimension of the representation, i. e 
character of the \mit class, is 

(6.11) d- 


the 


m'lm"! 




where d', d" are the dimensions of Z)(A') and i?(A"), respectively. Hence 
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the characteristic of the representation in question (which we shall term 
the direct product of D(\') and D{\")) is 


(5.12) 

where, as usual 




• • • 5m** 


and the are the power sums of n independent variables {«) = 




the summation in (5. 12) being over all classes (o') of the symmetric 
group on m letters and all classes («") of the symmetric group on m" 
letters. If we replace (s') and (s") in the simple characteristics (s'), 

by (s) the expression (5.12) is the product <A(X')(*) ■ <^(X'')(a) 
or, as we shall write it, (A'} • {A"). Hence the product of a simple 
characteristic {A'} of the symmetric group on m' letters by a simple 
characteristic (A"} of the symmetric group on m" letters is a charac¬ 


teristic, in general compound, of the symmetric group on m *= m' -1- m" 
letters; it being understood that the indeterminates (s) which appear 
in the simple characteristics (A'} and {A"} are power sums of m variables 
». Our concern in the present section is the analysis of the representation 
of the symmetric group on m letters which is obtained in this way into 
its irreducible components. We know that {A'}(») is the character 
X (ii) of an irreducible homogeneous rational integral representation of 


degree m/ of the full linear group on n variables (p. 106); the indeter¬ 


minates (») being defined by = Tr{A*^) so that the (») = (z,, • • •, 2 „) 
are the characteristic numbers of A. The same remark may be made 
concerning (A") (a) and so the product {A'} • {A"} is the character 
x(A) =.^'(X)x"(A) of the Kronecker product of the two irreducible 
representations in question; this Kronecker product being a homo¬ 
geneous rational integral representation, in general reducible, of degree 
m' m" = m of the full linear group on n variables. In other words 
the analysis of the direct product of D{X') and i?(A") is equally the 
analysis of the Kronecker product of the corresponding representations 
of the full linear group. 

In order to obtain the desired analysis of the direct product of -D(A') 
and i?(A") we shall first generalize the fundamental recurrence formula 
(6.2). Let ;=-l,- ■ ■ , m, be an operator which reduces by 1 the 
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j-\h element A; of (A); then reduces this element by p‘. 

= {Ai, Aa, • •, Aj — p, • • •, Am} and we may rewrite (5. 2) in the form 

{^}(a) = [2 ^I**{A}] {a') = [<^p{A}](a') 

where op = -j- • ■ • -\- p = 1, • • ■ ,m. (o') is that class of the 

symmetric group on m — p letters which contains one less cycle on p 
letters than does the class (a) of the symmetric group on m letters; we 
may express the result of (5. 2) by the statement that we have stripped 
of one cycle on p letters. We may now strip off a further cycle on q 
letters from each of the [^/P{A}](a-> and we obtain 

{A}(a) = [<^<r<^p{A}] (a') 

where, now, (o') is that class of the S3rmmetric group on m — p — q 
letters which contains one less cycle on p letters and one less cycle on q 
letters than does the class (a) of the symmetric group on m letters; 
we say that we have stripped off one cycle on p letters and one cycle on 
q letters (or two cycles on p letters if ? = p). Continuing this process 
we may strip off a/' cycles on one letter, cuz' cycles on two letters and 
so on and obtain 

{A}<a, = [<T*-">{A}]<a') ; == or,***'' • - • 

where (a") = (a,", * • *) is any class of the symmetric group on 

wf* letters (i. e. oei" + 2 a 2 " + * * -|-m"««" = m") and (o') is that 

class of the symmetric group on m' ^ m — m" letters which contains 
a," less \mary cycles, iz' less binary cycles and so on, than does the 
class (a) of the symmetric group on m letters. In other words 

(5.13) {A},«, = [<rt**''>{A}]<a'>; (a) - (a") + (o'), 

and we may say that we have stripped off a class (o'') of the symmetric 
group on m'' letters. 

Since the quantities «(«> = • • ' Sn^ are the indetenninates 

{fy ’ ' ' f P*) which occur in the definition of the simple characteristics 
of the symmetric group on m letters (p. 106) it follows from (4. 7) that 

(5.14) = 2x,‘?,W>(*) 

(X) 

and so (5.13) may be written in the form 

(5.15) (A)(a) = [2 ({A^^}(«')<^(P*)(®)){A)](«'>, 

(/*") 

the summation on the right being over all partitions (//') of m" letters 
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and («"), (o') being any two classes of the symmetric groups on m 
and m letters, respectively, whose sum (a") + (o') is the class («) of 
the symmetric group on m =■ m" + m' letters. On substituting for *<“) 

m (5.12) Its value as given in (5.14) we find that the characteristic 
of the direct product of D{\') and D{k") is 


X 

(X) 

_ 1 ^ 

(a’’)<^(/i")(o)) {A}],a-j4^(X)(j), 

On summing with respect to {</'), over all classes of the symmetric 
group on m" letters, we obtain (since 

save when (/') = (a"), in which case it is unity, by (3.16)) 


I T- 

^*1 2 =0 


Now ^<r,(a) is a symmetric function of degree m" in the m operators 
fy, ;==1, 2, • ■ - jm; let us write it where 

(5-16) r(p-,(a) =2(2[)(/*") 

then 


<^(X')("){A) =2c,^-,{[(A) — (a.")]) 

where [(A) — (/i")] indicates the result of subtracting (/'), in all 
possible arrangements, from each set of m" of the m elements of (A). 
To take the simplest example let m" == 1 so that (A") = (1) ; then 

-+ and 4,a-, (o) {A} = {a. — 1, • , a„} 

* '* (Ai) ■ • •, Am-i, Atn— 1). Each member of [(A) — 
when rearranged in the usual way if disordered, is a partition of m'l 
let (/t) be a typical one of these partitions of Then, since 

^ ^ is zero unless (/«') = (A'), in which case it is 

unity, it is clear that those, and only those (») will occur in the 
analysis of the direct product of Z?(A') and D{k") for which (A) is 
obtained from (A') (supposed written with m elements by the addition 
of m zeros) by adding (/'), in all possible arrangements to each set of 

elements of (A') ; (/i") running over those partitions of m" 
which appear when <^(\-,(a) is written as a linear combination of sym¬ 
metric functions, of degree m", of the m variables (^i, • • In 
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adding {}/') to (A') in this way we may well obtain a disordered partition 
of m; this is supposed to be rearranged in the usual way. 

We illustrate this general result by the simplest example. Suppose 
m"=l so that (A") = (1); then = ai = ■ 

+ im SO that {//') = (1). Then (A') when written with m elements is 
(A'l, • * •, A'm', 0) and hence 

{A'} {1} = {A\ + 1,- - ■,AV)+- • • ■ ,AV-1-1) 

{A\, * *,A'm', 1}. 

If (A') = (A'l, • • *, a'*) contains only k mf non-zero elements we 
drop any term on the right in which a 1 is preceded by a zero. Dropping 
also the attached primes, as of no further service, we have the general 
result 


(5.17) {Ai, • • •,A*}-{l} = {Ai + 1, A 2 , • • •, A*)-t- {Ai, Az + 1, • • ■, At) + ' * ‘ 

+ {Ai, ■ * •, Afc + 1} -j- {Ai, • • ■, At, 1). 

This furnishes the analysis of the direct product of Z>(A) by I>(1) where 
(A) is any partition of the symmetric group on m' letters. Since (6.17) 
is an identity in the variables (j) = (^j, • • •, Stn), m = m' 1, it re¬ 
mains true when 52 ^ ^ 4 , • • • are replaced by their negatives. Hence 
if (ft) is that partition of m' which is associated with (A) the direct 
product of I>(fi) and D(l) follows at once from that of D(A) and D(l) 
by taking the associates of all the representations which occur in the 
latter. It is not necessary, therefore, to analyse both products and it is 
convenient to analyse the one for which (A) follows its associate (^) 
when the partitions are arranged in dictionary order. 

Examples. 

{ 1 ){ 1 } = { 2 ) + { 1 *); 

{2} - {1} = {3} + {2,1}; implying {P} • {1} = [V] ^ {2,1}; 

{3} • {1} « {4} + {3,1} ; implying {P} ■ {1} = {l^} + {2,1^} ; 

{2,1} ■ {1} = {3,1) + {2^} -I- {2,1==}. 

For less trivial direct products we use the fact that the representations 
occurring in the direct product of D(X') and are the associates 

of those occurring in the direct product of D(it) and D(ft') (where 
(A'), are associated partitions of m' and (A"), (/*") associated 

partitions of mf')) to arrange that (A") is preceded by (if it is not 
identical with) its associate (/*") when the partitions of are arranged 
in dictionary order. It is also convenient to arrange the notation so that 
m' is greater than, if it is not equal to, m". A general recurrence method 
is available and the essential points of this may be illustrated by con- 
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sidering the nest simplest case, namely, m" = 2, (A") ~ (1^). Then 
^(X")(®) “ where the attached * indicates that 

the summation runs from 2 to 7n and not from 1 to m. Hence the 
product {A'l, A' 2 , • • •,A'a'}’{ 1^} may be expressed as the sum of two 
parts: 

1. A part, corresponding to the term iicr*i in 4 >a^){o) and consisting 
of those {A} for which Ai = A'l -j- 1 and for which the (A 2 , * • •, Am) are 
given by 

{A'z, • ■ •, A\'}{1} = {A '2 + ^ + ' ■ ' 

■}" (A'2, ‘ ' j A\-' -j- 1} 4" (A' 2 , ■ ■ ■ , A'fc-, 1}. 

We may describe this part of our result by saying that we prefix A'l + 1 
to the product (A' 2 , ■ • •,A't'}{l}* 

2. A part, corresponding to the term 2*^213 in in which A'l 

is prefixed to the product (A' 2 , • ' •, A';-} • {1^}. Since (0} = 1 it follows 
that (Ai) • (1*) = (Ai 4-1,1)-f-(Ai, 1^}. An immediate application 
of the principle of mathematical induction gives the formula for 
{Ai, • ■ •, A*} • (1^) : vjHte (Ai, • ■ ■, A^} in the form (Ai, • • •, A*, 0, 0} and 
add the pair (1,1) in all possible ways. 

Examples. 

{2){1='} = {3,1} + {2,1^); 

{P}.{P} = {2=} + {2,l^}4-{in;iniplying{2}-{2} = {4}4-{3,l}4-{2*); 

{3}{H} = (4,l}4-{3,P};iniplying(P}(2) = {3,P) + {2,P}; 

{2,l} {l2} = {3,2} + (3,r)4-{2",^} + {2, P}; implying 

(2,1} ■ {2} = (4,1} 4- {3,3} -h {3,1^} 4- {2^ 1} ; 

{ 1 ''} (P) = ( 22 , 1 } 4 - (2,l3}4-{l=^};iraplying(3) (2} = (5} + (4,l)4-(3,2}. 


It is clear from the examples given that the problem of analysing 
(A'} • (A") may be solved in the following manner. First express <^(\'') («) 
as a symmetric function of degree m" in the operators (li, ■ • ', ^m) and 
write the result as a polynomial of degree not greater than m" in ; 
next express each coefficient of this polynomial as a linear combination 
of the simple characteristics of the appropriate symmetric group (the 
coefficient of being expressible as a linear combination of the simple 
characteristics of the symmetric group on m" — p letters). Then prefix 
A'l 4“ p to each term occurring in the products of each of these simple 


characteristics by (A") 


and add the various terms obtained in this way 


for the various values of p. There are, then, two essential steps in the 


procedure outlined: 


1. The expression of each simple characteristic ^(\”)(a) of the sym- 
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metric group on m" letters as a linear combination of the various sym¬ 
metric functions == of degree mf' in the m 

variables (z); 

2. The expression of the symmetric function, of degree $, in n 
variables s: 

'^(9) (») = 22?!^* ■ • ■ zj»; 0 = $2 Bn 

in terms of the simple characteristics <t>(e)(s) of the STrmmetric erroup on 
n letters. 

Both problems are closely related and it will be convenient to first 
discuss the second. If we multiply by the Vandermonde de¬ 

terminant ^ (r^ — 1, n — 2, • ■ •, 1, 0) = n — 2«) we obtain a sum 

P< Q 

of determinants ■ *, Zn) where the element in the i-th row and 

;-th column ofA{li,- • •, l„) is 2 /«. On dividing through by ^4 (n.— 1, • • •, 
1,0) we see that ^,^,( 2 ;) is expressible as a linear combination of the 
simple characteristics (t) of the symmetric group on n letters; only those 
simple characteristics (t) occurring for which the partition (t) of n 
increased by the set (n —1, n — 2,- -,1,0), arranged in any order, 

IS the set (e) = (e,, • • where = 0^n — j=l,- • ■, n. 

For example let us consider r( 2 .i, = 22 i=' 22 ; here 0 == 3 and ( 0 ) = ( 2 , 1 , 0 ) 

so that (e) = (4, 2, 0). From (e) we subtract the set (2,1, 0) arranged 
in all (six) orders, prefixing a negative sign when the order is an odd 

arrangement of the natural order; we obtain (2,1),_ {2,2, _1),_(3), 

(4,0, 1), (3,2, 2), (4,1, — 2). Of these all but the first and 
third vanish since they end in a negative integer and we obtain 
7’<2 .i)(*) = (2,1} (3). The following simple remark, however, makes 

it unnecessary to go through this calculation. The determinant of order 
n which furnishes (A) is 

■ ■ ■ g\,*n-i{9) 

{A}- 

9k(») 

and on writing, as usual, Zi = Ai n — 1, ■ • ■ ,l„ = this is the same 
as the result of operating with the determinantal operator 

♦ • 

1 1 
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upon the product qi^{s) • • • If, therefore, we denote by 

the characteristic 9 /i,(a) * • of the compound representation A(/i,) 

of the symmetric group on n letters it is clear that {A} is a linear com¬ 
bination of the ouly those occurring for which (/i) increased 
by the set (n — 1, n — 2,- - -,1,0), arranged in any order, is the set 
{1) y the sign attached to Kifty being -f" if the arrangement of the set 
1»* ■ ■ > 0) which is added to (/t) is even and — if this arrange¬ 

ment is odd. For example let (A) = (3, 2,1) so that (Z) = (5, 3, 1); 
we subtract (2,1,0) in all orders obtaining the six possibilities for 
W : (3, 2,1), — (3*), (5, 1, 0), — (5, 2,-1), (4, 3, — 1), — (4, P). 
Of these the fourth and fifth vanish since they contain a negative 
element (each qj{s) for which j is negative being zero). Hence 
(3, 2,1} = ^'( 5 , 1 ,—-2’(4,i*)—^( s*) + ^(s. 2 , 1 ). The result of this dis¬ 
cussion which is important for us is the following: the coefficient of K(fi) 
in the development of {A} is the same as the coefficient of (A) in the 
development of r<^)( 2 ). In other words the Table 1 of p. 153 serves to 
express any symmetric function of degree n in the n variables (%) in 
terms of the simple characteristics (A) of the symmetric group on n 
letters. But now we must enter the table from the top, the desired 
coefficients being obtained in a column (instead of, as before, in a row) 
of the table. For a given value of m it is better to first construct from 
the master table the table corresponding to that value of m. E. g. for 
m — 4 the table is 


(4) (3,1) (2^) (2,P) (P) 


{4} 

1 

{3,1} 

— 1 1 

(2^ 

0—1 1 

(2,1=) 

1—1—1 1 

(1‘} 

—1 2 1 —3 1 


and we read 

7(4) (») - - {4} — {3,1} + {2, P} — {P} 

7(4.4) (») - = {3,1} — (2*) — {2, P) + 2{P} 

7(,.,(») — = {2*} — {2, P} + (P) 

r<2.i>)(») “ =- {2, P) — 3{P} 

— 22i222824— {1‘)- 

If we denote by c[^J the coefficient of jBTtji) in the development of (A) : 
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the result of the preceding paragraph (which result we shall call Kostka's 
theorem) finds its expression in the formula 

In other words the matrix which transforms the (A) into the is the 
transpose of the matrix which transforms the into the (A). Since 
the reciprocal of the transpose of a matrix is the transpose of its re¬ 
ciprocal it follows that if we write 



<m) 

In other words the coefficient of in the expression of {A} as a 

symmetric function of degree n in the variables (z) is the same as the 
coefficient of (A) in the analysis of or, equivalently as the coeffi¬ 

cient of D{X) in the analysis of the reducible representation A(/i) of the 
symmetme group on n letters. The desired coefficients are, accordingly, 
furnished by the Table 2 of p. 154. Again we must enter at the top of 
the table (instead of at the side) the desired coefficients being found in 
a column (instead of in a row) of the table. For a given value of m 
it is again convenient to first construct from the master table the table 
corresponding to that particular value of m. Thus for m = 4 the table is 


(4) {3,1} (2*) (2,12) {14} 


(4) 

1 

(3,1) 

1 1 

(2^) 

111 

(2,P) 

12 13 

(1‘) 

1 3 2 3 1 


and we read 


{4} = 

{3,1} = 
{ 2 “} = 
{ 2 , 1 ’“} = 
{l‘} = 


Tw{s) + r,2»,(s) -f (a) + r,,*,(a) 

r<a.i,(a) +2r,2,,.,(a) +3r,.<,(a) 

+ r, 3 .,.,(a) + 2r<i‘,(*) 

I’ll*) (»)• 


The solution of the two essential steps described on p. 161 is accord¬ 
ingly contained in the master tables 1 and 2 of pp. 153-154. The pro- 
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cedure for analysing {A'} ■ {A") which has been outlined on p. 161 may 
be formalised as follows: 

A. Precede by A'l each partition occurring in the, supposed known, 
analysis of the product of (A'z, • • - jA'm'} by {A''). 

B. Precede by A'l -1- 1 each partition of the, supposed known, analysis 

of the product of {A' 2 , ■ • *,A'm'} by a linear combination of 
simple characteristics of the symmetric group on m" — 1 letters. 
This linear combination is obtained by first e.xpressing {A"} as a 
linear combination of the sjnnmetric functions of degree 

rri \ of m letters (z) and then expressing the coefficient of Zi, 
which is a symmetric function, of degree m"— 1, of m — 1 letters, 
in terms of the simple characteristics of the symmetric group on 
rrC '— 1 letters. We shall denote this linear combination by B. 

C. Precede by A'l 2 each partition of the, supposed known, analysis 
of the product {a' 2 > • • •jA'm) by a linear combination of simple 
characteristics of the symmetric group on tti" — 2 letters. This 
linear combination is obtained from the coefficient of Zi^ in the 
expression for {A"} in terms of the (*); we denote it by C. 

D. Same as in B save that A'l -f-1 is replaced by \\ + 3 and m" — 1 
by m" — 3. We denote the linear combination by D. 

E. Same as in B save that A'l -f- 1 is replaced by A'l -f- 4 and m"— 1 
by m” — 4. We denote the linear combination by E\ and so on. 

Example: 

Let m" = 3, (A") = (2,1). Then {A"} = (*) + (*) J 

the coefficient of z, is 2 *Z 2 ^ + 22 *Z 2 Z 3 = r, 2 ) + = (2) + {l^}. 

Hence 5 = {2}{1®}. The coefficient of Zi* is 2*Z2 = Td, = {1} 
so that C = (1). There are no further terms. Suppose, then, we wish 
to analyse {2, 1} • (2, 1). The first step is the analysis of {1} • (2, 1} 
= (2, 1} • (1) == {3, 1} -f- {2^} + {2, 1=*) ; a 2 must be prefixed to each of 
these giving {2®} (2^,1*) (the first term {2,3,1} vanishing). The 

next step is the analysis of {1} * [{2} {!“}] = {2} ■ (1) {1^} • {1} 

=={3} -t-2{2, 1} +{1®} and on prefixing a 3 we get {3^} -j-2(3, 2, 1} 
+ {3,1®}. Finally we analyse {1} {1} = {2} + {1®} and prefixing a 4 
we get {4, 2} + {4, 1 ®}. Collecting our results we find 

{2,1} ■ {2,1} = {4, 2} + {4,1®} + {3®} 

+ 2{3, 2,1} + {3, !»} + {2®} + {2®, 1®}. 
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We give in the tables below the necessary expressions B, C?, D, E for 
all {A"") for which m^^S; it being always understood that (A^') is 
preceded by, if it is not identical with, its associate (/*"). 


Tables furnishing the necessary linear combinations B, C, D, E, 



B 

2. n = 3. 

B 

c 

in 

{'} 

{!■) 





{2,1} 

* 

{2} + {l') 

{>} 


3. n = 4. 

B 

c 

{'•} 

{!’} 


{2,1') 

{2,1} + {1>} 

{!•} 

{2'} 

• 

(2,1) 

{2} 


n — 5. 

B 

c 

D 

{!'} 

{2,1'} 

{i‘} 

{2,1'} + {1‘} 
{2»} + {2,l'} 

{!•} 


{2M) 

{2,1} 


{3,1'} 

{3,1} + {2,1') 

{2,1} + {1'} 

{n 


5. n s= 6. B C D 


{!•) 

{ 2 », 1 ’} 
{ 2 -) 
{3,1"} 
{3,2, 1} 


{n 

{2, 1*} -f (1«) j 

{»*} 



2* 1} + {2,1*} 

{2.1*} 



[2M} 

{2'} 



[3,1*} + {2,1*} 

{2, 1*} + {1‘} 

{>•} 

{3,2} + {3,1*} + {2M} 

{3,1} + {2'} + {2,1'} 

{2,1} 


6. re = 7. B 



in 

{ 2 , 1 ' 

{ 2 ’, 1 ' 

{2’,1 

{3,1'} 

{3,2,1') 

{3,2') 

{4,1') 


{1*} 

{2,1‘} + {1*} 

in 



{2M*} + {2, !•} 

{2, !•} 



{2*} -f {2M*} 

2M} 



{3,1>} + {2,1*} 

2,1*} + {!“} 

in 


{3,2,1} +{3,1*} 

{3,1*} + {2*,1} 

{2. 1*} 


+ {2*, 1*} 

+ {2,1-} 


{3,2,1} + {2*} 

{3,2} + {2M} 

{2*} 

{»■} 

{4.1*}+ {3.1*} 

{3,1*}+ {2,1*} 

{2,1-} + {l-} 
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7. n = 8. 
{!•} 
{ 2 , 1 -} 
{ 2 », 1 *} 
{2M.} 
{ 2 «} 
{3, !•} 
{3. 2. !•} 

{3, 2M) 

{3*, 1.} 
{3»,2} 
{4, !•} 
{4, 2. P) 


{ 2 , 1 ») + { 1 ’} 
{2M'} + (2, P) 

{2», 1\ + 12’, pi 

{2M} 

{3, P} + {2, PI 
{3,2, P) + {3, PI 

+ {2*,P} 

{3,2*} + {3,2, PI 
+ {2M} 

{3M} + {3,2,1} 
{3M} + {3,2’} 
{4,P} + {3,P} 
{4.2, 1} + {4, P} 
+ {3, 2, P} 


{•'} 

{2,P} 

{2*, P} 

{ 2 -} 

{2,P} + {P} 

{3, P} + {2>, P} 

{2. P} 

{3.2,l} + {2>} 

+ {2>, P} 

{3,2, 1} + {3, P} 

{3'} + {3, 2,1} 

{3,P} + {2.P} 

{4, P} + {3, 2,1} 

+ {3, P} + {2-, P} 


{P} 

{2. P} 

{2M} 

{3,P} 

{3,2} 

{2.P} + {P} 
{3, P} + {2>, 1} 
+ {2,P} 


in 

{2, P} 


We have given elsewhere the analysis of all direct products {A') ■ {A") 
for which + (American Journal of Mathematics 59, pp. 

483-487 (1937) and 60, pp. 44-65 (1938)). We have also given, as 
illustrative examples (in the second of the two papers referred to) the 
analysis of the products {4, 2^} • (2,1), (7, 2} {3,1}, (4, 3,1} • 1} 

and (42} ■ {2^}. The direct product being analysed in the last of these 

examples is a representation of dimension 2,522,520 of the symmetric 
group on 16 letters. 


CHAPTER SIX 


THE ALTERHATIHG GROUP 

In this chapter we shall show how the knowledge of the character 
table of the symmetric group on m letters enables us to construct the 
character table of its alternating subgroup, i.e . the group of m\/2 even 
permutations on m letters. 

1, The classes of the alternating group. 

Since a class (a) of the s 3 Tnmetric group, Gy on m letters, is either 
even or odd, i. e. consists entirely of even or of odd permutations, this 
class will either lie entirely in the alternating subgroup, H, or have no 
element in common with it; the class (a) lying entirely in H if 
+ * * * is even. Assuming that (a) lies entirely in H it remains 
to see whether or not H refines (a), i. e. whether or not all elements of 
(a) belong to the same class of E. Two elements s and t of (a) belong 
to the same class of H if there exists an element h oi H (i. e. an even 
permutation h) such that h~^sh = t. Since, 5 , t belong to the same class 
(a) of G there exists a permutation p oi G such that p-'sp = 1; \i then 
there exists an odd permutation q which is commutative with s: qs ^ sq: 
we have s = q-'^sq so that, in addition to p-^sp = t we have = ^ 

i. e. {^p)~'sqp = t. Since q is odd, one or other of the two permuta¬ 
tions p,qp is even so that we have the basic result: a class (a) of the 
symmetric group on m letters is not refined by the alternating subgroup 
if any element of it is commutative with an odd permutation. It is 
evident that if any one member 5 of (fit) is commutative with an odd 
permutation any other member ^ of (a) has this property. For 5 = hth-'- 
so that s = q-^sq implies hth-^ = q-^hth-'^q, i.e. Ir^qht = th~'^qh and 
h~^qh is odd when q is. Since any permutation s of (a) is commutative 
with each of its cycles and since a cycle on an even number of letters 
is an odd permutation it is clear that (a) is not refined by H if any of 
the numbers oc^y ^ 4 , • • • > 0 . Furthermore (a) is not refined by E if 

any of the numbers ai, as, a®, ‘ ■ • 1; in fact let a permutation s oi 

(a) contain two cycles (1,2,- • •, 2p + l) (2^-j-2, ■ * •, 4p-f 2) on 
2p + 1 letters. Then s is commutative with (1, 2p + 2) (2,2p -f- 3) -' 

(2p + l, 4p + 2) for 

(1, 2, - - •, 2p + 1) (2p -I- 2, • • ■, 4p + 2) (1, 2p + 2) ■ ■ (2p + 1, 4p+2) 

^ (Ij 2p + 3, 3, 2p + 6, • • •) 
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(all the numbers in the second half of this cycle being reduced by 1) and 

(l,2;? + 2) (2p+l,4p + 2)(l, 2, * - •, 2p + l) (3;7 + 2, • • -, 4p-|-2) 

also = (1, 'Zp + 3, 3, 2p + * ' ')* Since the product 

(1, 2p + 2) (2, 2p + 3) ■ ■ - (2p + 1, 4p + 2) 

is odd it follows that {«) is not refined by H. The only case when (a) 

is (possibly) refined by H is that where «i = 1 or 0; as = 1 or 0; • • • 
*2 = «< = • • • = 0. In this case any element s of (a) is not com¬ 
mutative with any odd permutation; in fact the elements in G which 
are commutative with any element s belonging to the class (a) of G 
form a subgroup of G of order ml-Hnja) and when (a) contains only 
cycles of unequal length this is the product of the lengths of these cycles. 
This subgroup contains the subgroup consisting of the products of the 
various powers of the individual cycles of s; since the lowest power of a 
cycle on k letters which is the identity is the k-th the order of the sub¬ 
group consisting of the products of the various powers of the cycles of s 
is the product of the lengths of these cycles. Hence the group of all 
permutations commutative with s is exhausted by the group generated 
by its cycles; but every element of this group is even since each cycle, 
being of odd length, is even. Hence s is not commutative with any odd 
permutation of G. It follows that (a) is actually refined by H. In 
fact let p be any odd permutation and consider the two elements s and 
t p’^sp of (a) ; there does not exist any even permutation k which 
transforms s into t since t = h~^sh would imply p~^sp = h~^sh, i. e. 
s • ph'^ = ph'^ • s which is impossible since ph~^ is odd. The elements 
h^^sh, h variable over H, form a class (o') of H and the elements p~^sp\ 
p odd, form a second class (a") of H; for if p and q are both odd and 
we write p~'^sp *= t, q~^sq = w we have u = where q~^p = h 

is even. The final result of the discussion is then the following: 

All classes (a) of the symmetric group on m letters are unrefined by 
the alternating subgroup H save those for which the permutations contain 
only cycles of unequal odd lengthy and each of these classes is refined 
into exactly two classes of B. The number of elements n^a') in the class 
(o') of H is the same as the number of elements Uia") in the class (a") 
of H each being one-half the number of elements n(a, in the class (a) 
of G. In fact the number of elements in (o') is the quotient of the 
order ml/2 of B by the order of the subgroup of B which consists of 
the elements of B which are commutative with a given element h' of 
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(cf') ; but all elements of G which are commutative with h' are even, 
and, hence lie in H. Hence the number of elements in («') is 


Ufa') = (m !/2) (m I/n^a)) = n(a)/2 


and, similarly, nfa”) = n(a)/2. Since a class (a) is refined by H when 
and only when oti = 1 or 0; < 2 ^ = 1 or 0; • • • az = a* = • • • = 0 the 
number of classes which are refined equals the number of partitions of 
m into unequal odd numbers, i. e. to the number of self-associated par¬ 
titions of m. This number is the coefficient of in the continued 
product (l-hx)(l+x®)(l-j-a:®) - ■ • and this is the same as the 


coefficient of x” in the 
In fact this fraction 


development of 


1 


_ 1 + g __ 1 ~\-x _ 

(1 —x=) (1 (i— a:^) (1 — x*) (1 + x*) (1—a:“) •• 

__ (1 + X)(1+X^) _ (l+x)(l-}-x«)(l-fx°) 

(1—x“)(l—X«)(l+x«) • (1—a:') • 

and so on. On writing out the expansions 


1 00 1 OO 1 oo 

— x)(l + x*)(l—x») • • • 
to be the difference between the number of solutions of «! + 2of2 + ' ' * 
-{- mctrn — m for which *2 + «4 + ‘ ' is even and the number for which 
it is odd. In other words if u denotes the number of odd classes 
of the symmetric group on m letters and if v denotes the number of 
(even) classes of this symmetric group G which are refined by its 
alternating subgroup H (each into two classes, containing the same 
number of elements, of H) the number of even classes of O = v so 
that the number of classes p of G—2u-\’V whilst the number of classes 
p' of H is u -|- 2u, Each of the v classes consists of permutations con¬ 
taining unequal cycles of odd lengths; with any one of these we can 
associate an odd class formed by reducing the length of one of the cycles 
by 1 and adding a unary cycle. Hence u ^ r so that the number of 
classes p' of H is not greater than the number of classes p of O. The 
values of w, v, p, p' for the various symmetric groups up to m ■= 10 are 
given in the following table: 


the coefficient of x"* in the product 


(1 
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2 10 2 1 

3 113 3 

4 2 15 4 

5 3 17 5 

6 5 1 11 7 

7 7 1 15 9 

8 10 2 22 14 

9 14 2 30 18 

10 20 2 42 24 

Since v is the number of self-associated irreducible representations of the 
sjTnmetric group G on m letters and since the total number of distinct 
irreducible representations oi 0 is p = 2u v, u is also the number of 
pairs of associated representations of G. The number of distinct irre¬ 
ducible representations of the alternating subgroup of H is p' — w + 2v. 
We shall see in the next section that each pair of associated irreducible 
representations of G furnishes an irreducible representation of H and 
that each self-associated irreducible representation of G furnishes two 
irreducible representations of if, the irreducible representations of H 
obtained in this way being all distinct. 

2. The simple characteristics of the alternating group on m letters. 
Let D{X.) be an irreducible representation of the symmetric group, (?, 

on m letters with characters X(X)(s)‘ Then 2 {x<X)(5)}* “ ml the sum- 

$ 

mation being over all permutations s of 0. If h is an arbitrary element 
of the alternating subgroup H and p is any odd permutation we may 
write this equation in the form 

A A 

the summations being over all elements h of H, If D(p) is the 
associated representation of 0 {D (A) being supposed not self-asso- 

ciated) xw(^) =X(X)(A); X(M>(P^) --X(X)(p^) and the relation 

2x<X)(s)x(fi)(«) = 0 yields 2 (xtX) (fe)}* ■= 2 {x{X) (p^) so that 

• h M 

(6.1) 2x(X,(A)*-m!--2. 

(A) 

The numbers X(X)(^) are the characters of a representation of H and 
the equation (6.1) tells us that this representation is irreducible (since 
the order of H — m! 2). Hence each pair of associated simple char- 
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acteristics of G furnishes a simple characteristic of H. These simple 
characteristics are all distinct; in fact if D{/) is a second pair 

of associated irreducible representations of G we have 

2x(m(^)x<V)(A) + 2xtX>(M)X(V)(M) =0 

A h 

and also 

2x<m(^)x<m')(^ 0 4- 2xtx>(M)xi^i')(M) = 0. 

X A 

Since xtfi'iW =X(X')(^)j X(p')(P^) = — X(X'>(P^) obtain, on adding 
the two equations just written, 

2 X(X)(^)X(X'>(^) = 0 

h 


showing that the two irreducible representations of H, whose characters 
X(X)(^) and x<X')(^0^ respectively, are non-equivalent. We obtain, 
therefore, the characters of u non-equivalent irreducible representations 
of H by merely writing down those characters of either one of a pair of 
associated irreducible representations of G which are attached to the even 
classes of G. These characters take the same value over each of the two 
classes into which H divides each of the v classes of G whose elements 
consist of cycles of unequal odd lengths. 

To obtain the remaining 2v simple characteristics of H we consider 
the V self-associated representations of G. Let D{\) be one of these; 
then x<X)(^) are the characters of a representation of H which is, 
however, reducible. In fact x<X)(p^) = 0 so that 

2 {x(X) W }* = 2 {X(X) {s)y = m\ = ^‘2, 

A • 2 

Hence the representation of H whose characters are x<X)(^) contains two 
irreducible representations of H each one once. We denote these two repre¬ 
sentations of H by D'{X.), D"(\) so that X(X)(^) = x'(X)(A) -f- x\\Ah). 
Now the characters of the representation //(A) of H furnish a simple 
characteristic of H and this enables us to construct by the method of 
p. 98 a characteristic of G ; the characters of the corresponding repre¬ 
sentation r of G are found by averaging the characters of D*{\) over 
the classes of H which constitute a refinement, by H, of a class of G and 
by then multiplying this average by 2 (the ratio of the order of Q to that 
of H). Denoting the characters of this representation of G by x have 


x(^) “x'(X)(A) 4-x'x(p'*^p) 

x(p) = 0 


i 


p any odd permutation of G. 


If h belongs to a class of G which is not refined by Hx'(X) = x'x) (^) 

so that xW “ 2x'(X)(^). 
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The numbers x'aAP'^^p) are the characters *p{h) of a second repre¬ 
sentation of H which is said to be conjugate to the representation D'{K) 
and which is obtained as follows. Let A {h) denote the matrices of Z)'(A) 
and define the matrices B{h) thus; 

B{h) = A(p-^kp). 

Then the matrices B(k) furnish a representation ot H: in fact 

B{h')B{h) =A{p~^h'p)A(p-'hp) = A{p-^h'p p~^kp) 

= A(p'^h'hp) =B{h'h). 

Also 5(e) =A(e) = Ed- where e is the unit permutation and d\\^ 
is the dimension of i^CA); finally B{h-^)B{h) =5(c) =Ed’^^y De¬ 
noting this conjugate representation of 2/(A) by D'(A) it is clear from 
the definition that the conjugate of D'{k) is D'{k) ; and we have seen 
that both representations have the same dimension d\\i. If p were an 
even, and not an odd, permutation the characters ia^{h) of ^(A) 
would be the same as those of i?'(A) so that the two conjugate repre¬ 
sentations would coincide. But this cannot happen when p is an odd 
permutation; for if 2>'(A) and D'(A) were equivalent the characters x(^) 
of the representation r of (? which are attached to elements of H would 
be twice those of 2>'(A), the remaining characters of T being zero. Hence 
r would contain two irreducible representations of Q. One of these is 
(by the theorem of p. 100) and the other would have to be self- 
associated since all its characters which are attached to odd permutations 
p vanish. Denoting it hyD{p.) we have X(X>(^)+(ft) = V(X) (^) i-e. 

W + x'''(X) {h) x'(M) (ft) H- x''(M) (ft) = ^x'lX) (ft) 

or 

X^x> (ft) = x^^X) (ft) + X (ft) + x\i^) (ft) 

implying ^/(A) == 2>"(A) O'{y.) -j- iy'{y) which is absurd since 
D'(A) is irreducible. 

It is clear that the characters of D'(A) are merely a rearrangement of 
the characters of i>'(A), simply because p~^hp runs, with A, over H. 
Hence the irreducibility of i>'(A) implies that of ^(A) (the criterion 
of irreducibility being that the average over H of the squared moduli of 
the characters be unity). It follows that the representation r of G whose 
characters are ;( is irreducible: 

2 I x(«)l* “ 2 I x(ft)l* “ 2 I x'<x)(ft) H-x'(X)(?>'*ft;?)|® 

9 H h 

= 2{x'(X)(ft) + x'(X)(p'^ftp)}{x'(X)(ft‘*) + x'(X) (p"*ft“*;?)) 

h 

—• im ! -}- 0 -|- \m .! — m I. 
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Since it must contain D{\) once it must coincide with /1(A). Hence 
the second simple representation D"{X) of H is the same as the conjugate 
representation ^'(A) : 

X(X)(fe) =x' 

We have, then, obtained from the u pairs of associated representations 
and from the v self-associated representations of the S3rmmetric group 0 
on m letters u Zv irreducible representations of its alternating sub¬ 
group H ; and we have seen that no two of the first u of these are 
equivalent. No one of the last 2v irreducible representations of H is 
equivalent to any one of the first u; in fact if x<m)(^) are the characters 
of one of these u representations the non-equivalence of the representa¬ 
tions D{\)yD{ii) of G yields 2 X(X) (^)x(^*) (*) ” or, equivalently, 

2x(X)(^)xw(^) = 0. Hence S {x'(X)(^) + X <x, (A)}x(c)(^) -= 0; 

X A 

and since the representations i>'(A),Z>'(A) of H are non-equivalent 
one or other (and hence both) of the two sums 2x^x> (^)X(#*) (^)> 

2x^X)(^)X(M)(^) must vanish. This proves that neither //(A) nor 

A 

ly (A) is equivalent to any one of the first u irreducible representations 
of H, Finally, if j9(A), il(^) are any two self-associated representations 
of O, neither of the two irreducible representations //(»), Z>'(^t) of S 
is equivalent to either of the two irreducible representations //(A), 
iy{X) of H. In fact the non-equivalence of D{\) and D{ix) yields 
2{x^x>(A.) + x'^(\>(A)){x'(#i>(A"‘) +x'<M)(^"^)} — 0. Since />'(/*), 

A 

^(/i) are non-equivalent one orother of the two sums 2x'(X)(A)x'(#i)(^"‘)» 

h 

2x^<X) (^)x^#*)(^"') must vanish. For the sake of definiteness suppose 

the first vanishes and observe that this implies the vanishing of 
2 x'(X>(p^"Ap)x'(M)(P‘"A"V)» r-e* of 2x (X)(A)x'(^,(A->). Hence 

2 x\x) (A)x',^, (A-^) + 2x'(X)(A)x'(M)(A"^) =0; 

X A 

on replacing h by p~^hp in the first of the two sums it becomes clear 
that the two sums are equivalent so that 2 x'(X) (A)V(/i> (A"^) = 0 imply- 

_ A 

ing the non-equivalence of Jy(\) and ^(/i) (or, equivalently, the non¬ 
equivalence of .^(A) and i>'(/t).) Hence no two of the «-f 2t; 
irreducible representations of the alternating group whose characters 
have been found from those of the containing 83Tnmetric group, are 
equivalent and we are in possession of the complete character table of 
the alternating group. 
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Examples: 

The cases m = 2 , 3 are uninteresting. For m = 2, S' is the group 
consisting of but one element and the only irreducible representation is 
the identical representation. For m = 3, H is the cyclic group of order 

three consisting of the permutations 1 , (123), (132). Its character 
table is 


X(*) X^2.1) 


C7,= (l>) 

1 1 1 

= (123) 

1 <il 40^ 

Ca = (7"3« (132) 

1 (t>^ Cl> 



1 -j- O) -f- w* 0. 


The case m = 4 is quite interesting, the corresponding group, of order 
12 , being known as the tetrahedral group (since it can be geometrically 
realised by the group of rotations sending a regular tetrahedron into 
itself). It has four classes: C„ the identity; Cj = (2“) the set of three 
rotations, through tt, around a line joining the mid-points of opposite 
edges of the tetrahedron; C^= (1, 3)' the set of four rotations, through 
27r/3, round an altitude of the tetrahedron; and = ( 1 , 3 )'', the set of 
four rotations through — (^/3) round an altitude of the tetrahedron. 
Remembering that x'(X) (A) = ix<X) {h) if h belongs to a class of G which 
is not refined by H and that the characters x'(X) are a rearrangement of 
x'<X) (the sum x'(X) + x'(X) being X(X)) we at once write down 


X«) XO.l) X^(2*) X^(2*) 


( 7 *= ( 2 ^) 
C7a- (1,3)' 
C 4 - (1,3)" 



1 

3 

4 
4 


where x y “ — 1- Since x‘'< 2 *), x'czb are one dimensional representa¬ 
tions and all elements of the class Ca and C 4 are of order 3 (i. e. have 
their cubes «=> the identical permutation) x and y must be cube roots of 
unity. Since their sum is —1 we have x = to, y — a>* where 1 -j- <0 -|- = 0 

i. e. <u = (—1 V—3)/2. Hence the character table for the tetra¬ 
hedral group is 



X<«> 

X(*.u 

X'(2') 

X(2’) 

C^ - (1*) 

1 

3 

1 

1 

C 2 — (2") 

1 

— 1 

1 

1 

(7.- (1,3)' 

1 

0 


O.* 

f74-(l,3)" 

1 

0 




1 

3 

4 
4 
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When m = 5 the alternating group is of order 60 and is known as the 
group of the icosahedron. Its character table is 




X(5> 


X(3.2) 

X^3,l*) 

X^a.i*) 


c. 

= ( 1 =) 

3 

4 

5 

3 

3 

1 

c,- 

CO 

1 

1 

— 1 

0 

0 , 

20 

c,~ 

( 1 , 2 =’) 

1 

0 

1 

— 1 

— 1 

15 

c. 

-(5)' 

1 

— 1 

0 

X 

y 

12 

Cs- 

= (5)" 

• 

1 

— 1 

0 

y 

X 

■ 12 


The permutations of the class are the squares of those of O 4 and vice 
versa; for (13345) is sent into its square (13524) by the odd permutation 
(2453), Hence each of the classes contains the fourth power 

(i. e. the reciprocal) of each of its elements so that the numbers x and y 
are real; we have x y = 1 and the orthogonality relation connecting 
the fourth and tifth rows of the table yields xy -|- 1 = 0 so that x, y are 
the roots of tlw quadratic equation 6^ — 6 — 1 = 0. Hence a:== (1 -f- )/2. 
y= (1 —V5 )/2, 



CHAPTER SEVEN 


LINEAR GROUPS 

In this chapter we shall discuss the continuous representations of the 
unimodular subgroup of the full linear group and shall consider the 
semi-rational representations of the full linear group. The chapter closes 
with a description of all continuous representations of the full linear 
group. 


1. The rational representations of the unimodular group. 

The unimodular group of dimension n consists of all n y, n matrices 
A of determinant 1. We denote the matrices of any rational representa¬ 
tion of this group by D{A) so that the elements of D{A) are rational 
functions of the elements of A. Reducing these to a common denomi¬ 
nator 4>{A) the elements of D{A) are all of the type ^a'‘(A)/^(A) where 
the ^8^{A), <f>(A) are polynomials in the elements a/ of A. If B is 
any non-singular n X ^ matrix the matrix A = aR, where a" = (detB)"', 
is an element of the unimodular group (a being chosen, for convenience, 
so that a «= 1 when detR = l). The n roots of the equation for a: 
a" = (det R)"* being denoted by at = = 0,1, • • •, n — 1, the 

n-1 

product n is a polynomial in the elements of R whose 

t=0 

coefficients are symmetric polynomial functions of the at. It is accordingly 
apol)rnomial in the elements of R and in (detR)"^; i. e. it is a rational func¬ 
tion of the elementsofR. Each element A) = i/^a''(aR)/<^(aR) 

appears, accordingly, on multiplying both numerator and denominator 

n -1 

n </»(ae^‘*/"R) as a polynomial of degree n — 1 in a whose coeffi¬ 
cients are rational functions of the elements of R; in other words 
^(A) “ D{aB) may be expressed as a pol 3 'noraial of degree n — 1 in a 
whose coefficients are matrices whose elements are rational functions of 
the elements of R: 

Let Ri be any other non-singular n'X.n matrix and let the unimodular 
matrix Ax be derived from Ri just as A was derived above from R, then 
the representation property D{AxA) = D {Ax) D {A) yields (since the 
a for RjR is aia) 


(LI) 2I2ft(BiR)(aia)>'— (2Rp(5i)ai*')(SI?«(B)afl). 

^=0 

177 


k^o 
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Holding fixed and regarding B as variable this is an equation of 
degree •< n satisfied by a (the coefficients of the equation being rational 
functions of the elements of B). Since det B is an irreducible poly¬ 
nomial in its elements the equation os”—(det5)"' = 0 is irreducible 
i. e. no equation, with coefficients rational functions of the elements of B, 

of degree <! n is satisfied by a. Hence (7.1) must be an identity in ce 
so that 

Rq(BiB)ai*i R^(Bx)Rq(B)a^^'j g = 0,1, • • • n — 1. 

p=0 

Repeating our previous argument (where now Bx is variable and B fixed) 
we find 

(7.3) Rq(BxB)=R^{Bx)Rq{B); R^{Bx)Rq(B) = Q, p^q. 

This implies that R(B) = 2 Rk(B) is a rational representation of the 

k=0 

full linear group. When R is unimodular a = 1, A =B and D{A)=R{A). 
In other words any rational representation of the unimodular subgroup 
may be imbedded in a rational representation of the full linear group. 
Since, by the theorem of p. 34, R{B) = P(R)/(detR)* where is a 
positive integer or zero and P{B) is a rational integral (= polynomial) 
representation of the full linear group and since when R is unimodular 
P(B) =R(J3 ) we have the basic result: 

Any rational representation of the unimodular subgroup of the full 
linear group may he imbedded in a rational integral representation of 
the full linear group. In other words we are in possession of all rational 
representations of the unimodular group when we know the rational in¬ 
tegral representations of the full linear group. Since all rational integral 
representations of the full linear group are either irreducible or analysable 
(= completely reducible) it follows that all rational representations of 
the unimodular group are either irreducible or completely reducible. In 
fact it is clear from the construction of the imbedding representation 
{P(R)) that when {D{A)) is reducible so also is {P(R)) (in fact each 
zero element of D{A) yields a corresponding zero element of each and 
every Rfc(R), 0,1, * ■ • ,n -— 1, and hence a zero element of R(R)). 
Hence the reducibility of {D{A)) forces the reducibility of {R(R)); 
this implies the analysability of {R(R)} (by the basic theorem of p. 129) 
and hence, a fortiori, the analysability of {D{A)} since the collection 
of matrices {R(A)} is a subset of the collection {R(R)}. The irreducible 
representations (rational) of the unimodular group are to be sought for 
amongst the irreducible rational integral representations of the full 
linear group; and the converse is true: each irreducible rational integral 
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representation {P(5)} of the full linear group furnishes by the selection 
principle^ i.e. by setting D{A) =P(A), an irreducible representation 
of the unimodular subgroup. The proof of this statement is precisely 
the same as the proof of the corresponding theorem for the unitary sub- 
poup (p. 130). We first prove that any homogeneous polynomial 
in the elements of an n X ^ matrix B which vanishes when these 
elements are the elements of a unimodular matrix A must vanish identi¬ 
cally. Any such polynomial of degree m may be written in the form 
S *£ • • • coefficients ;;; ^"may, without any loss of 

generality, be taken as symmetric in the superscripts (;) and in the 
subscripts (fc). We are given that when the 

variables (a/) are conditioned by the single equation detA = l. On 
forming the differential of obtain m terms (each 

of which is an emmuple summation) but, owing to the symmetry of the 
coefficients ^these are all the same. Hence, on writing for the 

moment eg;;; ■ ai^l “ HZ ^ave 0. The dif¬ 

ferential of det A is found by taking, in turn, the differential of each row 
and adding the results so that it is da^^ where A^^ is the cofactor of 
Or* in the expansion of det A. Hence we must have doa^ = 0 where 
the differentials da/* are connected by the single relation da^^ = 0. 
Hence />* = AA/* where A is an, as yet, undetermined multiplier. To 
determine it we substitute back in the original relation which now appears 
in the condensed form /^® Oa^ = 0 and find A det A =- 0 i. e. A = 0 (since 
detA —1). Hence//* = 0 or cJ;;;®--j*~a5. . .aj;--i=0. Proceeding 

with each of these homogeneous polynomials of degree m — 1 in precisely 
the same way (in other words, using the principle of mathematical 
induction) we are forced to the conclusion so that 

H then {Z)(A)} ={ F(A)} were reducible 
(hence completely reducible) the collection {F(F)} would also be re¬ 
ducible, contrary to hypothesis; in fact the assumed analysability of 
{F(A)} is expressed by the fact that there exists a transforming matrix 
T (with elements independent of A) such that 


T-^D(A)T = D,{A) 4-2>2(A), 

Each of the equations implied by this matrix equation expresses the 
vanishing of a homogeneous polynomial in the elements of A. Hence 
these polynomials must vanish identically so that 


T-^P(B)T^P,(B) +P2(B). 
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The results of the present section may be expressed concisely by the 
statement: the rational representations of the unimodular subgroup 
furnish nothing new. They are all completely reducible and the irre¬ 
ducible representations are obtained by the selection principle from the 
irreducible (hence homogeneous) rational integral representations of the 
full linear group. Their characters are where (A) is a partition 

of m (the degree of the representation) containing not more than n non¬ 
zero elements (where n is the dimension of the unimodular group) and 

= Tr{A^). No two of these irreducible representations can have the 
same characters if they are of the same degree m j for an assumed rela¬ 
tion ^(\')(«) =<^(X)(«) valid when Sh = Tr{A^)f det^ = l would imply 
^(X')(«) =^<X)(s) valid when Sk = Tr{B^)y det 5 arbitrary (since the 
^(X)(<s), as polynomials in ( 5 ), are polynomials, homogeneous of degree 
ruy in the elements of B). But the characters of the irreducible repre¬ 
sentations M^\•y{B)yM^\){B) of the full linear group are different if 
(A) (A') (p. 129) ; hence the corresponding characters of the uni¬ 
modular subgroup are different if (A) (A'). In other words two 

irreducible rational representations of the unimodular group are equiva¬ 
lent if they have the same characters. 

2. The rational representations of the extended unimodular group. 

The extended unimodular group, of dimension n, consists of all n X ^ 
matrices whose determinants = ± 1. It contains the unimodular group 
as a subgroup of index 2 (hence invariant). Denoting, as before, by A 
a typical element of the unimodular group any matrix C of the extended 
unimodular group whose determinant = — 1 is of the form G = JA 

where is a particular such matrix. We shall take J = ( ^ ^ ) 

\ 0 J&n-l/ 

so that — En'i then the unimodular group H {A) possesses in the 
extended unimodular group H' the two cosets Hi = E, = 

Let r' be any non-analysable rational representation of H'y it induces, 
by the selection principle, a representation r= {i)(J.)} of S'. So far 
as we yet know T may be reducible; if it is it must be completely reducible 
(by the result of the preceding section) and a typical matrix of it may 
be presented in the form 

(7.3) D{A) = D,{A) ^ ^ . - + Dfc(^) 

where {D}{A)) is an irreducible rational representation of Et 
y = 1, 2, • • ‘ yh. Now J sends any element A ot H into an element A 
of H A=J~^AJ and the collection {Dj(A)} defined by DjiA) 
*=Dj(4) = Dj{J~^AJ) constitutes a representation of (by the reason¬ 
ing of p. 173) known as the conjugate of {Di{A)}. Since {Df{A)) 
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may be imbedded in a representation {P, (B) ) of the full linear group 
we have ® ^ 

Di(A) =^D,(a) =P,(A) 

^P,(J-^)P,{A)P,(J) _ {P,(J))-^D,(A)Pi(J) 

so that [Di(A) ) coincides with its conjugate {Z>,(4)). Denoting by K 

the matrix which corresponds to J in the representation r' of H' we have 
since F is imbedded in V' ’ 

(l.i) KD(A)=KD(J-^AJ)^D(A)K, 

and if K, when written as a block matrix of the type determined by 
3) is 

£■1* • 


(7.4) yields the equations (since D{A) =2D>(<7-M</) =^i)i{A)) 

(7.5) K,<^DAA)=D,{A)K^<^‘, - 

If the irreducible representations {Dp{A)}, {D^{A)] are non-equivalent 
the irreducible representations {Dp{A)}, {D^{A)) are non-equivalent, 
since {Dp(A)} and {Dp{A)} are equivalent and so, by Schur's lemma, 
-S’p« = 0; an interchange of p and q yielding = If, then, 

{Di(^)}, • ■ • ,{Dr{A)} are equivalent whilst no one of the remaining 
representations (2)r+i(^)},- • t{D^{A)) are equivalent to {i?i(^)} 
all Kp^, vanish for which p belongs to the set (1, • • •, r) and q to 
the set (r + 1, • • ■ ,k); there being no lack of generality in denoting 
by {1^2(-4)},’ • y{Dr{A)} the representations in the set {D){A)) 
which are equivalent to {Di{A)) since this can always be arranged, if 
necessary, by means of a transforming permutation matrix. Since the 
matrices of the representation T' ol H are of the forms D{A)yED{A) 
it follows (in order not to contradict the hypothecated non-analysability 
of F) that no two of the irreducible representations {Df{A)} of H are 
non-equivalent. We may, therefore, by a proper choice of basis, write 

D{A) ^Eu'KD.iA) 

and the equations (7. 5) then appear in the form 

(7.7) Kp^A{A)^D,{A)Kp>^; ^ ^ 

The equivalence of {D^A)) and {D,{A)} is expressed by the formula 
i?i(j4) — r~'i)i(i4)rand so (7.7) implies 





182 


LINEAB GROUPS 


or, equivalently, (Kp^T = D^(A) (Kp^T~^). Hence, by Schur's 

lemma, Kp^T~^ is a scalar matrix: 

(7.8) Kp^ = fp^T; K = FXT 

where F is a fc X matrix and T is the matrix Pi{J) which transforms 
{Z>i(A)} into It should be observed that if we effect a change 

of basis for the representation r' of JB' by means of a transforming matrix 
R of the type S X E<ii (where 5 is a fe X ^ matrix and di is the dimen¬ 
sion of i>i(^)) the matrices D(A) =EhX Di{^) are unaffected since 

(5 X XDi{A)){SX E,,) 

= {S-^ X E^) (E^ X BiiA)) {S X E<tr) =E^X DM) 

whilst K undergoes the transformation 

E-^ (S X E^y^(FXT)(S X Ed,) = S'^FS X T 

so that the change of basis for F' induces the transformation of F by 8. 
Since E and T = PM) correspond to J in the representations F' and 
(Pi (5)} of H' and the full linear group, respectively, and since J^^En 
we have E^ = Ed, = Ed, where d is the common dimension of F' and 
F and di is the dimension of {Pi(.4)}. Since E^ = {F X T)(FX P) 
= F^ X we have Ed = F^ X Ed, so that F^ = Ek. On introducing 
a new basis for F', if necessary, so that F is presented in its Schur 
canonical form (p. 25) we have, since F^ = Ek, 

^’=(f + 

But this apparently implies that E = F X P is analysable and, hence, 
the analysability, contrary to hypothesis, of F' whose matrices are 
{I)(A)} = {£',X-Di(4)} and KD{A) = {F X TD,(A)}. The only 
loophole for escape from this dilemma is that A; = 1 in which case 
F = ± 1,E = ± Pi{J). Hence the representation F of H which is 
obtained, by means of the selection principle, from any given non- 
analysable representation of H' is irreducible and F' is of the form 
{D{A), zt P{J)D{A)} where P{J) is the matrix corresponding to J 
in the irreducible rational integral representation of the full linear group 
in which the irreducible representation {P(J.)} of the unimodular group 
IS imbedded. When the positive sign is taken F' = {D{A) =P{A)', 
P{J)D{A) = P{JA)} is imbedded in the irreducible representation 
P{B) of the full linear group. Whichever sign is taken F' is irreducible 
since the subset F = {P(J.)} is irreducible. Hence every non-analysable 
rational representation of the extended unimodular group is irreducible 
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so that reducibility and complete reducibility are synonymous for rational 

group (just as they are for 
rational representations of the unimodular group, or of the full linear 

group). All irreducible representations of the extended unimodular 

irreducible rational integral representation 
of the full linear group and setting 1^== {P(A); P{JA)} or 

^ ^ running over the unimodular group and 

= det c/ = ~ 1. If C denotes an arbitrary element of the extended 
unimodular group. 


r = {P(a)} ; r" = {det CP(C )). 

3. The continuous representations of the unimodular group. 

If ^ is an arbitrary element of the n dimensional unimodular group H 
and if {^(yl)} is a representation r of ^ we say that T is continuous 
at a ‘‘point” A of if the elements of D{A) are, each and every one, 
continuous functions of the elements of A at the set of values a,*-; 
this is equivalent (p. 54) to the statement 


I B{A + AA) —I^(A)| —> 0 with | AA |. 

If B is any point of H we have D{B) D{BA~^)D{A), and, AB being 
arbitrary we define A -f- AA, and hence AA, by the equation 

(7. 9) (A + AA) = AB-^{B + AB); AA AB'^AB 

so that as AB -> 0, AA 0. Then 

B(B +AB) =B(BA->)B(A + AA) 

so that 


D(B + AS) —D(B) = D(BA-^) (D(A + AA)—D(A)) 

implying D{B AB) — ^{B') —> 0 with AB. In other words a repre¬ 
sentation r of which is continuous at any one given point A of H is 
continuous at each and every point B of H. The only discontinuous 
representations of H are those which are everywhere discontinuous. In 
the derivation of this result no specific properties of H were used other 
than the fact that all A + AA defined by (7. 9) belong to H if | AB | is 
sufficiently small. We understand in what follows that all representations 
referred to are continuous. 

If s is any real number the matrix 



is a member of B and the collection (A (s) } is an Abelian subgroup K 
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oi H; it being evident that = A{s t) = i4(i)A(s). The 

collection of 2 X 2 matrices 1(5) = ^ is a representation of this 
subgroup and hence its symmetrized Kronecker m-th power (p. 74) 



is a representation of K. That this representation is non-analysable 
follows from the fact that the only matrices which commute with every 
matrix of [l(s)](m) have all their characteristic numbers equal; it being 
at once clear, on developing the matrix equation 

[1 (^) “ P[1 (s) ] (ffl) 

that P must be a triangle matrix (i. e. a matrix with all elements above 
the main diagonal zero) with all its diagonal elements equal. We now 
show that any real continuous non-analysable representation, of dimen¬ 
sion m + 1, of I" is equivalent to [l(5)]t„>e“*, a an arbitrary real con¬ 
stant, To do this we denote the matrices of any such representation of 
K by F{s) so that F{s) has, for every 5, only one characteristic number 
A(s) (p. 39) (since the collection (P(0} is non-analysable and F{s) 
commutes with every member of it). A(5) is a continuous function of 
the elements of P( 5 ) and, hence, of s since the representation {P(s)} is 
assumed to be a continuous representation of K. Furthermore it satisfies 
the equation A(s +/) = since A(5)A(0 is a characteristic 

number of F{s)F{t) (p. 44) and this product being =P(5 + 0 has 
only one characteristic number, namely, A(5 + f). Hence, (p. 32) 
A( 5 ) = where a is a real constant (A(s) ^0 since F{s) is non¬ 
singular). The quotient G(s) = F{s)/X{s) = F{s)e-^^ furnishes again 
a representation of K and all the characteristic numbers of 0{s) are 
unity, every s; hence L{s) = 0{s) — Em*i has all its characteristic 
numbers zero so that (X(s) )"**' = 0. Denoting 1/(1) by C we have 
Cm*i ^ 0 so that, if n is any positive integer, the matrix 

(B...i + C')- = i?.„. + (j)c + - • • + (^)o = H(n), say. 

Hence fl’(n)H(n') => H(n + n') if n, n' are any two positive integers. 
If $ is any real number the matrix 
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2w-*...+(;)c+. ■■ + (’) 

0 - 


'm 


s(s — 1) • ■ • (g — ; -I- 1) 


equation 

bemg valid for all positive integral vaLes of 

now““rt ^ ’■ "■ ' Continuing 

soThIt of PP- 45-46, we find G(s) = B(s), every real s] 

•^(s) = {-Sm,! + ^2 ) + ■ ■ ■ + C'”'}c". 

If the constant matrix C were analysable the representation FIs) would 
accordingly, be analysable contrary to hypothesis. Hence C must have 

c“ m + 1 (p. 37) or, equivalently, 

C ^ 0. Now a particular non-analysable representation of dimension 

a'^n for this representation 

Of = 0 80 that 18 necessarily of the type 




Qm 


where C = F(1) — Em^i has but one elementary divisor i e C”*=^0 

Hence C is equivalent to C implying F(s) equivalent to N(s)’e- Anv 

representation whatsoever of K. i. e. any collection of non-singular 
matrices if (s) for which ® 

® direct sum of non-analysable representations of 
K, It follows that, no matter what basis is chosen, the elements of 

must all be of the form 5p,(0e“<‘ where the p,(0 are polynomials in t 
and the a, are constants. 

Denoting by T the 2 X 2 unimodular matrix (q ^. 2 ), a:^0, the 
transform of A(s) by f is A{<x^s) : V « V 


If, then T 
10 ) 


_(r :)c X iho. ;)■ 

(0 E„.^ T IB & member of E) we have 

T-^Ai8)T~>>A(a^s). 
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Let r be any representation of E and denote by M(s) the matrix of V 
which corresponds to the element A{s) of K. Then 

k 

= so that M{s) is of the form where the <Xf 

0 

are distinct constants and the elements of each of the matrices Rj(s), 
j = 0,' • •, are polynomials in s. If one of the is zero we separate 
it from the rest and write 


(7.11) 


M{s) = Ro{s) + ^ 


1 


where the cxj are distinct constants, none of which is zero, and where 
i?o(s) is the zero matrix if none of the («o> ' ‘ ' > vanish. If N 
is the matrix of r which corresponds to the element T oi H the equation 
(7.10) implies 

N--^M{s)N = M{ah) 

and on writing N~'^Rj{s)N ^ Qj(s) this appears as 

(7.12) Qo{s) =i2o(a^5) + 2 

1 1 


On choosing a- distinct from any of the ratios ctp/dq, p,q = ly' • ’ 
the 21c numbers «>, «-«> are all distinct and no one of them is zero. Now 
it is clear that if and if Pi(s)yPo{$) are any two polynomials 

in s an assumed relation i^i(5)e"i'* -j-P 2 (s)e”»* = 0 implies Fi(5) — 
^ 2 ( 5 ) =0 simply because e* never vanishes. In fact if Pi(s) ^0 our 

P2{S) Fx(5) 


assumed relation yields »» 


g(nrni)$ 


forcing 


Pi{s)’ P2{S) 

P 2 {s) and Pi(s) to be numerical constants (since if either is not a value 
of s could be found which would make it vanish). But this would force 
(ni — « 2)5 to be constant contrary to the hypothesis ni ^ n 2 . It fol¬ 
lows that if rii, n 2 , are three distinct numbers an assumed relation 
Pi( 5 )e”i“ + ^ 2 ( 5 ) 6 "** + p 3 (s)e"^* = 0 , where the Pi, P 2 , Pa are poly¬ 
nomials in s, implies Pi ( 5 )^ 0 , P2(s)=0, P3(5)=0. In fact let 
kiykzykz be the degrees of Pi(s),P 2 {s)yP 3 {s)f respectively, and set 
n 2 — Til = (Xy ris — /ii = ^ so that p 2 (s)^* + P 3 (s)e^* = — i^i(^)* 
On differentiating this fci + 1 times we obtain {(P + «)***'I^ 2 (s)}e"* 
_|_ ^ _|_ ^)*i*^P 3 (s) = 0 , where D = d/ds, and the fact that 

implies [{D -f a)^*-P 2 {s)) ^ 0, {{D + fi)^*^P,is)} ^ 0. But 
^ 2 ? a)*i*'p 2 (s) is a polynomial of which the term of highest degree 

is times the term of highest degree in p2(5); hence P2(5)—^ 
(in which case Pi( 5 ) = 0, P 3 (s) = 0 since our assumed relation reduces 
to the two term relation Pi(s)e"»* -j- P 3 (s)e”** = 0) since a 0. Pro- 
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ceeding in this way it follows that if ■ • •, 

two of which are equal, an assumed relation of the 


are g numbers, no 
type 




where the P„ ■ ■ ■. P, are polynomials in s implies the identical vanish¬ 
ing of these polynomials. This means, further, that an assumed relation 

+ = where the ■ ■ ■ ,R, are rational 

unctions of s implies the identical vanishing of each of these rational 

functions; for the rational functions can be written with a common 

denominator: and the identical vanishing of 

til = It follows, therefore, from 

(7. 12) that Rj (s) = 0, ; = 1 , • • •, A;, so that 


M(s)^R,{s). 


Hence the matrices of any continuous representation V of the unimodular 
n-dimensional group H are such that the elements of those matrices of 
r which correspond to the matrices A{s) of B, s real, are rational func¬ 
tions of s, 1 . e. of the elements of A ( 5 ). Starting with the 2 X 3 matrix 

A'(s) 1 ) repeat the argument verbatim and we find 

that the elements of those matrices 3/^(s) of r which correspond to the 
matrices 



of H are rational functions of the elements of ^'( 5 ). Let now P be any 
n X n permutation matrix; since PP' = En, det /» = it 1; we refer to 
those permutation matrices for which detP = l as proper (tliose for 
which detP = — 1 being termed improper) and observe that A'{s) is 
the transform of ^(s) by the improper permutation matrix 



0 



Hence the transform of A{s) by any permutation matrix, proper or im¬ 
proper, is the transform of either ^(s) or A'is) by a proper permutation 
matrix, i. e. by an element of H. Let then B(s) be the transform of 
il(a; by any permutation matrix so that either B{s) ^ P-^A{s)P or 
B(a) ^P~^A'(s)P where P is a proper permutation matrix. If T is 
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the matrix of V which corresponds to P and N{s) the matrix of F which 
corresponds to B(s) we have either 

N{s) ==K-^M(s)K or N{s) =K-^M^{s)K 


so that, in either event, the elements of those matrices of F which corre¬ 
spond to the matrices B( 5 ) of H are rational functions of the elements 
of B{s). We now show that any element A oi H may be represented 
as the product of a number of matrices Bi{Si) • • 'Bq(sQ), where the 
Si, • • ■ ,Sq are rational real functions of the elements of ^; it follows 
from this result that the elements of those matrices of F which correspond 
to real elements of H are rational functions of the elements of the 
matrices oill: i.e. every continuous representation of the real unimodular 
n-dimensional group is rational. 

We begin the proof of the theorem that any n-dimensional unimodular 
matrix may be factored in the form Bi{Si) • • • ^ 9 ( 55 ) by remarking that 


this is almost evident when n — 2. In fact let A 

be any 2 X 2 unimodular matrix; then either a * 
c = — and 




0 or a 


ad 

0 . 


— bc = l 

If a = 0, 


If a ^ 0 




y 


>{ 


h(l — d) 




h- 


')(; ?) 


and 


/a c\ _ / I 0 \/a ca-^\ 

\h d)~\ha-^ l)\0 a-^)\0 1 / * 


(:X 


aS 


)( 


aa 




where aS = (a — 1)/®^ so that every 2X2 unimodular matrix may be 

presented as the product of matrices of the types , 

A'(s) = (iO , where each 5 is a rational function of the elements of A. 

For n-dimensional unimodular matrices (n > 2) we use the method of 
mathematical induction; we assume the theorem true for matrices of 
dimension n — 1 and show that this assumption implies its validity for 
matrices of dimension n. Let, then, ^ be a unimodular matrix of 
dimension n and denote by A,*' the cofactor of Ur* in the expansion of 
det A. There is no lack of generality in assuming that ^ 0 since, m 
any neighborhood of a matrix A for which =0, there are matrices 
for which ^ 0 so that, since the theorem we wish to prove expresses 
the vanishing of rational functions of the elements of -4, it will be true 
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for those "’atrices for which ^ = 0 if it is true for those matrices for 

vhich ^0. Now the matrix A(s) is the matrix of the transforma- 
t.on where a.', = ^ 2 so tl,at, for any fixed 

j, the matrix of the transformation x~-*-x' where x\ = SjX^ x ■ x' = r 

k ^ is of the type The product of the n — /matrices obtained 

in this way by giving j the values 1. 2, • • •, « _ 1 is the matrix 


\ 



where x* is the 1 X «•—1 matrix (s„- ■ Similarly the uni- 

modular matrix where y is any real n —1 X 1 matrix is a 

product of factors of the type B(s) (the s being, again, rational func¬ 
tions of the matrix which is being factored). Since the reciprocal of 
any B(s) is also a B{s) (being in fact B{—s)) the reciprocals of the 

matrices ^ are also factorable as products of matrices 

B{s). If we set yf = An^/An" it is at once seen that 



where An~x is the matrix obtained from A by erasing its last row and 
column and x* is the 1 X ^ — 1 matrix formed by the first n_1 ele¬ 

ments of the n-th row of A. If we set (z*) = ( 2 ,, ■ • •, 2 „_,) where 
= Aj^/An^, y = — 1 the product 

/En-i _ (En-i 0\/4„_i 0 \ 

V 1/^ V 0 l)~[ 2* l){ X* 1/A„-) 







n -2 


0 


1/An 



where Bn-i is the n — 1 X n — 1 matrix obtained from An-i by dividing 

its first row by An”. We have already seen that the 2X2 matrix 

/a 0 \ . 

\0 1/a/ product of a set of factors A{s) and this implies that 


/An*' 0 \ 

the n X n matrix I En ~2 ) is the product of a set of factors 

\ 0 1/An”/ 


E{8). Also our induction hypothesis tells us that B„_i is the product 
of a set of factors B{s) (of dimension n — 1). By adding to each of 
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these a last row and column all of whose elements are zero save the 
diagonal element which is unity we obtain a set of factors 5(s), of 

. Hence A is a, product of a 

set of factors B{s) the 5 of each factor being a rational function of the 
elements of A. 

Having proven that every continuous representation of the real uni- 
modular n-dimensional group is rational we pass to a consideration of 
the continuous representations of the full unimodular group H. If F 
is any continuous representation of this group the matrices M{s) of F 
which correspond to the matrices ^1(5) (5 now complex) of H satisfy, as 
before, the equation M{s)M{t) On setting + 

Si, $2 real, M{s) = M{Si)M (tS:) = M{si)N{s 2 ) where N{s 2 ) = (Wa)- 

Both M{si) and N ($ 2 ) satisfy the basic underlying equation F{s)F(i) 
= F{s-\- t) and everyiH(Si) commutes with every Hence (7.11) 

3f(5i) =Ro{si) + 

N{s2) =3o(s 2) +^8i{s2)e»>^» 

from which it follows that 

itf(s) = M(Si_)N(s2) = ToiSiySz) + S2) 

where the elements of the matrices To, Tf are rational functions of the 
real and imaginary parts Si,Sz of s. We obtain in precisely the same 
way as (7.12) was obtained 

Qo(siy S 2 ) + ^Qj(s,y = To(a%, a^Sz) 

-f 2r>(a*si, 

But the relation 2(si, = 0, where no two of the numbers 

ay or of the numbers ySy are equal, and the Py(si, S 2 ) are polynomials, 
implies each Py(si,Sz) ^0; in fact on fixing S 2 we have (p. J87) each 
Pi{suS 2 )e^f*> = 0, every Si and this forces P>( 5 i, 52 ) =0 every Si and 
every S2 since 6^^*»=7^0. Hence ry(Si,S2) =» 0, ; = 1 , 2, • • • and 

M{s) =Po(si>52 ). 

Hence every continuous representation F of the full unimodular group 
H is such that the elements of those matrices of F which correspond to 
the elements A(s) of H are rational functions of the real and imaginary 
parts of s. This implies, since each matrix A of H is factorable as a 
product of matrices P(s) where each s is a rational function of the ele¬ 
ments of A, that the elements of each matrix of F are rational functions 


dimension n, whose product = 
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of the real and imaginary parts of the elements of A. Such representa¬ 
tions are termed semi-rational so that the principal theorem concerning 

^nimodular group may be stated a! 
follows all contmuous representations of the unimodular group are 
semx-rational. ^ «•// u/e 

Let a: = 3 /= imaginary parts of the ele- 

ments a= (a/ of any matrix 4 of the «-dimensional unimodular ^oup 
S. Then the elements of the matrix DU) which correspond to 4 in a 

.w r r r of ore rational functions of x and y so 

tnat the basic representation property ^ 

I>Ui)DU) =DUU) 


IS expressed (on regarding A, as fixed) by the vanishing of a set of 
poynomials m x,y. Let <t>{x,y) be one of these polynomials so that 
0 ta: y)=O for all real values of x,y for which det4 = l. Since 
det4^=0 not all its cofactors vanish; let A,'‘ be one of the non-vanishing 
cofactore so that y^l may be expressed as rational functions of the 
remaining variables x, y (since the equation det 4 = 1 may be written 
m the form aJA,- = 1 giving = (1 — where S' means 

that the value a = fc is omitted). On substituting these values for 
m the polynomial 4‘{oc,y) we obtain a polynomial <pU,y') 
(where x' means the n‘ — 1 variables obtained from the n'‘ variables x 
by omitting Xk> and / means the —1 variables obtained from the 
variables y by omitting yk>) which must vanish for all real x', y'. Hence 
It must vanish identically, i. e. for all complex x',yf. In other words 
^(a:, y) must vanish for all those complex z^y for which detA = l. 
When X, y are complex the numbers a,*' => + ty,'-, 6 / = _{y/ 

are independent (and not one the conjugate of the other as is the 
case when z,y are real); in fact when a,”, are arbitrarily given 

a:#*'™ -j-&,'■) ; y,»-= — (a^r—rpjjg statement det ,4 = l is 

equivalent to y'), where i? is a rational function of 

the — 2 variables ar', y' obtained by omitting y^^, i. e. to 


V — y') -f R{x\ —y')} ^ ~ —y')}. since 

ak* 18 a rational function, with real coefficients, of the remaining elements 
of A, A change in the sign of / leaves Xk* unaffected and changes 
the sign of y*^; when x, y are real this merely says that det A = 1 
implies det A — 1. But when x, y are arbitrary complex numbers and 
we set — X»^ 4- iy.*-, bs' — x,*’ — iy,»- we see that det A = 1 implies 
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det 5 = 1. The elements of D{A)y being rational functions of x^y 
(x, y real), are rational functions of a*'’ and d*'" and we indicate this by 
writing R(AyA) for D{A). We have seen, then, that the equation 
R(Ax, Ax)R{Ay A) =R(AiAy AiA), assumed valid for all matrices A, Ai 
for which det ^ — 1, det Ai = 1 implies 

(7. 13) R{AuBi)R{AyB) =R{A,AyB^B) 


for all matrices A, Ai, B, Bi for which det ^4 = 1, det Ai = 1, det B = 1, 
det Bi = 1. It follows by the reasoning given on pp. 177-178 that the 
semi-rational representation R(AyA) of the unimodular group may be 
imbedded in a semi-rational integral representation of the full linear 
group. In fact any element of B) is of the type B)/<^(A, B) 

where the B), <^(^4., B) are polynomial functions of the elements 

of A and B. If F, 0 are any two non-singular matrices we set A = aF, 
B = fiG where 0 "= (det B)-^ yS" = (detB)"*, <x and B being so chosen 
that a = 1, jS = 1 when det B = 1, det G = 1. On multiplying both 

numerator and denominator of the fraction — 

4>{AyB) <i>(xFy^O) 

n -1 n -1 

by n n the denominator appears as a rational 

y=i &=i 

function of the elements of F and G so that R(AyB) = R{oiF, pG) 
is of the form 


fl-1 


R(A, B) = S 2 Ti;,(F, 0)aip\ 

i =0 *=0 


the elements of the matrices Tik being rational functions of the elements 
of Fy G. On substituting this expression in (7.13) we obtain 

S 2 G,G) 

/=0 ^-0 

^-0 k^o p=o ^0 

On holding Bi, (?i, G fixed we find as on p. 178 that this must be an 
identity in a: 


n-1 


^T^(F^FyG,G)a^v{p^)^ 

Tc^o 

= {2 STMPi, 0)j3^) 

Holding Fx, Gi fixed this must be an identity, for each p, in /3: 
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From this we derive 


G,G) = G,)T^{F, G) 

^ ^ ^ik{Fij Gi)Tpg{Fy G) if either j p or q^h 


and these imply that T(F, G) — 2 2 Fjk^F, G) satisfies the equation 

i=o *=o ^ 

(7.14) T{F,F, G,G) = T{F,, G,)T{F, G) 


so that T{FjF) is a semi-rational representation of the full linear group 
in which the representation r of the unimodular group is imbedded. 

For when det i?’ = 1, a = 1 and R{A, A) = 2 2 Tik{F, 

«-l fl-1 / = 0 Jt=0 

=*2 ^Tik{F,P) = T{FyP). Again, by the reasoning of pp. 33-34, 


the semi-rational representation Ti^FyP) of the full linear group is 

necessarily of the form T(F,P) ; y, non-negative 

integers where P{FyP) is a semi-rational integral representation of the 
full linear group (i. e. the elements of P{FyP) are polynomial functions 
of the real and imaginary parts of the elements of F) . In fact if f^iF, G) 
denotes the lowest common denominator of the elements of T{F, G) we 


write T(Fy Q) 


P(W 0's 

^ where the elements of P(F, G) and 4>(F, G) 

yU) 


have no common factor and where 4^{Fy G) may be supposed normalised 
by the condition <f>(EyF) = 1. From (7. 14) we read off 


(7.16) 

or, equivalently. 


P{F,F, G,G) _ P(F„ 0,)-P{FyG) 

4>{F^FyGyG) <f>(FiyQx) ■ 4>{FyQ) 


HP^P>GxG)P{FyO)-~<t>{FyQ) =4>{Fx, Gr)P-HFx, Gx)P{FxFy GxG). 


Since the elements of the matrix on the right are polynomials in the 
elements of F and G {Fi, G, being held fixed) the elements of the matrix 
on the left must be polynomials in the elements of F and G. But the 
elements of P{F, 0) and <i>{Fy G) have no factor in common and so 
0 (F, G) must divide GiG). Since these are both polynomials, 

of the same degree, in the elements of F and G the quotient must be a 
numerical constant whose value is found to be <f>{Fi, Gi) (on setting 
F ■*= G =» En ). Hence 


(7.16) 


<t>iFxFy 0x0) — <t>{Fxy Ox)<i>{Fy G) 
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implying, from (7.15) 


1 '^) PiF^F, G^G) =P{F^, G^)P{F, G). 

Now it follows from (7. 16) that ^F^En) is a rational integral one- 
dimensional representation of the full linear group; for 

4»{FyF,En) = <t>(F^,En)4>{F,En) and <i>(E„,En) =1. 

Hence, p. 33, <f>{F,En) = (^QtF)iy j a non-negative integer. Simi¬ 
larly ^{Er,y G) = (det (?)*■, k a non-negative integer. However it follows 
from (7.16) <i>{F, E„)4,{En, G) = ^{F, G) so that 

( 7 * 18 ) <i>(F>Q) = {detF)t {dietQ)K 

Hence 


0 ) = 


(deti<’)>(det (?)* 

where P{FfP) is, by (7. 17), a semi-rational integral representation of 
the full linear group. When deti'"=l, we have P{F,F) = T(F,P) 

~ R{FyF). In other words any semi-rational representation of the 
unimodular group (i. e. any continuous representation of the unimodular 
group) may be imbedded in a semi-rational integral representation of 
the full linear group. We have in fact proved more: if R(AjA) is any 
continuous representation of the unimodular group there exists s.P{F,G), 
defined for all pairs of elements F, G of the full linear group, whose 
elements are polynomials in the elements of F, (?, and which satisfies 


(7.19) 


P{F„ G,)P{F, (?) = P{F,F, G,G) ; 


furthermore P(A,A) — R{A,A), A any element of the unimodular 
poup. It foUows at once from (7.19) that PiF,E^) is a rational 
integral representation of the full linear group as also is P(EnfG). 
Hence F(J?„, G) is, if reducible, completely reducible 


P{En, (?) = 2 {Ec, X Mi(0)) 

where {il/>((?)} is an irreducible rational integral representation of 
the full linear group which is contained in P(En, G) cj times. Since 

P{En,G)P{F,En) =P(F,En)P(En,G) =P(F,G), P(F,En), being 

commutative with every matrix of the representation P{E„, (?) is of the 
form (p. 104) 

P{F,E„) = '2(Nj{F) xe,,) 

where df is the dimension of the irreducible representation Mi{Q) of the 
full linear group and Ni{F) is of dimension c>. Since iV/fF) X E 4 , 
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maybe transformed by means of a permutation matrix into E,, XN,<P) 

of the full linear group which is contained in 

f'\ m in[ f K^oocker product 

Jic, XM,(G) IS commutative with the Kronecker product N,(F) VP. • 

(E.,XMi(G))(Nj(F)XE,,) 

= (N/(F) X Mj{G)) = (N^iF) X E,,)(E., x iI,(G)). 

If Ni(F) is reducible we write Ni(F) (E,,.,X ih{F)) where 

ih(^F) is an irreducible representation of the full linear group and then 

Ni{F) XM,(G) ^^E.„^XM,(F) xM,(G). 

Hence ^ 

P<.E.G)='^(Ni(F) XM>(G)) ^S^E^.^x (M,(F) xm,(G)) 

BO that the semi-rational representation P{F, F) of the full linear group 
appears as the sum of representations Mk{F) X Mj(F) where the Mj{F) 
are irreducible rational integral representations of the full linear group. 
J-f P{F,P) IS not analysable it must accordingly be simply a Kronecker 
product M)c(F) X and the irreducibility of Mk{F), Mj(P) im¬ 

plies that of the Kronecker product Mk{F)XMj{P). In fact if 
X Mj{P) were reducible this would imply, by the argument of 
p. 191, the reducibility of MkiF) X 3/>(6*), i. e. the vanishing of the set 
of products iMic(F))„^{Mj{0))gP where (s^q) runs over the first t of 
the pairs of this type and (r, p) runs over the remaining dkdj — t of 
these pairs. If all the (il/'fc(F) ),»■ were zero the representation 
of the full linear group would be reducible contrary to hypothesis; since 
one of the (Mjc{F))a^ ^ 0 it follows that all the {M}{G))gp = 0 i e 
that is reducible contrary to hypothesis. Hence the final 

principal theorem on continuous representations of the full unimodular 
group: every non-analysdble continuous representation of the full uni- 
modular group is irreducible and is imbedded in Mjc{F) X ^^i{P) where 
M}i{P)j Mi{F) are irreducible rational integral representations of the 
full linear group. Every reducible continuous representation of the 
unimodular group is analysable into a sum of non-analysable representa¬ 
tions Mic{A) X M}{A). 

It follows, by a repetition of the argument on pp. 180-183 that every 
continuous representation of the extended unimodular group is either 
irreducible or analysable into a sum of irreducible representations; each 
irreducible representation belonging to one of two types P', T": li C 
is any element of the extended unimodular group F' = {Mk{C) X Mf (^)} 
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whilst r" = {det 0. ^^*((7) X In other words the irreducible 

rational integral representations of the full linear group are sufficient to 
construct all continuous representations of (a) the real unimodular group 
(b) the extended real unimodular group (c) the full unimodular group 
and (d) the extended full unimodular group; and all reducible con¬ 
tinuous representations of these groups are analysable (= completely 
reducible). 

4. The continuous representations of the real linear group and of 
the full linear group. 

If B is any element of the real linear group of dimension n we denote 
by r(B) the positive n-th root of the absolute value of detB: 

t(B) = I detB 1^/" 

and by R(B) the associated scalar matrix 

Then B = R{B)C{B) where detC{5) = ±l so that C(B) is an 
element of the extended, real, unimodular group. If T = {D(B)) is a 
non-analysable continuous representation of the real linear group the 
subset of r obtained by letting B run over the extended unimodular group 
(so that r(5) = 1, R{B) = En, C{B) = B) constitutes a continuous 
representation Fj of the extended real unimodular group H\ This re¬ 
presentation (obtained from F by the principle of selection) of H' is 
rational and, if reducible, completely reducible. Again when B is a 
scalar matrix C{B) = ± En,R(B) = ± B; a.s B runs over the group 
of positively definite scalar matrices the corresponding elements of F 
constitute a representation r 2 of the group of positively definite scalar 
matrices. Since a scalar matrix commutes with any matrix of the same 
dimension any element of F 2 commutes with any element of Fi and the 
relation B = R{B)C{B) tells us that any element of F is the product of 
an element of Fi by an element of F 2 . Let X he a. typical element of 
Fi so that, if Fj is reducible, Z = + ATa + ' ' + A'*. Then any 

element Y of F^ commuting, as it does, with X will be analysable (p. 181) 
unless all the Zi, Z 2 , • - ^Z* are equivalent; but the analysability of 

r 2 = (T) would force that of F whose typical matrix is of the type 
YX = XY and as this is contrary to hypothesis all Xj must be equivalent 

and we may write X = E^XZ,; 

the commutativity of Y and Z (together with the irreducibility of {Xi}) 
forcing 

Y = X E^^ 
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where Fi is a A; X A; matrix and is the dimensionality of X,. Hence 
the matrices of any non-analysable continuous representation of the real 
linear group are necessarily of the form 

XY = X XO (X, X E^) = X, X X,. 

Since Xi X Xi is a block matrix of the type (Xi)XX, the Kronecker 

product Xx X X, would certainly be analysable if Y, were analysable. 

Dropping the subscript 1 as now useless we may state this preliminary 
result as follows: 

Any non-analysabU continuoiLS representation of the real linear group 
of dimension n is necessarily of the form {X X X) where {X} is an 
irreducible continuous {hence rational) representation of the extended 
real unimodular group and {X} is a non-analysahle continuous repre¬ 
sentation of the group of positively definite scalar matrices of dimension n. 

Conversely any such Kronecker product {X X X} constitutes a non- 
analysable representation of the real linear group. That it constitutes 
a representation is evident since if B = r{B) = r{Bi)r(B 2 ), 

R{B) =R{B^)R{B 2 ) so that X(B) = X(B,)X(52); C{B) =R-^B)B 
= C{B,)C{B 2 ) so that X{B) = X{B,)X{Bz). Hence {Y{B,) 
X X(S.)) ■ {YiBz) X X{Bz)) = (X(S0X(B2) X X{B,)X{B2)) 

= y{B) XX(B). What we have to show is that the representation 
[YXX] is non-analysable when {X) is irreducible and {X) non- 
analysable. To do this let rE^ r > 0 be a typical element of the group 
of positively definite scalar matrices of dimension n and let X(r) be the 
matrix of the non-analysable representation Fg which corresponds to the 
matrix rE-n. Then X(r)X(5) == X(rs) and on setting r = e*^, s = e*^, 
Y{r) = Z{p) we find 

Z(p) Z{u) = Z(p -Y (r) 

where the elements of Z(p) are continuous functions of p (since the 
elements of X(r) =Z(p) are continuous functions of r = e^). The 
non-analysability and continuity of Z(p) tell us that Y(p) is presentable 
in a properly chosen basis in the form (p. 185) 

Z(p) = [4(p)]tm)C«p; m = 0,1, 2, ■ • ■ 

where Fj is of dimension ^2 = m + 1, a is an arbitrary constant, and 

A(p) Now XXX appears, when written in block form as 

yYX where yX = 0, r < «, yX = r“ every 5 (3. 4). It is sufficient to 

illustrate the rest of the discussion by the case where X is of dimension 
three so that 
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(y^X 0 0 \ 

rXX = ly,^X y,^X 0 

\y,^X y^X y^Xj 

Let P = j Pp P^ P^ I where each P,*" is a square matrix of the 

\^PP P,^ P 37 

same dimension as X and let us express the fact that P commutes with 
Y XX. We obtain a set of equations of which one is y^XP^ — y^P^X ; 
since y-Y = y-^ this yields XP^ = Pa^X and the irreducibility of X tells 
us that Pa^ is a scalar matrix: Pa^ = On equating the elements 

in the second (block) row and third (block) column of P {YXX) 
and of (F X X) ■ P we find that Pg^X — XPs^ is a scalar multiple of 

X, say oX, where (x = . Since Pa^X — XP 3 * is inde- 

y\ 

pendent of p we must have p^ = 0, Pa^ = Similarly, on equat¬ 

ing the elements in the third row and column (block) we find ps* “ 

P% = p^Ed^. Proceeding then to the elements in the second column 
we find first P^ = p-^Ed ^; then p 2 ^ = 0 , P^Y = VzEd ^; then p 2 * =* pa®* 
Pz = Pz^Ed^. Proceeding in this way we find that P, in order to 
commute with all the matrices F X X must be of the form 

P = ^ X Pd. 

where ^ is a triangular matrix which commutes with all the matrices F; 
in other words Q has all its characteristic numbers equal. Since Q X Ed^ 
is transformable, by means of a permutation matrix, into Pd. X Q> this 
means that P has all its characteristic numbers equal. Hence {F X 
is non-analysable. On setting p = log r we have 

F(r) = [i:(logr)]<„,r«. 


form J^(a-s) by a mere change of basis. Hence F(r) may be presented 
in the form [A (n log r)](TO)r® 

= [A (log I detP !)]<„> I detP |»/« 

Since a is an arbitrary constant there is no point in writing ot/n and 
we may state the result just obtained as follows: 

Each non-analysahle continuotis representation of the real linear group 
is of the form 

[(.0,1 art*I 


(^^s 1) ’ ^ presentable in the 


?)(.“ i) 
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where {A} is an irreducible continuous representation of the extended 
real unimodular group. The representation {X} of the extended real 
unimodular group may be imbedded in an irreducible rational integral 
representation of the full linear group; denoting the matrices of this 
representation by P{F), where F is any element of the full linear group, 
we have X = P{A) where A is any element of the extended real uni¬ 
modular group. If B is any element of the real linear group A = | det 5i 
B is an element of the extended real unimodular group so that 


X = P(|det = |det B]~^‘^P{B) 

where q is the degree of the, necessarily homogeneous, irreducible rational 
integral representation {P(F)} of the full linear group. On absorbing 
—qfn in the arbitrary constant a we have our main result: 

Each non-analysable continuous representation of the real linear group 
w of the form 

[(logtd..BI 

where {P(B)} is an irreducible rational integral representation of the 
full linear group \ andy conversely, each such Kronecker product furnishes 
a non~analysable continuous representation of the real linear group. 
If the representation is not only non-analysable but irreducible we must 
have m =» 0; thus, for example, if m = 1 


D{B) 


det B I® 


det B 


( 

i-( 


0 


XP(B) 


" ) 
[B)/ 


log det B 
P(B) 

log|detB|P(B) P{B) 

which is reducible (and reduced). Hence not every non-analysable con¬ 
tinuous representation of the real linear group is irreducible. We have 
proved that 

Each irreducible continuous representation of the real linear group is 
of the form 

D(B)^ detB|“P(B) 


where {P(P)} is an irreducible rational integral representation of degree 
q of the full linear group. Hence D{B) is a positively homogeneous function 
of B of degree q a. 

In order that two irreducible continuous representations F, F of the 
real linear group be equivalent it is, then, necessary that {P{F)} be equiva¬ 
lent to {P(P)} so that q ~q- 

The corresponding theorems for continuous representations of the full 
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linear group follow at once. Let F be any element of the full linear 
group and set det i*’= | det | then the matrix A defined by the 
equation 

F = I det F 1^/" e*®/" A 

is unimodular and any matrix D(F) of a representation of the full 
linear group is the product of a matrix y of a representation (determined 
by the selection principle), of the group of all positively definite scalar 
matrices, by a matrix Z of a representation of the group of all scalar 
matrices of the type En, by a matrix X of a representation of the 
unimodular group. The matrices Y are of the same form as before: 



whilst the matrices Z satisfy the equation 


r = I det F \ 




Since they must be periodic (with period 2^) the m for them must be 


zero (since for any other m some of the elements of 



non-periodic, being non-constant polynomials). Hence Z(B) 
integral. Since any irreducible continuous representation (y) of the 
unimodular group may be imbedded in a semi-rational representation 
Pj{F) X ^fc(i^) of the full linear group we have the principal theorem: 

Each non-analysable continuous representation of the full linear group 


of dimension n is of the form 


^_ I d.i J. [(,^^1‘.,^1 J)] _ X X ^.(0) 

where B = arg det y, 0 ^ 0 < 27r; a is any complex constant; 

= 0,1 , 2, • • • ; and Pi{F), Pk{F) are irreducible (hence homogeneous) 
rational integral representations of the full linear group. The converse 
is true save that an additional condition is imposed on ^; we must have 
efptei+ea)/'' = q ^ det(yiy 2 ). If 6 ^=6^ = n, i. e. if 

det 1^1 = det 1^2 = — 1 it follows that ^ = 0 since dety=l; hence 
Q 2 wi^/n = 1 so that ^ must be a multiple of n. Hence 

Each non-analysable continuous representation of the full linear group 
is of the form 

»)],_XX,(P)X !-.(!■) 

where B = arg det F, 0 ^ 0 ■< 2rr ; a is any complex constant ; dz 
= 0,1, 2, * * • ; and Pj{F), Pk{F) are irreducible {hence homogeneous) 
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rational integral representations of the full linear group. And, con¬ 
versely, each such representation of the full linear group is non-analysdble. 

In order that a non-analysable continuous representation of the full 
linear group be irreducible we must have m = 0; so that not every non- 
analysable continuous representation of the full linear group is irreducible: 

Each irreducible continuous representation of the full linear group is 
of the form 

D{F) = I det if’ 1“ P^{F) X P^iF) 

where $ = arg detF, 0 < ^ < 2 ^; a is any complex constant, v = 0,1, 2, • • •, 
and Pf(F), Pk(F) are irreducible (hence homogeneous) rational integral 
representations of the full linear group and, conversely, each such repre¬ 
sentation is irreducible. Two such irreducible representations T, T are 
equivalent only when {Pj{P) X,Pk(F)} is equivalent to (F> (if’) X } J 

since this implies, by the argument of p. 191 the equivalence of 
{Fi{P) X Pk{0)} and {Pj(F) XPk{0)}it implies (on setting G = St.) 
the equivalence of Pj(F) and Pj(F) and, similarly, the equivalence of 
Pk{F) and P*(if’). In particular the degrees of homogeneity of {Pj(if’)} 
and {P^(P)} and of {P*(P)} and {Pft(P)} must be the same. 



CHAPTER EIGHT 


GROUP INTEGRATION 

In this chapter we shall introduce, by first considering the n-dimensional 
real linear group, the concept of group-integration and shall obtain ex¬ 
pressions for the volume element of the full linear group and of its more 
important subgroups (with the exception of the orthogonal group which 
is treated in the following chapter). 

1. The volume element of the real linear group. 

Each element X,YjZ,- ■ • of the n-dimensional real linear group G 
is an n 'X n non-singular matrix. The elements of these matrices 
run, independently of each other, over the set of real numbers (the only 
condition being that the determinant of each matrix shall not vanish). 
We express this fact by the statement that G is an -parameter con¬ 
tinuous group. We regard the parameters (i. e. the elements of 
any matrix of G) as the components of a vector in an n*-dimensionaI 
parameter space ” and to indicate this we denote by the element 
2 ^ 5 ** in the p-th row and ^-th column of -X j in other words we regard the 
n- quantities as the elements of an X 1 matrix rather than the 
elements of an n X matrix. Let A be a fixed matrix of G and consider 
the left translation of G which is induced by A: 

(8.1) X^r = AX, 

This equation is equivalent to the n* equations yjc^ = or, 

equivalently, 

( 8 . 2 ) yf>‘ = 

so that the left-translation (8.1) of G induces in the n^-dimensional 
parameter space a linear transformation whose matrix is 

(8.3) F(A) ^AXEn. 

These linear transformations of the parameter space furnish a repre¬ 
sentation of Q: 

F{B)F{A) = {BXEn){A X En) = BA XEn = F(BA) 

F(En) =EnXE^ = En^; F{A-^)F{A) =F(En) 

Let us now consider an arbitrary non-singular n* X matrix. Its 
columns may be regarded as linearly independent vectors in the para¬ 
metric space and on multiplying the matrix by F(X-^) =-F^^(X) we 
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obtain, for each element X of G, a new non-sin^lar matrix, i.e. a new 
set of n® linearly independent vectors of the parametric space. Denoting 
this non-singular n- X n- matrix, which is thus associated with the ele¬ 
ment X of G, by y(X), so that the original, arbitrarily chosen, matrix 
is y{En) we have 

(8.4) V(X) =F-'{X)V(En). 

Under the left translation (8. 1) of G, F(X) -> F(y) where 

V(Y) =F-^Y)V{En) =^F-^(Y)F{X)V{X) 

= F-^YX-^)V(X) =F^^{A)V(X). 

It is clear, moreover, from (8. 2) that the Jacobian determinant of the 
transformation from the n- variables (x) — to the 

variables (y) = * ■ •, y"") is det = det 

o{x) 

so that 

(8.5) d{y) =detF(A)d(x). 

Hence 

detF(r) •iZ( 2 ,)=deti?’-MA) detF(X) deiF{A)d{x)=detV{X)d{x). 
In other words the product detF(X)d(x) is invariant under all left 
translations of the group G. If, then, we consider any bounded n*- 
dimensional region R of the n*-dimensional parametric space and if this 
is sent by the non-singular linear transformation F{A) of this space 
into the n*-dimensional region Ra of the parametric space; and if <^(X) 
is any continuous function defined over G then the integral 

JrW “ r detF(X)d(x) 

J n 

has the same value as the integral of the function tf>A~^{X) 

^<t>{A~^X) over the region Ra- (We assume the region to be con¬ 
nected, i. e. that any two points of it may be joined by a continuous 
curve; then the continuous function detF(a:)d(x) preserves its sign 
over R since it cannot vanish). In fact 

“ f <t>A-Hy) detF(F)(i(y) = f <Pa-^{AX) detV(X)d{x) 
J Ra 

— ^ ■ AX) AetV(X)d{x) = ieiV(X)d(x). 

It is convenient to normalise matters by choosing V{En)=En* so 
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that, from (8.4), =p~^(X) and the invariant product dr 

= d^tV{x)d{x) is 

(8. 6) dr = det F-^(X)d(x), 


We refer to dr as the element of volume of Q. 

Since F{X) = XX En it may be transformed, by means of a per¬ 
mutation matrix into so that det F(X) = (det X)". Hence 

the element of volume of the n-dimensional real linear group is 


(8.7) 



d(x) 

(detX)"- 


It is evident that a similar argument may be carried through for the 
right-translations of G: 

( 8 . 8 ) X-^T^XA. 


From this equation we read i. e. 


yik ^ 

so that the linear transformation of the n^-dimensional parametric space 
which is induced by the right translation (8. 8) of G has for its matrix 

(8. 9) X{A) = En X A'-, A' the transposed of A. 

On setting W(X) = X-^(X) = X A = {A'^y we have det W(X) 

= detX-i(X) = {detX(X)}-‘ whilst d{y) =detX(.4) • d{x) so that 

detW(F) ' d{y) = {det X(F') det X(4)cf(a;). Now it follows from 
(8. 9) that 

K{BA) ^EnX A'B'= {En X A'){En X B') =K{A)K{B) 

K{En) =En‘ 

so that, in particular, X(^-») = Hence {detXfF)}-* 

= detX(y-^) so that 

det W(F)d(y) =detX(y-i) deiK(A)d(x) = detK{r-^)K(A)d(x) 

= det K{AY-^)d{x) = det K(X-^)d(x) 

= det K-^{X)d{x) = det W{X)d{x). 

If, then, R is an n^-dimensional region of our parametric space which is 
sent by the non-singular linear transformation K{A) (induced by the 
right translation (8.8) of (?) into the n^-dimensional region B^a we 
have by the same reasoning as before 
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In this formula is any continuous function of X defined over G and 
is the continuous function of X defined by 




We have, then, apparently two elements of volume of G one of which, 
namely det (a;), is suitable for left translations of G whilst the 

other, namely det is suitable for right translations of G. 

But they are not distinct, simply because det X' = det X. In fact 
detK{X) = det X X') = (detX')'^ = (detX)« = detF{X). 


Hence the group element of volume dr = has the properties 


(8.10) C (li{A~^X)dT = C <f>(X)dT = C 4t{XA~^)dT, every A, 

Ra ^ »■' Ji'A 


where Ra, R'a denote, respectively, the regions of the n^-dimensional 
parametric space into which R is sent by the left translation (8. 1) and 
the right translation (8. 8) of G. When <I>{X) = 1 we may express the 
result of (8.10) by saying that the volume of Ra equals that of R which 
also equals that of R'a; in other words the volume element of the para¬ 
metric space has been so defined that the right and left translations of 
G induce volume preserving transformations of the parametric space. 


On observing that detF(^) is the Jacobian determinant det 

o{x) 

where Y = AX whilst detir(il) is the Jacobian determinant det 

d{x) 

where Y>=XA we obtain, on differentiating with respect to {x) the 
identity Fn = XX-^ 

0 = E(X-^) + F(X) 


or, equivalently. 


d(x) 


( 8 . 11 ) 


d{x) 


- F-^X)K-^{X) 


where (a:"^) denotes the point of the parametric space which corresponds 
to From this matrix equation we obtain 


det K-\X)dix) = (—I)" det 

80 that if R is sent by the inversion X —> into R'^ and if we denote 

by ^_i(X) the function <I>{X~^) then 
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In fact 



deiF~^{X)d{x) 


= AetK-^(X)d(x) 

= (-l)” r 4,(X)dr. 

Jr 


Hence, in particular, not only are volumes preserved under right and left 
translations of G hut they are also preserved {save possibly in sign) 
under inversions of G. 



is important to observe that the element of volume dr =» 


d(x) 

(detZ)" 


of the real n-diraensional linear group (? is a class function. In fact if 
X, Y belong to the same class of G we have Y = A'^XA so that 
det Y == det X. The transformation of G defined by 


X —^Y = AXA ~^; A fixed 


is a one to one correspondence of the elements of G with the elements of 
G with the properties En —> En ; A'l —> Ki, X 2 —> Yz imply X 1 X 2 YxYz^ 
It is termed an automorphism of G. This automorphism of G, induced 
by A, may be regarded as the result of first performing the left trans¬ 
lation X —> Z = AX and then performing the right translation Z ^Y 
= ZA-^. Hence the automorphism of G induces a linear transformation 
in the parametric space whose matrix is 

n{A) = {En X A) (A X ^n) = (A X A) ; A = (A-‘)'. 

The matrices i7(A) furnish an nMimensional representation of G and 
their determinants furnish the identity representation of G. In fact 

detH(A) = det(i;„ X A) ■ det(A X = {det(jF„ X A')}'" dieiF{A) 

= {detX(A)}-‘ detf’(A) = 1. 

The representation of G which is furnished by the matrices 

(8. 12) H{A) = {En X A) (A X En) 

= K-^{A)F{A) = (A X A); A= (A'*)' 

is known as the adjoint representation of G; its characters are given by 

(8.13) xW=Tr{A)Tr{A-^), 

The fact that the element of volume is a class function makes it easier 
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to perform the integratiou over R in terms of other coordinates than the 

elements (a:®'') of X. If X is any n. X « matrix its characteristic vectors 
V are defined by the equation 

( 8 * 14 ;) Xv = Xv. 

If X is such that its characteristic vectors v span the n-dimensional 
carrier space of^ the/i characteristic vectors Vi,' ■ ' ^Vn may be regarded 
as the columns of a non-singular matrix V and then (8. 14) may be 
presented in the form 

XV=VA; V-^XV = A 

where A is the n X n diagonal matrix whose diagonal elements are the 
characteristic numbers (A,, • • •, An) of X. We may suppose these char¬ 
acteristic vectors normalised by the condition tliat they are all of unit 
magnitude; or, if none of the diagonal elements of V is zero, we may 
make the normalization (which is more convenient for us) that these 
diagonal elements are all unity. If two or more of the diagonal elements 
of A, i. e. of the characteristic numbers of A', are equal V is not de¬ 
terminate so we shall define our new coordinates only for a “ generic 
element X of G, i. e. for an element X whose characteristic numbers are 
all distinct (it being certain then that the characteristic vectors of X 
span the entire carrier space of A’; for an assumed relation c**Va = 0 
would yield by repeated operation on it with X the equations c^Xj^Va = 0, 
^* = 0 , 1 ,- • — 1 . Taking the ;-th components of each of these 

vector equations we would have a system of n homogeneous equations 
whose determinant, being the Vandermonde determinant with value 

n (Aj> — A^), ^ 0. Hence c^Vk^ = 0 every k, j; but, for a given 
p<q 

ky not all = 0 so that c* = 0). With every generic element AT of G, 
then, there is associated a diagonal matrix A, uniquely defined save for 
transformations by an arbitrary permutation matrix, and a matrix V 
(uniquely defined when A is chosen) whose diagonal elements we shall 
suppose to be unity. Then we adopt as our coordinates of the point x 
of R the n diagonal elements of A and the — n non-diagonal ele¬ 
ments of V : 

|«> = Ap; P¥=q- 

The characteristic numbers A, and the associated characteristic vectors r, 
will not, in general, be real. If a characteristic number A is real the 
associated characteristic vector, defined by Xv = Av, may be taken to be 
real. On the other hand if a characteristic vector Ai = ^ + iv is not 
real the associated characteristic vector Vi = u -}- iw cannot be real since 
X is real. Then A” will have the pair of conjugate complex characteristic 



208 


GEOUP INTEGEATION 


numbers Ai = /a -f" Aa = /a — iy and the associated pair of char¬ 

acteristic vectors Vi ^ u iw and V2 = u — iiv. We take, then, as our 
real coordinates for the point x of R the numbers (/a, y) etc., and the 
vectors (u^w) etc. and the volume element as calculated for the coordi¬ 
nates 1 = will be multiplied by a mere constant when the co¬ 

ordinates are (/a, v, w, «;). In fact 


-2i whilst y; 


(_ 2t)n-i 


so that the volume element as calculated below for the complex coordi¬ 
nates I must be multiplied by (— 2 i)*«, where k is the number of pairs 
of conjugate complex characteristic numbers A, to yield the volume 
element for the real coordinates (/a, v, u, w). It may be observed that 
whilst Uy has been normalised so that its ( 2 j — l)th component is unity 
has been normalised so that its {2j — l)th component is zero. 

d{x) 


The Jacobian 


m 


of the transformation from the parameters x to 


the coordinates | is readily calculated. From the relation X = FAF'* 
we read = F X F so that the elements of which 

correspond to the (p,p) column are the elements in the {p,p) column 

of F X F. On differentiating the equation X = FAF"' with respect to 

holding A fixed, we find 


d(x) 

d{v) 


= £’(AF-^) -f F(FA) 


d(v-^) 


d{v) 

—F(VA)F{V-^)K{V-^), by (8.11), 
(^„X fa) —{(FAF-^) X F) 

(F X F)[(F-^ X A) — (AF-^ X EnU, 


We need only the determinant of 


terminant of where Z 


He) 

m 


and this is the same as the de- 


Fo^^ATFo the constant matrix Vo coin- 


ciding with F at the point where ^- 7 -— is being evaluated. Since 


d{z) 

d{x) 


= Fo"' X F'o (by 8 . 12 ) it follows that 


ifl! 

dz’^^ 


= the rs, pp element of En^; 


^ element of (F-‘ X A) — (AF"^ X En). 

Denoting, for a moment, by U the matrix F"* the r 5 , pq element of 
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(V ^ X A.) (AF"* X En) is U 7 )''(Ag — Ar)8Q* so that the matrix 

is the direct sum of n n X ^ matrices of which the g-th has for its 
(r, p) element: 

^ Af) j p ^ q j dq^ = Sg''. 

The determinant of this matrix = JI (Ag —Ar)?7g« where f7g« is the 

r#il 

cofactor of Uq^ in the expansion of det U. Since V is the reciprocal of V 
= det = det f7 = (det F)"^ (since we have supposed F nor¬ 
malised by the condition that its diagonal elements should be unitv "I. 

Hence the Jacobian determinant or equivalently the Jacobian 

d(x) 

determinant has the value 


m 

(_)n(»-i )/2 (a(A)}*-~ (det F)«; A(A) -= 11 (A^ 

P<9 


Xq) . 


Since det = det A = A 1 A 2 ■ ■ • An it follows from (8.7) that the ele¬ 
ment of volume of the group, when expressed in terms of the parameters 
^ is 


(8.15) (—)"<n-u/2 [{a(a)}2h-(A iAj- • •A„)”(detF)"]d(0. 


2. The volume element of subgroups of the real linear group. 

The matrices X of a subgroup H of the real linear group of dimension 
n will generally depend on r <i parameters. Thus the group of all 
real orthogonal matrices consists of the matrices 0 which satisfy the 
equation 

Oa = En^ 


The n* elements of 0 satisfy, accordingly, the n(/i-f l)/2 equations 

2 OqTOa* = 

<t 

and the matrices 0 depend on n* - 


r^s 


SF; 

n(n -f 1) 


n(n — 1) 
2 


parameters. 


(That there are not more than ^ ^ parameters will appear later 

when we examine the orthogonal group in detail). The arguments given 
m the preceding section for the real linear group (for which the number 
of parameters =n*) are fortunately available with but minor modifica¬ 
tions. We shall denote by (^‘, * * *, ^) the parameters on which the 
matrices X of our subgroup depend; then the left translation 

(8.17) X->y = 4X 
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of our subgroup H (A any fixed element oi H) induces a transformation 
(no longer, in general, linear) of our r-dimensional parametric space; 
it being tacitly supposed, when we refer to H as an r-parameter group, 
that as X runs over H, (^) runs over an r-dimensional region. We sup¬ 
pose that X is a differentiable function of each of the variables ^ and 
we obtain from (8.17) 


(8.18) 


Y _ AX 


where X 


.<7 




dX ^ dY ^ 

^ j parameters of Y being denoted by rf. 

We denote the r X r matrix by F{7},i) and it follows, on con¬ 

sidering the result of performing the two left translations X—> F = AX ; 
Y—>Z = BYj which result is itself the left translation X~^Z = BA • X 
that 

( 8 . 19 ) F{^A)=FU,ri)F(-n,t) 


where |, are the points of the parametric space which correspond to 
X, F, F, respectively. In fact this is merely a transcription of the 
formula of composite differentiation (for r functions of r variables) : 


a(|) d{ri)d(^)' 


The three points f are arbitrary since X, F, Z may be arbitrarily 
chosen (A being then = FX'^ and B being =ZY-^). Furthermore 


F = X implies ^ so that fy— = Er. 


Hence, on choosing | in 


(8.19) we obtain 

( 8 . 20 ) 


= Fr. 


If « is the point of our parametric space which corresponds to En we 
obtain, on setting i 7 =*€in (8.19), 


and, on denoting F(^,<) simply by F(^), so that Fie) = Er, F(<,|) 
= F"^(|) this appears as 


( 8 - 31 ) F{t,t) =F{t)F-H^). 

Denoting by V(i) the non-singular rX.^ matrix F-^(i) which is 
attached, in this manner, to each point 4 of our r-dimensional para¬ 
metric space (F(e) being the unit matrix Er) the left translation 
X —> F = AX of our group H induces V{i) V(tj) == F~^(v)- 
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From the equation of definition fol¬ 

lows det(■»;)d(T 7 ) = det. In other words the product 
detF-‘(|)(i(|) is invariant under all left translations of our subgroup H. 
If, then, we consider any bounded r-dimensional region R of our para¬ 
metric space and if this is sent by the left translation Z -> 7 = AX 
of H into the region Ra the integral 

of any continuous function defined over the entire parametric space is 
the same as the integral Irj^{<^a-^) of the function over the 

region Ra, where is defined, for every A, by the formula 

“ <^(’ 7 ) J the region R being supposed connected so that the non-vanishing 
continuous volume element dr = det preserves its sign 

through R. In fact 

=“ r ‘#'^-*( 17 ) det 

J Ra 

= f detF-H^)dU) =/«(<^.). 

R 

It is evident that a similar argument may be carried through for the 
right translation of H : 

X-^Y^XA. 


On denoting the Jacobian matrix of the induced transformation 
^“->■7 of the parametric space by we find, as before, 

and on denoting K(^,€) simply by X{$) 


On attaching to each point i of our parametric space the non-singular 
matrix we find 


deiK-m)dU) ^detK-H7,)d(v) 

and show, exactly as before, that if R is any region of our parametric 

space which is sent into R'a by the right translation X Y =■ XA of H 
then 

Ir’a (</*'"'<■') = 

where <f> is any continuous function defined over R and is defined 
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by 4‘^^iv) ^(^)* As before we have, then, apparently two volume 

elements of our group H of which the first, namely, detF-^(^)d(|) is 
appropriate for left translations of the group whilst the second, namely, 
det E~m)d{i) is appropriate for right translations of the group. Both 
volume elements of the group are, however, readily seen to be the same 
(save, possibly, for a difference in sign) by the following reasoning. 
Let us consider the automorphism of M which is induced by the element 
A oi H: 

X 2 = AXA-^ 


and regard this automorphism as the result of first performing the left 
translation X Y = AX of H and then performing the right trans¬ 
lation F—>2= YA~^ of H, The corresponding transformations 

the parametric space are such that |) = 2 ^( 17 )^*"^^) ; 

= and so 

When X = Z = En so that when | f == « ^ind at this point the 

o / \ 

matrix becomes X“*(fle)F(a) where a is the point of the parametric 

space which corresponds to the element A oi H (for X — En forces 
y = id, 1 ; = a). On denoting by E(oi) the matrix 

(8.22) H{a) =E-^{<x)F((x) 


we may say that the automorphism X — AXA''^ of H induces a 
linear transformation, whose matrix is on the differentials of the 

parameters at the point « (which is invariant under the automorphism). 
Since the collection of automorphisms X —^Z = AXA~^ of H, obtained 
as A runs over H, constitute a group the linear transformations whose 
matrices are H{<x) must furnish an r-dimensional representation of H. 
This fact, which is essential in the theory, is readily verified as follows. 
Let A, B be any two elements of H and consider the transformation 


X^Z=^AXB 


of E into itself. This may be regarded in two ways 

1 ) as the result of first performing the left translation X —> F =* AX 
and following this with the right translation Y Z YB. On 
calculating 


m 


a (0 'oM 


we find 


dU) 

m 
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where denotes the point of the parametric space which corresponds to 

r^AX. 


2) as the result of first performing the right translation X^Y = XB 
and following this with the left translation Y^Z = AY, On calculating 


HO _ HC) Hv) 

m HO HO 


we find 


-=FU,v)E;{r,,() =FU,mKUfi,i) 

where denotes the point of the parametric space which corresponds to 
^ — ^B. On equating the results obtained we find 


Fa,$B)^mo <^OF{ai,o 

which is an identity in a, ^ the point ^ being = setting 

^ *= € we obtain 

=K{a(3,a)F{a) 


which is an identity in On setting F{aJ3j B) = F{<xB)F-'(fS), 

ir(cE^,a) = K{(X^)K~^(<x) we obtain 

K-^{aJ3)F{<xB) =K-HOF{a)K-HB)Fm 

or, equivalently, 

(8.23) S((xl3) =E(<x)H(fi), 

Since == Er it follows that the matrices H{a) constitute an 

r-dimensional representation of H. This representation is known as the 
adjoint representation of H. The determinants of the matrices II{a) 
furnish, accordingly, a continuous one-dimensional representation of //. 
On the assumption that this one-dimensional representation is bounded 
(which will certainly be the case if the region R of the parametric space 
which corresponds to H is bounded and closed, since a continuous func¬ 
tion defined over a bounded closed region is itself bounded) it must be 
unitary and so its 1 X 1 matrices = rh 1. Hence detH(4) = it 1, dr 
equivalently, det^(^) « ± deti?’(^) so that the two elements of volume 
of our group, namely, detF"‘(|)<i(|) and det5'~^(^)d(|) are equal or 
differ only in sign. The region i?, which corresponds to the entire group 
■H, is sent into itself by any right or left translation; denoting simply 
by /(<^) the integral of any continuous function defined over R we 
have the basic relations 

(8.24) =^{0 =^(<#>a); every A 
where 

=■ ■, /(<#«)= r detJ>-Hf)d(«). 
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It follows also, by the same argument as before, that I{4>) is invariant, 
not only with respect to all left and right translations of the integrand 
(f>, but with respect to inversions of (f>. By this we mean that if 

4* where is the point of the parametric space which 

corresponds to the element of H, 


(8. 25) 




an element of H 


In fact on differentiating the identity « = with respect to ^ (i. e. on 
taking the Jacobian matrix of the r constants c with respect to the r 

independent variables |) we find 0 =X(€,^) + so that 

detX-'(^)d (0 -detX''(^-i)d(|-') = ± deti:-*(^^)d(r'). 

Hence the element of volume is unaltered, save possibly for sign, under 
the inversion | As always we assume R connected so that if the 

element of volume is changed in sign at one point | it is changed in sign 
at all points. 

We illustrate the theory of integration over a subgroup of the n- 
dimensional real linear group by considering the group H of all proper 

real orthogonal 2X2 matrices. If A = is 

the conditions on the four numbers a, 6 , c, d, are the following: 

-j- = 1 , ah cd = 0, 6 ^ -f- = 1 , ad — he = 1 . Hence we may 

write a = cos a, 5 = sin a, c = — sin <x, d = cos a. In other words 
H is a one-parameter continuous group whose typical element is 
cos^ — sin4\.v • 

sin I cos|/ ^®Sion K of the parametric space which corre¬ 
sponds to H being the open interval 0 < ^ < 27r. We make this interval 
closed by identifying its end points 0 and 2ir; by this we mean that when 
we speak, for instance, of a continuous function defined over R we 
imply not only continuity but periodicity: <^(27r) =<^( 0 ). An equiva¬ 
lent way of describing this “ closing ” of the interval 0 < ^ < 27 r is to 
say that we picture the interval, not as a segment of a line, but as the 
circumference of the unit circle. The left translation X^Y = AX 
of H induces, as is at once seen on performing the matrix multiplication, 
the linear transformation ^ = ot ^ of our parametric space R and 

so the matrix F is the one-dimensional unit matrix. Hence the “element 
of volume ” of H is simply dt This example, whilst important, is trivial 
in the sense that the transformation | of the parametric space 

which is induced by the left translation X X = AX of J? is easily 


= (« 
Vsi 
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determined. In general the explicit determination of the transformation 
of the parametric space presents considerable difficulties. 

3. The orthogonality relations. 

Once we are in possession of an invariant element of volume dr for 
a continuous group H whose parametric region R is bounded and closed 
we may parallel the discussion already given on pp. 80-82 for finite 
groups, the average of any continuous function over the group being 

j. dr is the “ volume of the group. Since R 

is closed and bounded any continuous representation r oi B may be 
presented as a unitary representation (since the matrices Z>{s) of r are 
bounded, s variable over H) and hence every continuous representation 
of B is either irreducible or analysable (= completely reducible). Con¬ 
fining our attention therefore to irreducible representations let F 
"= {-^(^)} be an irreducible, continuous representation, of dimension d, 
of H and consider the matrix function 


^(<y) s= Zl(s)ili)*(5) 

defined over R, A being a fixed, but arbitrary, d'K d matrix and o- the 
point of R which corresponds to the element s of H. The matrix 

•P J^0(o-)dT possesses the property 

(8*26) — P, every t. 


In fact D{t)PD*{t) =» ^{t)D(s)AD*{s)D*(t)d- 


= r Dits)AD*{ts)dr = r D{u)AD*{u)dr = P, 
Jr Jr 


the element of volume dr being invariant under the left translation 
a —> u =, fs of We may write (8. 26) in the form 


D{i)P = P{D*{t) }-^ = PD{i) 

where F *= {J9(f)} is the representation of H furnished by the matrices 
■P(0 == Since F={i>(0} is bounded we may (and shall) 

suppose it presented in a basis in which its matrices D{t) are unitary 
implying D{t) ^D{i). F being irreducible it follows by SchuPs lemma 
tbat P is a scalar matrix 




D(8)AD*{8)dr^cEi, 
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On taking A to be the matrix whose k element is unity, all others being 
zero we find 

R 

On setting t = r and summing with respect to r we obtain 

and since D{s) is unitary this yields cZc/= FS/* where V C dr 

Jr 

is the volume of the group. Hence the first set of orthogonality relations is 
(8.37) i?(s) tmitary. 


larly if I'j and To are any two non-equivalent irreducible con¬ 
tinuous representations of H we find, again by an application of Schur^s 
lemma, that P is the zero matrix implying 


(8. 28) 



{Z?x(s)}F{i)S(s)),*dr-0, 


it being here imnecessary that either 2>i(s) or Dzis) be unitary. If 
Vzis) is presented in a basis in which the matrices Dzis) are unitary 
we may replace i?*2(5) by 1 ) 2 ( 5 -') and then both sets of orthogonality 
relations appears as: 


(8. 29) 


(s-')} ^ s/sr, 

Jr 


From these follow, on setting r = k^t and summing with respect 
to j and tj the orthogonality relations amongst the characters: 

(8.30) r x(«)x(5"*)^^’’= r Xi(5)X2(s"')^fr = 0 

^ R ^ R 

where x(^'). may be replaced, if desired, by x(s), X 2 (s), respec¬ 

tively, since the representations considered are unitarv. If r is any 
continuous representation of H it follows from (8. 30) that its analysis 
into irreducible parts is unique; for T = cTi -}- •••-{- c^g implies 

x{s) =c"xi(«) +■ • * + c«X5(«) whence = x{s)xj{s)dT show¬ 

ing that cf is uniquely determined by r. Furthermore if two irreducible 
continuous representations of J3 have the same characters they must h® 
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equivalent; for their non-equivalence would imply i x(^)x(^)^^ ^ 

Jr 

and hence the identical vanishing of the continuous function x(-5) and 
this cannot be since x(®) =d=^0. Hence any two continuous repre¬ 


sentations, whatever, reducible or irreducible of H are equivalent if 
and only if they have the same characters. Furthermore the relation 

x(s) *= c‘*xa(5) yields | x(^)x(^)^’’ = ^ so that a criterion for 

Jr o 

irreducibility of F is C x(^)x(^)^t = 1* 

y Jr 

As an example let us consider the irreducible continuous representa¬ 
tions of the Abelian group of proper real orthogonal 2X2 matrices. 
Since the group is Abelian each irreducible representation is one¬ 
dimensional and since the representation is unitary we must have 
D{X) = where 0{$) is a real function of i which satisfies the 

equation ^(i) = $)■ Hence 6{i) = ci, c a. real constant. 

Since we must have c ^ m where m is an integer. 

Hence the irreducible continuous (and periodic) representations of the 
group H of proper real orthogonal 2X2 matrices are exhausted by 
D(X) = m = 0, =t 1, ± 2, • • •. The orthogonality relations merely 
express the familiar facts: 


X 


= 0; m ^ n. 
■= 2?r; m — n. 


4. The element of volume of the full linear group and of its sub¬ 
groups. 

A typical element X of the full linear group G of dimension n is a 
non-singular n X ^ matrix with complex elements x/ =- lii*" + so 
that G is a 2n* parameter group; one set of parameters, for instance, 
being the 2n^ real numbers It is not always most convenient 

to use real parameters and we suppose, then, that the parameters | are 
subjected to a linear transformation (not necessarily real) — 

U is, as before, the transformation of the parametric space 

which is induced by the left translation X —> Y = AX of G, the element 

of volume, when the parameters ^ are used, is {det d($) ]t)=c- If 


<0 


det 


• Tt} are the new, possibly complex, parameters for Y it is clear that 
_ det f = T-f implies ^ = r 
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Hence the element of volume when the new, possibly complex, parameters 
are used is 

where e' = denotes the new parameters of E-n. For example let Xa^ 
be used as complex parameters for the element X of the full linear group. 
Then the left translation X —^Y ^ AX induces the linear transformation 
whose matrix is ^ X -E'n on the set a:/ of the parameters and the 
linear transformation whose matrix is Z X on the remaining set Xa^ 
of the 2n^ parameters. Hence the transformation of the 2n^ parameter 
space which is induced by the left translation X-^Y = AX is linear 
and has for its matrix the direct sum of Ay^ En and A X En- Its 
determinant is accordingly (det.4A)«. In order to obtain the element 
of volume of the full linear group we must evaluate this at F = Eny 
i. e. A = X~^, and so the element of volume is 



1 

(Aetxxy 


d(^) 


where the | are any real parameters which are connected with 

by a non-singular linear transformation. In particular if | = (^ 1 ,^ 2 ) 

the element of volume appears as 


( 8 . 31) 


1 

(detZX)" 




The element of volume when the coordinates in R which are introduced 
to facilitate the integration are not (^i, ^ 2 ) but the elements of A, V and 
their conjugates where X = VXV-^ is calculated by the method given 
on pp. 207-209. We must merely multiply the Jacobian determinant there 
calculated by its conjugate (since now the change of parameters is not 
merely from x to (A, v) but from (x, x) to (A, A, v, v)) ; we find 


(8. 32)dT== 


{A(A)A(A)) 


(A, - • ■A„)»(A, ■ • An)” (det y)» (det 


No change is necessary as far as the discussion of the element of 
volume of a subgroup of the full linear group is concerned. In fact the 
determination of the element of volume of a subgroup rests on the trans¬ 
formation ^ > 17 of the parametric space and is unaffected by the nature 
of the elements X. 
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5. The characteristic matrices of a subgroup of the full linear group. 

The left translation X —> y — AX of any r parameter subgroup B. 
of the full linear group G induces the transformation oi the 

parametric region R of E where, (8.18), 


dY V dX 

On evaluating this identity in (|, rj) at 17 = < so that Y = En, A — Z“S 
we obtain the- following identity in $ 


where the constant matrices Mj are defined by 


( 8 . 34) 




The matrices Mf are known as the characteristic matrices of the group 
H (relative to the parameter specification ^). If they are linearly inde¬ 
pendent in the field of real numherSy i. e. if an hypothecated relation 
= 0 , where the are real numbers, implies = 0 , ; =* 1 , • • •, r, 
the equation ( 8 . 33) furnishes a method for determining the element of 


volume of E. 


We have merely to calculate 



and express it as a 


linear combination of the characteristic matrices the coefficient Cq* 
in this linear combination is, by (8.33) and the hypothecated linear 
independence in the field of real numbers of the characteristic matrices 

• Hence the matrix {cq^) =C is F(c, ^) so that the 

element of volume of H is 


dT^deiF-H^)d{i) ^detCdU). 


The matrices Mj may well be linearly dependent in the field of complex 
numbers ; in other words there may well exist a relation c^Ma = 0 where 
the complex numbers do not all vanish. It is usually more convenient 



calculate all the matrices 


dX 



•, r, at once by calcu 


lating X~^dX where dX 



then the result is 


( 8 . 35 ) 


X-HX-^Ma(dri^)n=* 
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and the element of volume is found by taking the determinant of the 
coefficients of the r linear forms {dTj^)7}=e, ; = 1, • ■ •, r, in the differen¬ 
tials and multiplying it by d{$). The matrix X-^^dX is known as 
the general infinitesimal matrix associated with E and the collection of 
matrices 

(8. 36) hX^^X~^dXy X variable over H 


is said to constitute the infinitesimal group of E. 

In order to illustrate the theory, let us consider the group E of unitary 
unimodular 2X2 matrices. The typical element of E is 

f 2^4 WJs t 2?2 

\xi — ix2 x^-\- ix3 

where Xi^ -f- Xz^ -f" ^3^ + = det X = 1. Hence is a three parameter 

group and we take (xi,X 2 ,Xi) as the three parameters $. Since Ez is 
furnished by ^ = 0, x* = 1, and since x^dxi + Xzdxz + x^dxz -f x^dx^ = 0 
we have = 0 so that the three characteristic matrices are 






On calculating 8X => X'^dX and writing it in the form we find 


^ x^dx\ — x^dxz XzdXi — X\dx\ 
c* =» x^dx^ -j- x^dxz — Xzdx% — Xzdx^, 
c* = — Xzdxx 4- x^dxz -f- x^dx^ — x^dx^. 


On eliminating dx^ by means of the relation x^dx^ -f Xzdxz + x^dx^ 
4 - x^dx^ = 0 and multiplying each row of the resulting determinant by 
x^ we see that we have to evaluate the determinant 


^4* 4~ ^4^3 + x-iXz X4,Xz 4“ 2 : 1 X 3 

2:42^3 4 “ 2:1X2 X4* 4 " 2:2^ — 2:4X1 4~ 2:2X3 

— 2:4X2 4- X1X3 X4X1 4- X2X3 X4* 4- X3* 


This turns out to be x^ and so the element of volume is — d (a:,, a;^, a:s) 

X 4 

(since the determinant must be divided by x** to neutralise the previous 
multiplication of each of its three rows by X 4 ). On writing X 4 = costf 
so that Xi* 4“ 4“ 2 : 3 * = sin* B it becomes convenient to introduce new 


parameters (Ci, C 2 , {s) defined by ^ 


sin B 


C* i. e. =■ Xi 


sin B 


X 


sinB 


C2f ^3 * Xs 


sinB 


^9 ^ 

the interior of the sphere 0 


B " -* 

^ Cb i the new parametric space becoming 
B<27r (since Ci* 4- fi* 4- C»’ = ^). An 
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easy calculation yields 


9(1) sin^(9 

HO 0^ 


cos 


^so that =1. Hence the 


volume element when the parameters C are used is 


1 sin^ 0 cos 9 


cos 9 


6^ 


dU) 


sm^9 

9^ 


_ f I ( 

1 Hv) ) 


d{0’ In fact if w corresponds to t), as ^ does to ■{ I 

( o{0 ) 


£( 7 ) 

diO 


i ^ 

\v-^HO' 


On introducing polar coordinates 
9, A, fi the integration may be performed by means of the formula 
/fl “ X, tf> sin^ 9 d9 sin kdkdix. Since the characteristic numbers 
of X are any class function ^ is a function <^(^) of 9 alone and our 

integral simplifies to 


(8. 37) 


X 


47r 


X 


2t 


sin* 9d9. 


Note that the polar coordinates 9, A, fi are merely convenient tools for 
performing the integration (after the element of volume has been already 
calculated) and cannot serve as parameters for H; for the origin 9 = 0 
of the parametric space, which corresponds to the unit point of the group, 
18 a singular point of the polar coordinates. It is important to observe 
that a typical element X of the group H is of the form 

(8.38) Z = cos -h sin 


where l = + so that - E-,. In other 

words X = where / is the product by t of a 2 X 2 Hermitian matrix 
whose trace is zero. On writing 






we may write X = cos dE^ + + (J,) where the 

u 

matrices E 2 , /i, /j, obey the rules of quaternion multiplication: 


= 732 = _ £-3; = 7, = _ etc. 

Hence the group H is a representation of the group of all real unit 
quaternions (under quaternion multiplication as the law of combination) 
the representation being faithful (i. e. to each element X oi S there 
corresponds one and only one unit quaternion). The subgroup of H which 
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is composed of its real elements is the proper real orthogonal group of 
dimension 2; any element 0 of this group is of the form 

(8. 39) 0 = cos OEz + sin 01 

where I = ^^ is a skew symmetric matrix whose square is — E 2 . 

Since E^y I obey the rules of multiplication of ordinary complex num¬ 
bers P = — E 2 the group of proper real orthogonal 2X2 matrices is 
a faithful representation of the group of all unit complex numbers (i. e. 
complex numbers of unit modulus). 

We have seen, p. 213, that the automorphism of H 

X^Z = AXA-^ 

which is induced by the element A oi H gives rise to an r-dimensional 
representation r= known as the adjoint representation, of H. 

The matrices H (a) are the Jacobian matrices evaluated at ^ = e or, 

what is the same thing, ^ = c. On differentiating the equation Z = AXA~^ 
with respect to and evaluating at | = c we obtain 

On regarding the set of matrices Mi, ; = 1, • • •, r, as a 1 X vector M 
we may say that the automorphism XZ = AXA^^ of H induces the 
linear transformation 

M-^N = MH{a) 

of the r-dimensional real vector space which is spanned by the charac¬ 
teristic vector-matrices M. Since the determinant of 3{a) is unity (on 
the supposition that any point of the parametric region R may be con¬ 
nected by a continuous curve with the unit point c; for detH(«) =■ 1 
and the continuous function detfl^(a) can take only the values ±1) 
it is clear that if 0 is any r X ^ matrix and if we write the vector-matrix 
MC (whose >-th component is the matrix 3faC>"») in the form ND then 
detZ) = det C. In fact C = H((x)D so that det (7 = detff(a) deti7 
= det D. The useful implication of this result for our immediate pur¬ 
pose is the following. We know that in order to calculate the element 
of volume of 3 we must express hX = X~^dX as a linear combination 

of the characteristic matrices Mj and must then take 
the determinant of the matrix C = (c/). We now see that, if it proves 
more convenient, we may express SJT just as well as a linear combination 
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of the matrices Nj = AMjA~^ where A is any element of H ; or, equiva¬ 
lently, we may express A-^^XA, instead of SX, as a linear combination 
of the characteristic matrices Mj ; the only thing remaining to do being 
then to take the determinant of the linear forms in the which appear 
as the coefficients in this linear combination. 

We illustrate these remarks by considering the element of volume of 
the n-dimensional unitary group H. Since the Schur canonical form of 
any element X oi H \s diagonal {X being normal) and unitary the 
diagonal representative A of the class to which X belongs is 


r 







giAi 




where © is the real diagonal (hence Hermitian) matrix 



Hence X=VXV'^ = ^ where H = V®V-^ 

” is Hermitian. Conversely every matrix X = H an arbi¬ 

trary Hermitian matrix, is unitary since X* = e"*" = AT'*. Since an 
arbitrary Hermitian matrix depends on n -f- |(n^ — n)2 = n^ real para¬ 
meters the unitary n-dimensional group is an n* parameter group; we 
take as our parameters for X the n-diagonal elements and the — n 
real and imaginary parts of the non-diagonal elements g < p, of H. 

Since X <=» ^ — iM— -(-■•■ and since H = 0 yields 

the unit element of our group the characteristic matrices Mq are simply 

* 9 ■“ * • *, n*. In fact dH^ = HdH dH H = 0, when H = 0; 

d • S'® H • dH^ = 0 when H = 0 and so on. The first n 

characteristic matrices il/i, • • ■, il/n are, accordingly, diagonal: 
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whilst the remainder are of the type = 


^ 0 


t 

0 


0 


0 



The element V of our group which trans¬ 


forms X into A is undetermined to the extent of a right-factor diagonal 
unitary matrix D (it being understood that we are confining our atten¬ 
tion to the ** generic ” unitary matrix X, no two of whose characteristic 
numbers ' ■ *, are equal). We use this diagonal unitary matrix 
V which is at our disposal to arrange that the diagonal elements of F are 
real and positive so that F depends on n* — n, instead of n* parameters. 

We are now ready to proceed with the calculation of SX = X"*dX. 
Since X = FaF-*, XF = FA so that dX • F H- X • dF = dF • A + FdA 
or, equivalently, dX — (dF • A + F ■ dA — X • dF) F-^ Hence 


SX = X-^dX == F(A-'F-»dFA -{- A-‘dA — F-^dF) F"' 


or, equivalently. 


F-'SXF = a-*«fa + aA — aF. 


We have now merely to express this as a linear combination of the char¬ 
acteristic matrices it//, Since the diagonal elements of A'^aFA 

and aF are the same the coeflBcient of Mf is d6f. The ;, k element of 
the matrix F-'SXF U=^k) is — l)avfc^ and if 8V = 

+ {Sv)k^ = (icj* -}- c>*), A: > ;■ so that the coefficient of iu 

F-*aXF is the imaginary part of (cy*-f tCi"') — 1) whilst the 

coefficient of Mf* is the real part of this expression. Since a determinant 
is multiplied by — 2i when the first of two of its columns is replaced 
by the first -}- i times the second whilst the second is replaced by the 
first —i times the second the determinant of the n{n — 1) linear forms 


which constitute the coefficients of the Mp^ in F'^aXF is 
times the determinant of the n(n — 1) linear forms 


1 


(c/ 4- ici^) __ 1 _ 1). 

In order to facilitate the integration we shall introduce as new coordinates 
(not as parameters for the group) the n numbers (^i, • • ' ,0n) and 
^ numbers which specify the elements of F; then the numbers 
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Cf*, Cj^ are independent of 6 and the volume element is factorable into a 
product one factor of which depends only on the coordinates 0 and the 
other on the n* — n parameters for V. In integrating any class fimction 
over R we need only pay attention to the integration with respect to the 
cooordinates the part which comes from the integration with respect 
to the remaining — n cooordinates dividing out in the averaging 
process over the group. We shall call the part which depends only on $, 
for the sake of brevity, the element of volume dr of the group and shall 
absorb all awkward constants in the other factor which cancels out. 
For the unitary group dr is, accordingly — e~*^>)d(&) 

k>i 

or, equivalently, since numerical factors are without significance, 

(8. 40) dT = U 8in“ d{By, ■ ■ ■, 9,). 

For the unimodular unitary group only a slight change has to be 
made. Since X = TaV'"', det X = 1 forces det A = 1, or, equivalently 
0^ = 0. The group is an n* — 1 parameter group and if we 

use as coordinates * * ’ > together with the — n coordinates 
which specify V the element of volume is 

(8.41) dr = n sin^^-g-^ d(^i, ■■■, 07.-1); 

$n== - (^1 + ■ ■ + 0n-i). 

Thus for the unimodular two-dimensional unitary group 

dr = sin^ 0d6 

as given in (8. 37) (only in that simple case the complete expression for 
dr involving the factor depending on the other coordinates was given). 
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CHAPTER NINE 


THE ORTHOGOiSrAL GROUP 

In this chapter we shall discuss the irreducible representations of the 
«-dimensional real orthogonal group and shall derive from these the 
irreducible representations of then-dimensional rotation group (= group 
of n X real orthogonal matrices of determinant unity). 

1. The canonical representative of a class of the real orthogonal group. 

The typical element X of the group R' of all real orthogonal matrices 
of dimension n is defined by 


XX' = X'X = E^, 

Since X = X*, X being real, R' is a subgroup of the unitary group so 
that the characteristic numbers of X are all of unit modulus. If a char¬ 
acteristic number is real it must be di 1 and we shall suppose, for the 
moment, that X has at least one characteristic number 1. This char¬ 
acteristic number 1 has at least one characteristic vector Vi associated 
with it and since Vi satisfies the equation Xv^ = Vx it may be taken to 
be real and of unit magnitude; in fact the ratios of the n coordinates 
of Vx are real and Vx is undetermined to the extent of a scalar factor. 
We know, from the orthogonalisation process of Schmidt, that t’x may 
be taken as the first column of a real n X n orthogonal matrix A ; the 
discussion of this process given on p. 24 dealt with vectors in the com¬ 
plex field (i. e. vectors whose coordinates are complex numbers) but it 
may be repeated for vectors in the real field (i. e. vectors whose coor¬ 
dinates are real numbers) and then the adjective unitary may be replaced 
by real orthogonal. Since, then, Acx = Vx the equation Xvx = Vx may 
be replaced by A'^XAex = Ci so that the real orthogonal matrix A~^XA 

is of the form Q where is a 1 X »- 

/1 u'\ 

I Q y y orthogonal finds its expression in the 


1 and Y an n—1 X n — 1 


matrix. The fact that 
equation 


Hr) (.’ r-) - 


E 


n> 


and this implies first w'w==0, so that w = 0, and next YY'= En.x 
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80 that y is a real orthogonal matrix. The same reduction is feasible if 
X has a characteristic number = — 1. \i Y has a real characteristic 
number we can find, by the same argument, a real orthogonal n — 1 
X w — 1 matrix B such that 


B-^YB 


; y a real orthogonal n — 2 X « 


2 matrix 


Then the n X « real orthogonal matrix Ai = G 1 ) is such that 


A,r^A-^XAA 


_(F^ 0 \ 

^ Vo 


where is a two-rowed diagonal real orthogonal matrix (hence with 
diagonal elements ±: 1) and Z is an n — 2X^^ — 2 real orthogonal 
matrix. Continuing this argument we see that if X possesses j real 
characteristic numbers dt 1 (each counted according to its multiplicity) 
we can find a real n-dimensional orthogonal matrix A such that 




where Fj is a real diagonal orthogonal matrix (hence with diagonal 
elements dz 1) and Y is an n — j dimensional real orthogonal matrix 
none of whose characteristic numbers are real. Since the complex 
characteristic numbers occur in conjugate pairs n — j must be even, 
==2m, say. If B is a 2m-dimensional real orthogonal matrix and 


B-^YB=Z then A 


2 = is a real n-dimensional orthogonal 

matrix such that In order to find, therefore, 

a canonical representative for the class of R' to which X belongs we 
have merely to find a canonical form under transformations by real 
orthogonal matrices for a 2m-dimensional real orthogonal matrix Y 
which has no real characteristic number. If is a characteristic number 
of Y no characteristic vector v associated with e*® can be real since 
Yv = e*^v: v = -f-tv.; V 2 ^ 0 ; vi.v^ real. In addition Vi ^ 0 for 

if vi = 0, v/i = V 2 would be a real characteristic vector; also v, and v. 
are linearly independent since otherwise Vi would be a multiple of v and 
hence a characteristic vector associated with which is impossible since 
Vi is real. Let, then, «i ,«2 be two mutually perpendicular real unit 
vectors in the plane determined by Vi, Vz and (again by the orthogo- 
nalisation process of Schmidt) let B be a real 2m-dimensional orthogonal 
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matrix of which Ui, w, are the first two columns. Since 
we have 

Yvy = cos Bvi — sin Bvz ; Yv 2 = sin 6vt + cos ev 2 . 


Yv = 


On writing U 2 as linear combinations (with real coefficients) of Wi, Vz, 

and vice versa, we obtain Kui, Yu 2 as linear combinations (with real 

coefficients) of Ui and U 2 , i. e. B'^YBci, B~^YBe 2 as linear combinations 
of Cl, € 2 : 


---a m ) 


where (7 is a real 2X2 matrix, V is a real 2 X 2m — 2 matrix and M 
a real 2m —2 X 2m —2 matrix. Expressing that B'^YB is orthogonal: 



we find first C'C = E 2 so that (7 is a real orthogonal 2X2 matrix; next 
LC = 0 so that i = 0 (on multiplying on the right by C') and finally 
that M^M = E 2 m -2 so that M is a real orthogonal 2m — 2 X 2m — 2 
matrix. Continuing this process we see that we can find a real orthogonal 
matrix V so that 



v-^xv 








where Fj is a real diagonal orthogonal matrix and each C/, ; = 1, • • •, m, 
is a real 2X2 orthogonal matrix. Furthermore each C} is a proper 
2 X2 orthogonal matrix since every improper real 2X2 orthogonal 

matrix, being of the type ^ has the real characteristic 

numbers ± 1, Hence each Cf is of the type 

p _( cos sin 
^ \— sin $j cos 9j) * 

Since E 2 , — E 2 are of the type Cj with $j = 0, -n-, respectively, an even 
number of + I’s and of (—l)*s may be absorbed from Fj and so a 
canonical representative of the class of R' to which X belongs is of the 
following type: 



1 . n even. 

rc, 
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if X is improper. If we consider the classes of the rotation subgroup R 
of R' it is clear that a distinction must be made between the cases n even 
and n odd. If n is odd R does not effect any refinement of the classes 
of R'. For if V transforms X into any element F of i? so also does 
— En) =— V and of the two matrices, V and — V, one is proper. 
If n is even there is a refinement of the classes of R' by R. In fact 


n/a\ ( cos^ sm .. /cosB —sm . 

^ ^1 and C( — d)=l . . /i) are trans- 

formable into one another by the improper 2 X 2 real orthogonal matrix 

but are not transformable into one another by any ele¬ 


ment of the 2-dimensioiial rotation group (since this group is Abelian). 
On writing n = 2k and denoting by A(^i, • • •, ^*) the canonical repre¬ 
sentative of the class of R' to which X belongs: 



we see that A(± • • •, ± ftt) all belong to the same class of R* whilst 

they belong to two distinct classes of R* Those for which an even 
number of the (^i,* • •, ^) carry a negative sign belong to the class 
containing A(^i, • • •, whilst those for which an odd number of 
the ( 01 , • • •, 0 *) carry a negative sign belong to the class containing 
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A(— BiyOi, - • ■ iSk)- Since the matrix inverse to is 

A( —^ 1 , • ■ • , — 6k) each class of R' contains the inverse of each of its 
members. Hence the characters of any continuous representation of R* 
are real ; for the representation, being bounded, is necessarily equivalent 
to a unitary representation so that the character of any element is the 
conjugate complex of the character of the reciprocal of that element. 

In closing this section we remark that the argument we have given 
shows that any real n X w matrix may be transformed by means of a 
real orthogonal « X « matrix into a canonical form analogous to the 
canonical form due to Schur (in the complex field). If n is even 
(=2m) the canonical form is an w X ^ matrix (whose elements are 
2X2 matrices) the elements below the main diagonal being zero. In 
other words the canonical form is precisely the triangular canonical form 
of Schur but the elements of the n/2 X n/% block ” matrix, which fur¬ 
nishes the canonical form, are 2X2 real matrices (instead of 1 X 1 
complex matrices). When n is odd (=2m + 1) the canonical form is 
obtained from the canonical form just given for n = 2m by adding a 
last column of real elements and a last row all of whose elements are 
zero save the last (i. e. diagonal) element. 


Since Ci 


-( 


matrix: 8} 


( 


— where Sf is the skew-symmetric 


2. The element of volume of the n-dimensional rotation group. 

cos 6f sin Of 
sin Of cos 0 
0 0 }\ 

-&f 0 ) proper real n-dimensional orthogonal 

matrix may be written in the form X = where 5 is a real n-dimensional 
skew-symmetric matrix. In fact the canonical representative of the class 
of R' to which X belongs is of the form where 2 is the skew-symmetric 
real matrix, of dimension n. 






; if n is even (*= 2k) 










; if n is odd (= 2k -f- 1). 


0 
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Hence X -Ve^V^ — — gS x\'here 5 is a real skew-symmetric 

matrix of dimension h. In fact S= TSF-' so that S' = 

“ VSV"* = — S. Since a skew-symmetric real matrix involves 
— n) = in(n — 1) parameters the n-dimensional rotation group is 
an Jn.(n.—1) parameter group. We shall adopt as parameters the ele¬ 
ments Ip®, p '> of S which lie above the main diagonal of S (I,,® being 
the element in the g-th row and p-th column of S). Since the set of 
matrices X{t) = furnishes, as t varies continuously from 0 to 1, a 
set of elements of R varying continuously from to X the rotation 
group R is connected. We proceed to determine its element of volume 
dr. Since == 0 furnishes the unit element En of R and since X = 

■“ -{- 5 + — • • • the characteristic matrices 



On denoting by ej^ the n-dimensional matrix all of whose elements are 
zero save the one in the j-th row and k-ih column, which one is unity, 
we have 


(9.1) 



As always our problem in calculating the element of volume of our group 
is to express BX = X'^dX as a linear combination 


BX = 

of the characteristic matrices and then to calculate the determinant 
of the Jn(n — 1) linear forms Cp® in the differentials d^. We have 
already seen (p. 323) that if it proves more convenient we may just as 
well express F'*8XF, where F is any element of our group, as a linear 
combination of the characteristic matrices Mtf’. In finding this linear 
combination we may adopt any convenient basis whatever in which to 
express the elements of our group. Thus if A is any fixed non-singular 
matrix whatever (not necessarily a member of our group) we may express 
A *F 'BXVA as a linear combination of the matrices A~^M<^A. If we 
denote the presentations of F, X, A, in the new basis by W, Y, 0, 

respectively: 

W =. A-^VA ; Y = A-'XA, © = 

the equation XF = FA appears in the form YW = W©, and the equation 

F-'SXF = A-^SFA + SA — SF 

*ippeara in the form 

W-^BYW = 0-*SW0 + S© — BW. 
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Since W~^SYW = A~^V~^SXVA (Sy being we have merely to 

express ©'’■STy© -f- S© — BW as a linear combination of the matrices 
and then to take the determinant of the ^7i{n — 1 ) linear forms in the 
differentials which appear as the coeflBcients of the matrices We 

shall take our transforming matrix A unitary so that whilst @, Y, W are 
no longer members of our real orthogonal group they will be members 
of the containing n-dimensional unitary group. Hence will be a 
linear combination (with specialized coefficients, to be sure), of the 
characteristic matrices Mf, Mp^j Mp^ (p >■ 5 ) of the unitary group 
(pp. 223-4). Denoting by J the 2 X ^ unitary matrix 

we shall choose for A, according as n is even or odd, the following: 

1 ) neven, = A = EicXJ; 2 ) nodd, = 2fc-|- 1, ^ X */ + 

It is at once clear that 




0 \ __/ co^Of sin^A 

\0 ^ \—sin cos^>/ 


and so © has the following forms, according as n is even or odd: 


1 ) n even = 2 A:; 


(9.2) 


©2A 














2 ) n odd, = 2 fc 4 - 1 ; 
(9.3) 


®2*+l “ ©2* Ex> 


On denoting, as before, by the n'Kn matrix all of whose elements 
are zero save the one in the p-th row and q-ih column, which one is unity, 
an easy calculation yields the following results (it being understood that 
when n is even we write n = 'Zk and when n is odd we write n, == 2Ar -j- 1) • 


A-H-^^X ^ = UeZX + + eg) 

4 = 1 (ip; - - ^> 

A=-J - e^) 



(9.4) 
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(9.5) 


A- 


g2p-l 


^ *^2k*i 


A~^e 


2k*l 

2p-l 


^ % 





(the second set being necessary only when n is odd). From these formulae 
it is easy to evaluate the presentations of the characteristic matrices of 
our group in the adopted basis; in fact = A~^Mp^A = A“^(e/ — e,®) A. 

On adopting the following notations 


(9.6) 
we find 


‘IS - 


^2p-l 


2p-l ’ 


g2p 


2p 


^2p > *^2q-\ 


elU 

-‘ll 




_ g2p-l ^ ir2p-l * e***! _C2P = Ji'2p 

®2p ®2k*l "2k*l> *^2p-I *^2k*\ ^^2k*l 


4- Kir + ^tV 

mu = h (mu - mu + mu - mv 

( 9 . 7 ) 2 

mu “= -1 (mu + mu - mu - mv 
mi = i (mu - mu - mu+mv 


P> q'y 

p, ^ = 


When n is even (= 21c) these equations express all the Kp^, P ^ q> save 
those for which p is even and q ^ p — 1, in terms of the matrices Kp*^, 
P> q (the matrices for which p is even and^ — p—1 not appearing 
in these expressions). The exceptional matrices NIU are furnished by 
the formulae 

(9. 8) NIU - i{elU — ; ; = 1, 2, • • •, ft. 

There are ^ ^{~ —1) sets of matrices (A'ljl}, mi-u ^lU> mV 

each set contains four matrices there are ^n{n — 2) matrices of this 
type; adding to these the matrices of the special diagonal type N\U 
we have the entire set of in(n — 1) matrices A’p^, p> q. We see, then, 
that when n is even, the expression 0"*SW@ -f" which we know 

to be a linear combination of the matrices P ^ q^ i^^ay equally well 
be expressed as a linear combination of the in(n — 2) matrices 

mu^ mu^ mV’ together with the n/2 diagonal matrices NIU, 
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7 = 1,’ ■, A'. Furthermore the determinant of the four equations con¬ 
necting each set '^^th the corresponding set 

^ll) isunity so that the determinant of the i7i(n — 1) 
X — 1) matrix which connects the set (£", ^^h the set 

is unity. This assures us that in order to hnd the element of volume 
of the rotation group, for n even (=2fc), we maj'. if it proves more 
convenient, express ©‘^SIF©^ — SW as a linear combination of the 
matrices {K,N^-^) (instead of the matrices p'> q) and then take 

the determinant of the linear forms in the differentials which appear 
as the coefficients of the matrices (iT, 

The following relations follow at once from the definition of ® = 02Jt: 

(9.9) 2p-l 2p-l 

0 - 1 ^ 2 < 7-10 g*{ £i(fip^fig) £^<1 

2p ^ 2p 2p 


and these furnish 

g-H9p~&^)-^2Q-l . 0 - 1^25 0 ^ »~H0,*$,)J^2q 

2p-l ^ 2p-l 2p-l 

£i{0p*$(j)gH0p^0't)* 

2p ^ 2p 2p ^ 



+ 2 the coefficients of the various matrices 


expression ©“*S1F© + 5© — 3TF are, respectively 

Adopting as coordinates in terms of which it is convenient to carry out 
the integration the k numbers (^i, * * •, ^) and in(n —2) parameters 
<f> specifying W the coefficients (c/)', (c/)", (c/)"' depend only 
on the parameters 4>. Now any class function i. e. any function depending 
only on the canonical representative A of the class of R to which X 
belongs is a function of the numbers • • •, Ok alone; in fact a function 
of particular type since it must be a symmetric function which is, more¬ 
over, unaffected by a change of sign of an even number of the ^s. For 
such functions we need only calculate the part of the multiple integral 
(with respect to the ^s and <^’s) which depends on the 0^8 alone (the 
other part cancelling out in the process of averaging over the group). 
Hence the element of volume (for class functions) of the rotation group 
of even dimension 2Ar is 


0 - 1 ^ 2^10 ^ 
2p-l 

(9.10) e~iz2«-i© = 
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dr= — 1)— 1) — l)d{6i, - ■ ■ ,&k) 

= n4{l —cos(0p —e,)}{l—cos(9p + e,))rf( 0 ., -,4) 

p>« 


=n { 

P>9 ( 


16 sin^ ~ 






The numerical factor 16 may be removed from each parenthesis as un¬ 
important and so we write 


(9.11) 


dr = n 

P>Q 


sin 


2 


e 


Here (p, q) run over the 


2 

h{k 


^ sin* 




[ d(e„ 




1 ) 


n 


2 


pairs which may be selected from 


— numbers. For the trivial case n = 2 there are no such pairs and 

dr is simply dB (there being no matrices K in this case but simply the 
one matrix For n = 4 we have 


dr = sin* 


sm* d(d„ ^ 2 ). 


2 


2k*l 

2p-l 


When n is odd, = 2k we have, in addition to the 

P> 9> the 2k matrices 
(9.12'i => _e*p-» • K^p = 

•^2fc+l ®2p ‘^2fc+l> ^2**l 

Using the equations (9. 5) we derive 

= A-^{efpi - 

(9.13) 


2Ar{2A; —1) 


matrices 


-2p . 

**2fc*l » 


1, • • •,&. 




V2 


= (^g:; + ^f£..) 


2t*l 


2*+l 


£*'» )A 


V2 






so that our -L) matrices Np^ are replaceable by the k diagonal 

matrices lV*j-i, the ik{k — 1) sets of four matrices K^\ 

and the k sets of two matrices Furthermore, the 

determinant of the linear transformation from these new matrices 

to the old matrices (lVp«) is (—i)*. The relations (9.9) 
are unaffected by the change in definition of ©, namely, © = ©2k-{-J5^i 
(instead of © = €> 2 *) but we must add now the additional relations 


(9.14) 


0 -lg2fc+10 

2p-l 


-i8pg2k*l 


0-lg2*+l© = giPpg2k*l . 


0-lgg-l© 


2p-l > 

From these and (9. 12) we obtain 
(9.16) 
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SO that the element of volume, as calculated for the %k dimensional 
rotation group, must be multiplied by JJ _1). Ee- 

p=i 

moving as before unimportant numerical factors we obtain as the element 
of volume of the (2fc-f- 1) dimensional rotation group (appropriate for 
the integration of class functions over the group) 


(9. 16) 


dr = Y\. sin^ 

p=x 





For the three dimensional rotation group there are no pairs {p,q) and 


the element of volume is simply 



In order to determine the region of the ($iy ■ • •, $h) space over which 
the integration is to be effected we remark that the relation X = e® 
implies that any characteristic vector of 5 is a characteristic vector of 
X ; for Sv = Wv forces Xv = e*^v. Hence if X = = e®* the two 

real n-dimensional skew-symmetric matrices Sz have the same (non- 
singular) matrix of characteristic vectors and when these characteristic 
vectors are adopted as the vectors of a basis both and S. appear 
simultaneously in diagonal form. Hence Sz permutes with Si and so 
gs. = gs. implies = E. If the normal forms of Si and Sz are 


^iBi 

% 

— iBi 

1 


% 




i 


and 




V 








respectively, it follows that ^i = 0} -\- 2m>7r where ms is an integer. 
Conversely when the characteristic vectors of S are prescribed it is suffi¬ 
cient to let each Oj vary in the range 0 < 0,- < 27r to obtain the entire 
set of matrices X of our rotation group; and any two points B of this 
region furnish distinct matrices X. If n is odd a change of sign of any 
$j does not affect the class so that in integrating a class function we may 
restrict each B to the range 0 ^ ^ tt. When n is even, on the other 

hand, we may restrict all of the B^s but one, Bi say, to this range whilst 
Bi itself varies over the entire range 0 < < ^rr. When n = 3, for 

example, the parametric region (three dimensional) is the interior of a 
sphere of radius tt together with half of its surface (diametrically opposite 
points ^ = ± TT having to be identified since they yield the same X). 
In this (physically important) case it is easy to write down in finite terms 
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the dependence of X on 5. In fact S satisfies the equation O^S = 0 
so that X = is expressible as a quadratic polynomial in S. 


X + yS\ 


The coefficients are at once determined by writing S in its normal form 

— i$ j and noting that X then appears in its normal form 

0 / 




. We find a = 1, (1 — d-) ± ips so that /8 = 


sin $ 

~F~' 


1 — cos $ . 
y =--; hence 


6^ 


Z = ^3 + ^ S + -- 


S is of the form 


e 




s 


0 

n 

m 


n 

0 

I 


m 

I ) with 12 _|_ ^2 _(_ „2 _ 02 
0 


The two remaining parameters (which specify the different members of 
a given class) may be taken to be the angles (A, <^) of a system of polar 
coordinates in which 6 is the radius so that 


8 

B 


( 0 — cos A 

-f- cos A 0 

— 8inAsin</) sin A cos ^ 


sin A sin {^\ 
— sin A cos 4> 1 ) 
0 / 



and it is then clear that a change of sign of B is equivalent to keeping B 
fixed and replacing A by tt — A and ^ by ^ (i. e. to a passage to the 
diametrically opposite point of the sphere of radius B). 

3. Integration over the n-dimensional real orthogonal group. 

If X is any element of R and A is any fixed element of R' which is 
not in R the matrices X and Y = AX exhaust R' as X runs over R. 
Denoting the element of volume of R by dr we define the integral over 
R' of a function ^ defined over -K' as follows. Writing <f>(AX) = ^(X) 

We construct the two integrals ^ <f>dT and tpdr over R and we term 

their sum the integral of 4> over R' 

(9.17) f 4>dT= f r Hr- 

Jr' Jr 
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It is clear that is unaffected by any left translation of its inte¬ 

grand by an element of i? (simply because each of its component parts 
Ib{4') is invariant under such a left translation; a left trans¬ 
lation 4>(X) ^ 4>b{^) = <i>{BX) of <f> inducing the left translation 
iP(X)==<p(AX)^<p(BAX)=4>{A■A-^BAX)=^p{A-^BAX) of ^). 
But it is also invariant under a left translation by any improper ” 
element of R'. In fact any such improper element of R' is of the form 
AB where B is an element of R and 

lR‘i4>AB) = (f>{ABX)dTC <f>{ABAX)dT 

R %/ R 

= t <P(BX)dT+ f d>(CX)dr 

J R %/ R 

= r >P(X)dr+ C d>{X)dT = I^.{^) 

R %/ R 

where C is the element ABA. This invariance under left translations 
enables us to derive the orthogonality relations connecting irreducible 
continuous representations of R\ In fact we first derive, as on p. 216, 
the relation 

{D(s) }/{!)»(s) },‘dT = c,*?,-- 

it being understood that the irreducible continuous representation 
r= {2>(s)} of R' is presented in a basis in which its matrices D{s) 
are unitary. On setting t = r and summing with respect to r we obtain 

{Z)*(5)Z?(5)}y*i/T = dc/'; d the dimension of (Z?( 5 )). 

Since -D(s) is unitary we have D*{s)D(s) = Ed so that 

= dcf^ 

where V' = \ dr is the volume of R\ Since the volume of R' is 

*/R' 

obtained by integrating over R' the unit fimction <^{X) = 1 = <f>{AX), 

F'= I dr + I dT«=2F where F is the volume of the rotation 
Jr Jr 

group R. Hence 

(9.18) (I}*(s)hr{£>(s)),^dT = ^ S/S.', 

it being understood that the irreducible representation {I)(s)} of 
R' is presented in a basis in which its matrices i?(s) are unitary (which 
understanding involves no lack of generality since the continuous repre- 
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sentation r of R' is bounded, its matrices being of the types D{X), 
D(A)D{X), X an arbitrary element of R). On setting j = r, t = k in 
(9.18) and summing with respect to r and k we obtain 

By continuing with the argument of pp. 216-7 we see that this relation is 
a criterion for irreducibility of the representation T whose characters are 
x(s); in other words it is not only necessary but suflicient to guarantee 
the irreducibility of F. Further the argument there given shows that 
the analysis of any reducible representation F of 

F = c“r« 

into its irreducible components is unique; the coefficients being deter¬ 
mined by the characters of F: 

(it being unnecessary to write xi{s) since the characters of any con¬ 
tinuous representation of Rf are real (p. 230)). It follows that any 
two continuous representations of R' which possess the same characters 
are equivalent. 

In order to effectively carry out the integration which is defined 
by (9. 17) we must be able to perform the integration | \p{X)dT 

= ft>(Y)dT where Y = AX. This involves the expression of dr in 

terms of the elements of Y (of which the integrand <f>{Y) is a function) 
or in terms of some variables which are convenient for the description of 
<t>{Y). When n is odd there is no difficulty since A may then be chosen 
as —En so that Y — — X and the coordinates in terms of which it is 
convenient to specify <t>{Y) are simply the coordinates in terms of which 
it is convenient to specify X. We have, then, when n is odd: 

— X)}dT 

where, when <t>{X) is a class-function, dr is given by ^9.11). When n 
is even (= 2fc) matters are not so simple and it is necessary to evaluate 
dr (associated with the element X of R) in terms of the element Y = AX 
of R\ We shall choose for A the matrix 

A — _“); so that A’‘E^. 
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The canonical form of K = AX under proper orthogonal transforma¬ 
tions is 


A(«1, • • •, 9*) = C. + • • ■ + 

\sm Bjc 


sin &it 
cos Ok 


) 


where C} 


( 




yh — 1 . Thus y-^YV 


cos 6j sin $ 
sin $j cos Oj 

and from this follows, by the calculation on p. 224, 

V~^hYV = A-^SFA + aA — SF. 

Now Y = AX so that 

BY = Y-^dY = X-^A-^d(AX) = X-^A-^{AdX) = X~^dX — SX 
so that 

F-^aZF = A-‘8FA *f SA — 8F. 

In proceeding, therefore, with the calculation of the element of volume 
dr of R which is attached to the element Z of i? we have merely to repeat 
the argument of pp. 231-5 the only difference being that A{0i, • • ‘,0k) 
now has the form Ck “(■ instead of, as before, the 

form Cl -f- • • • -f* C'fc-i -|- Cfc. On transforming all of our matrices by 

LC 


the matrix Ek X. J I J 


( 


V2V 


O) 


A takes the form 








,-ih 


<5*-, 


0 


0 




instead of the form (9. 2) as before. We define the matrices Ep^, p > ?, 
as in (9. 6) and the presentations Np^, F > of our characteristic 
matrices Mp'^ in our new basis, are furnished by (9. 7) and (9. 8). The 
relations (9. 9) are still valid so long as neither p nor q = k whilst when 
either p or q (or both) takes the value k we must replace (9. 9) by 

0—lg2p-10 # 


0-lg2fc-l^ =» ; 

2p-l 2p-l ' 

0.1g2fc 0 ^ . 

^ 2p-l 2p-t f 

2p 2p ? 


2k 2k^l ^ 

2k^x 2k ^ 

®-ieg0 = e-i(tf,-tf*>g2p^ j 


— 6 


2»-l . 

2k > 




2k 

2k-i* 
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The relations (9.10) must accordingly, when either p ot i = k be 
replaced by the following 

. ©- 1^29 ^© ^ e-ne^-0t)j{2q 

©-i^ 2 j 0 ^ 

(9=1,- • ■, i- _ 1 ); ©-iJVg-10 = _ Ar«-i. if_ then, 

8iy = 2 c>Nl>-^ + 2 + 2 {cJ>rKll^ 

J P>« p>g 

+ 2 + 2 M'"K0 

the coefficients of the various matrices TT^a-j 

. ... "2p-l> ^2j> > ^2p 

in the expression ©'^^TF©-f* 5® — are the same as those given on 
p. 234 when neither p nor j = k. When j = k there is a trivial change: 
d0k must be replaced by de„ — 2 c*, but when p = A; the change is more 
serious. The coefficients of Ell\ , 5 = 1 ,. . . & — 1 , 

are, respectively. 


_ c/; — (c/)'; 


In evaluating the determinant of the linear forms in the differentials di 
which constitute the coefficients of the matrices N we may com¬ 
bine (c/)"e*<^*“*'i.) — c/ with —(c/)", the latter being 

multiplied by when we obtain (cg*)(e^*^'' — 1). On factoring 

out — 1 ) the remaining linear form — (Cg*)" may 

be replaced by — (cg*)" in evaluating the determinant. Dealing similarly 
with the two linear forms (cg*)'"e“*^^''*^»* — (cg*)' and (cg*)' 

(cg*)"' we see that the four linear forms which constituted the coeffi¬ 
cients of Kll ^, may be replaced by Cg*, (Cg‘‘)", (Cg*)", 

(cg*)'" provided the determinant is multiplied by — 1 ) — i) 

4 sin* ^g. We shall be interested only in the case where the function 
being integrated is a class function (the classes being classes of R' and 
*iot of i?) • since the canonical form of F, under transformations by 

elements of i?', is ( 7 ^ -f. ■ - . Cjc~i -|- F where such a 

class function is a function of the variables Oi, $ 2 y' • •, alone. The 


factor of r <h{F)d 

R 

and the variables 


r which comes from the integration with respect to 
if> which specify W will cancel out in forming the 
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quotient <p(Y)dT and so we tak 

involves only the variables • • •, : 


k-i 


k~i 


(9.19) (fr = n sin^ n i siH 


(0, 


9=1 


P>Q 

1 


— sm - - - ^ d{ei, ■ ■ •, 0fc-i). 


4. The irreducible continuous representations of the real orthogonal 
group R\ 


The symmetrized Kronecker m-th power [Y^f^n) of the 

matrices of R' furnishes a rational integral representation Tm of dinien- 

^ ^ ^ of whose characters are the functions 5 m(*) 


Sion 


where 5^ = TrX (or TrY), Sz = TrX^ (or TrY^) etc. This representa¬ 
tion may be regarded as operating in a carrier space in which the power 
products ■ • (x”)^ ;, + constitute a 

basis, x= (x*, • • ■,!") being an arbitrary vector in the carrier space 
of the matrices X, Y = AX of R\ Since (x')^ is left 

invariant by all the matrices X^Y of the subspace of the carrier space 
of Tn, which is spanned by the vectors {{x^)^ ^ (a:”)^} 

X (a:‘)*-i- • • (x'*)*=" where fci-f-^^ 2 • • • + fc™ = w — 2 is invariant 
under all the matrices of r,„and the representation of 1?' which is induced 
by Ftn in this invariant space is the s 3 Tnmetri 2 ed Kronecker {m — 2)-nd 
power whose characters are 9 »n_ 2 (a). Tm induces, therefore, in a space 
complementary to this invariant space of its carrier space a rational 
integral representation of R' whose characters are qm(s) — gm- 2 {») 
= q'm{s). Since gm{s) = pm{x), where the (a) = (zj, ■ - -^Zn) are 
the characteristic numbers of X, or K as the case may be, and since 


_ 1 _ 

(1 - Zit) • • ■ (1 - Znt) 


00 

= 2 it follows that 


Jk=o 


1 _ ^2 TO 

(®-20) ... /»(») =;»:(*) 

(the usual conventions po{z) =1, p_i(a) = =■ - - = o being 

followed). 

Since g'mis) furnishes the characters of a representation of R^ any 
product such as g' «i,(s) ■ • • g'mj(s) furnishes the characters of a repre¬ 
sentation of ^; in fact of the representation which is the Kronecker 
product of the representations whose characters are furnished by 
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respectively. If (A) = (A.,A 2 ,- ■ - ^A*), A^ > A. 
— • • • —A*>0 are any k numbers the determinantal function 


9 


9 Xk-<A:-l)> 


> -2( A:-i) 


(where the various elements are obtained by methodically increasing 
and decreasing by unity the label attached to'the symbol q' as we move 
from each column to its neighbor on the right and then writing in each 
column after the first the sum of the two q' thus obtained, each q' carry¬ 
ing a negative label being zero) is accordingly a linear combination with 
integral coefficients (some of which might, so far as we yet know, be 
negative) of the simple characters of R'. We propose to show that 
{A)'(a) furnishes, for each choice of (A), a simple character of R' and 
that no two of the simple characters obtained in this way are the same. 

In order to do this it is necessary to make a preliminary evaluation of 
some integrals over R. 

The denominator of the fraction on the left of (9. 20) is n(l — 2 cos Ojt 

/=i 

+ f“) if n(=2A*) is even and is the product of this by (1 — t) if 
n (=2^-j-I) is odd. We shall assign to the indeterminate t tlie k 
distinct values (fj, ■ ■ •, tk) and shall denote by g,, the expression 


9 p — n(i 
/=» 


2 cos Ojip + ip^) 


p = 1, • • ■ ,k. 


The corresponding denominator of the fraction in (9. 20) will be denoted 
hy fp so that fp = gp if n = 2k is even; /p = (1 — ip)gp if = 2/^ + 1 
16 odd. The first integral we propose to evaluate is that of the reciprocal 

of the product over R ; f* - — -. To do this it is con- 

„ . , , . ■ ■ '9k 

venient to introduct the notations 


r, = i + V; = i 


+ tp^' 


p = 1, • • •, fc, 


for then a factor such as (1 — 2cos6jtp -|- tp^) of gp appears as 
Tp(l — cos OjUp) so that 

(?i* * gfc)-^={T,T2- • •n)-*{n(l— cos^^up)}-!. 


But we know, from Cauchy’s determinantal relation (p. 115), that 
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{11(1 —COS tip)} ^ is the quotient of the A;-th order determinant, of 

V’i 

1 

which the element in the n-th row and i-th column is -::— , by 

^ 1 — cosOjUp' ^ 

A(w)A(cos^), the A symbol denoting, as usual the difference product. 
Thus 

A(m) = Yl{ih — u^) = —ifpi,)} • Ttc)^\ 

p^<2 P<q 

1 1 


Since cos 


cos $a — — 2 sin 


Op 


Oq . Op Bq 


sm 


2 2 

dry given when n = 2Ar is even by (9. 11), may be written as 


the element of volume 


dr = {A(cos • • ■ ^Bk) 


the numerical factor — 2 being without significance as the constant 
multiplier it gives rise to cancels out in the process of averaging over K. 
Hence the integral we wish to evaluate appears as: 

r -= r <letf---—') A(cos ^)d(0) 

Jr 9\' ' ' gie Jr \1 — cos BjUp/ f \ f 

^ 2 *f*-^>/*A( 0 {fl {l — tptq)]T,- • Tu. 

p<<i 

1 

Since 1 — cos = (1 — 2 cos ( 9 ,dp + Ti - -Tk 

may be absorbed in the determinant and we may write 

2K*:-l)/2A(t)n(l—Mo) f-- 

v<g J^ 9^ ' ' ' 9’i 

= r A(co 3 g)d(g). 

Jr \1 — 2 cos + fp / 

Now a typical term in the expansion of the determinant is 

{( 1 — 2 cos 0 y,^ + fx 2 ) • ■ • (1 — 

where (/i, * • ‘, 7 *) is a permutation of the numbers 1 ,- • • ,k and the 
plus (minus) sign is used according as this permutation is even (odd). 
But an interchange of two of the variables (^i, • • *, ^) of integration 
cannot affect the value of the integral; such an interchange changes the 
nature of the permutation (;i, • • •, ;*) (from even to odd or vice versa) 
and changes the sign of A(cosfl). Hence every one of the A: I terms in 

the expansion of det (----—p- 7-5 ) yields, on integration, the 

\ 1 V cos ffjtp —}“ tp / 
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same result so that we need only take the leading term and multiply the 
result by k\ Hence 

p<Q JR 9i- • ’9k 

•y R >=i 


On writing A(cos 6) as a Vandermonde determinant, of order Jc, of which 
the element in the p-th row and y-th column is (cos we have merely 

to integrate a determinant of which the element in the p-th row and ;-th 
column is (cos (1 — 2 cos $jtj + tj^)- Since the variables are 

now separated (each of the k columns being a function of only one of 
the k variables • • *,0*) the integral of each term in the expansion 
of the determinant is found by integrating each of its factors with respect 
to the single variable contained in it. Hence we have merely to evaluate 
a determinant of order k of which the element in the p-th row and ;-th 
column is 


On writing 


X 


2b- 


(cos 


0 (1 — cos Btjif-) 


(1 — 2 cos Bti + = (1 —— 

we find 

CC 

(1 — 2 cos 6t} -h = 1 + 22 cV>^ 

1 

where 

c'g = cos + cos(g — 2)^ + - • ■; ? = 1, 2, ■ ■ ■ 


(the summation ending in J if ^ is even). Hence 


(1 — f/) {(1 — 2 cos Btf + i/))-' = 1 + 2 2 cos gBif^i. 
Furthermore 


(co8g)*-p=^ I "2 ^ } 

— {cos (A: — p)B-\- {k — p) cos {k — p — 2)0 + • • •) 

]c — • • ■ 

From the orthogonality relations 

pe COB gOde - 0 ; py^q; r cos* pBdB — TT 
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it follows that (1 — tj 


/%2V 


cos^~p$d$ 


is a polynomial in tf 


— 2 cos dtj 

of degree k — p the coefficient of the highest power being 27r -i- 2*"^', 
p = 1, 2, • • ■ yk — 1. For p = k, on the other hand the value of the 

integral is 27r. On removing the factor — from the p-th row of our 


determinant, p=l,- • •, A:—1, and the factor 27r from the A:-th row 
we obtain a determinant of which the element in the p-th row and ^’-th 
column is a polynomial of degree k — p in 0 the coefficient of the highest 
power tj^-P of tj being unity. Since the polynomials in a given row are 
the same, only the argument tj varying from column to column, we may 
simplify our determinant by subtracting from each row an appropriate 
linear combination of the rows beneath it; it then appears as the 
Vandermonde determinant of which the element in the p-th row and 
;-th column is tj^~P so that its value is A(<). On dividing out by the 
factors (1 — tj^), ; = 1, ■ • •, fc, which were introduced for convenience, 
we obtain 


2u-i)={;q(1 

i><<i 

1 


} { 11(1 


A; 

n 

P=l 




9i 



(2^)*Ar! 


On setting ti^t-> — ’ * • — = 0 each of the quantities g^' ' ' > 

assumes the value unity and we find 


(9.21) 

Hence 


F== (27r)*'-A;!H-2<*-i>*. 


1 ^ dr 

V Jji gir • ‘ ,gje 


{ftd 


p<q 

X 



(the factors (1 — 0*) being absorbed amongst the factors 1 — tptq by 
permitting p = g)- Since n — 2A; is even we may identify each gp with 
fp so that 

(9.22) r f r = (n(l — n even = 2k. 

y ^ R [i' 'Tic 

1 


We may observe that the element of volume (9. 11) may be normalised, 
by use of (9. 21), so that the volume V of the n = 2Jc dimensional group 
becomes unity. We have merely to write 

2(*-»)* fc 

(9.23) dr = (2Tr)* feT gp —cos gg)^ff(gi, • ■ •, ^); n = 2k. 
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When n = 2fc -|- 1 is odd we have to use the element of volume (9.16) 
or, equivalently, the element of volume 

k k 

(;t={I 1(1—cos ^p) }{ri (cos — cos ■ ■ ■ ,&k)- 

p=l p<q 

\ 

The argument proceeds as before the only difference in the end result 
being that we must evaluate a fc-th order determinant of which the ele¬ 
ment in the p-th row and j-ih column is 


instead of 


J '^* (cos ^)*-p(l — cos$) 
0 1 — 2 cos -f- 


X’'t 


(cos d)^~Pd$ 
- 2 cos dtf + 


as before. We have seen 
(by expanding (cos 




2 


) 2*-^' 


[cos {k — p)9 


that 


(‘ 7 ') 


COS (A: — p —8)^ + * ‘ *]) 


J ^2ir 

. I 


(cos 

- 2 cos Bt 4- <2 


is the polynomial 


2'7r 

2*^ 


-f 


The polynomial Pk-p(t) = -f- 


C 7 

+(‘70 


+ •••]. 


(k-p-2 


has, when t 


one half the value of (< + t)*"*’ when ^ = 1 and so when < = 1 the 

f 

expression 




2’" (cos B)^-J>dB 
1 _ 3 cos 


has the value 2^, Since this value is independent of p the difference 


^••(cos B)^^ — (cos B)^-f^^ 


X r (cos 

Uo I 


2 cos Bi t 


is divisible by 1 — t and 


<'+‘I /.‘i 


(cos ^)*“*>(1 —cos B) 


2 cos Bt + i- 
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is a polynomial of degree k — p in ^ the coefficient of the highest power 

Stt 

of t being • Hence the value of the determinant ("which becomes 

o 2^~p 

the simple Vandermonde determinant A(<) on removing the common 


factors 


TT 


2k-p 


from each row and the factors 1 + tj from each column 


followed by subtraction from each row of an appropriate linear com¬ 
bination of the rows below it) is ^(*)* dividing out by the 

factors \ tp we obtain 




On replacing gp by /p-i- (1 — tp) we obtain 


X 


dr 


Rfi - • -fk 


(2?r)* ^ ^ 


On setting 


(9. 24) 
so that 
(9.25) 


= = 0 each /p = 1 and we find 

y = ^ ( 

^ 2k{k-i) ^ ’ 


i r -^ 2 —= { n (1 — Va)"'; « odd = 2 A: -f 1 

y JrTi' ‘ ’h p^q 


We observe that the volume element (9. 16) may be normalised, by use 
of (9. 24) so that the volume V of the n = 2A; -|- 1 dimensional rotation 
group becomes unity. We have merely to write 


(9.26) = 


2k{k-l) 

(27r)*F! 


{fl(l 

X=1 


COS^/)}{fl (cos dp -cosd^)*} d(6i,- • • ,0k)- 


v<q 

1 


In order to evaluate the integral of (/i * * • fk)~^ over R' we have to 
consider separately the trivial case when n = 2k ~\-l is odd and the case 
when n = 2A; is even. When n is odd Y — — X and /p evaluated for 
Y — f( — tp). Since the right hand side of (9. 25) is unaffected when 
the sign of each and every tp is changed it follows that the two integrals 
whose sum gives the integral over R' are equal. Hence 

(9-2^) » = 2fc + i. 
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The same result holds when n = 2fc is even but to prove this some 
further calculations are necessary. We have seen that, whether n is 
odd or even, the integral of (/i • ■ ' fk)~^ over i?, divided by the vol¬ 
ume V of R, ={11(1 — = {n (1 — where 

p=i 

1 

k 

Ljf(t) = n (1 — tptq). If j is one of the numbers 1, 2, • • ‘ ,k — 1 we 

p<fl 

1 

may set = tj ^2 == ‘ ■ ' = 4 = 0 forcing fj^i = f >+2 = ' * * *= A = 1 
and we see that the result 


(1 — Li{t)=Tl{l — Ut,) 

P<<2 
1 

is valid not only when j = k but also when ; = 1, 2, • • •, — 1. To 
see that happens when j k let us consider the function 



ffp ^ n (1 — 2 cos e^tp + fp*) 

which = fp when n = 2k is even and = /p -J- (1 — tp) when n = 2fc -|" I 
is odd. gp is a polynomial in tp and Tp = 1 + : 

gp = Cktp^ + Ck-itp’^-^Tp -!-••• + CitpTp^-^ + Tp* 

so that the determinant of order A: + 1 of which the elements in the 
p-th row are {tp^,tp^^Tpr ■ • ^tpTp^-'^^gp) has the same value as the 
determinant of order fc + 1 of which the elements in the p-th row are 
(tp\ tp’‘-^Tp, ■ • •, tpTp^^, Tp^). This determinant may be readily evalu- 

ated; in the first place Afc^i(e) = 11 — <«) is a factor of it. Secondly 

V<<1 

\ 

the elements of the p-th row become, on division by tp^^y the same func¬ 
tions of — that they were originally of tp. Hence not only is tp — tq 

tp 

a factor of the determinant but 1 — tptq is also. Hence A*+i(t)Z*+i(*) 
is a factor of the determinant; the remaining factor is seen to be unity 
on comparing the coefficients of the leading term which 

is unity in both expressions. The cofactors of the last column of the 
determinant of order fc 1, of which the elements in the p-th row are 
(<p*, • • ' ytpTp'‘~^,gp)y are readily evaluated; for example the cofactor 
of gx^ when multiplied by (—1)*, is the product by ^ 2 ' ' ' of the 
determinant of order k of which the g-th row is ’ ' ’> 

, T^\ ) and the value of this determinant is, as we have just 
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seen, (t)Lk^(t) (the superscripts 1 indicating that and Li^(t) 

are obtained from Afc+i(t) and Lk^^(t)y respectively, by omitting the 
factors which involve ^i). We have, accordingly, proved the relation 

(9.28) Ajui(«)-^fc.i(0 = {—lyh - • • 


and we divide this relation by T^(/i' * A+i) and then integrate the 
resulting equation over R. The first term on the right becomes 

(t)w{t) C —-^F 

%/ R Jz ■ Jk-i 


if n is even and the quotient of this by (1 — <i) if is odd. But the 
quantity ^ I 7 -j— has the value {JI (1 — (f)}"' and so the 

y Jr /2 ‘ * /Jt+i 2 


k*\ 

first term yields [(— 1)*^2 * ' * ^a+iA*‘(I)/ IT (1 — <p*)] times (1 — <i*), 

p=i 

if n is even, and times 1 if n is odd. The product <2 • • • 

may be written as a determinant of order k of which the elements in the 

^-th row are (tJ+j, ‘ ’ j U*i) so we obtain, on multiplying both 

k*i 

sides of our equation by II (1 — tv^), 

p=x 


k*\ 

Ai.i(*){n (1 

pSv 

1 






Sx 


where = 1 — if n is even and =* 1 -f- if n is odd. In either 
event the determinant on the right is equivalent to the Vandermonde 
determinant whose value is A*+i(t) as may be seen by adding the 
{k — l)-st column to the last if n is even and by subtracting the Ar-th 
column from the last if n is odd. Hence the basic relation 


1 

holds, not only when y = 1 , 2 , ■ • •, fc, but when 7 = A; -|- 1 as well. 
Exactly the same argument goes through for higher values of j ; thus if 
y = fcdivide the basic equation (9.28) by V(/i- • ‘ fk^z) and 
integrate the result over R. The first term yields 


—«p=')n(l —Ma) 

p =2 p<q 

2 
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if n is even and the quotient of this by 1 — if n is odd; this may be 
written as 

( (^)/{n (1 “*} 

p<q 

1 

times (1 — — hh-z) 

if n is even and the quotient of this by 1 — if n. is odd. On dividing 
through by L)e^\(t) we obtain 


^ f f — {ri(f — * 

V qjRjl fk *2 p<q 

1 

where ^'^ = 5:^(1 — tptk* 2 )- As before the determinant on the right is 
the Vandermonde determinant of order k1 whose value is Afc+i(f) 
and we see that (9.29) is valid when j = k 2. Proceeding in this 
way from each value of j to tlie next higher we see that the basic relation 
(9. 29) is valid for each value of j from 1 to n — 1 inclusive; in passing 
from j = n — 1 to / = n the quantities Sp which occur in the last column 
of the determinant on the right in the final step of the argument are 
(1 — ^p^)(l — tptk* 2 )(f — tptjc^z) • • • (1 — tpin), if n is even, and the 
quotient of this by 1 — tp if n is odd. In either event Sp is a polynomial 
of degree A: -|- 1 with lowest term 1 and highest term (— l)'‘tp’^*^tk *2 ‘ ’ U; 
the determinant on the right splits up into the sum of two determinants 
of which the first is the Vandermonde determinant of order k -\-l whose 
value is ^k*i{t) the second being the product of this by tito - • ' tn. 
Hence when j ^ n the relation (9. 29) must be replaced by 



(9.30) 


\ r dr 

V JrU - ■ u 




— ivU)Y\^ + Utz- 



We are now ready to proceed with the final step of our preliminary 

calculations, namely, the evaluation of ^ C , > i = 1> 2, • • *, 

« ^ J R'jx' ' ‘ n 

n. When n is odd there is no difficulty since then we may set 
V = — X and fp for Y is obtained from the fp for X by changing the 
sign of tp as already pointed out in the derivation of (9.27). This 

i 

change of sign of each tp does not affect 11 (1 — each of the 

p^ 

1 


two integrals, which occur, by definition, in 


1 r dr 
2V Jr'/i* • •/> 


has, for 
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;' = 1, ■ ■ •, n — 1, the same value, namely one-half of -Jr ■;— 

^ VJrU - • -fj 

On the other hand when j = n the second of the two integrals has the 
value 


4{n(l — <A) fn)} 

= ^{IT ( 1 ^ (1 t\tz' ' ' tn) 

p<q 

1 

n 

since n is odd. Hence the integral over Rf = {II (1 — tptq))'^. In 

p<q 

X 

other words for all values of j from 1 up to n, inclusive, (not merely up 
to n — 1 inclusive as is the case for the rotation group) 

n==2fc + lodd. 

1 

This relation holds also when n — 2k is even but to prove it we have 
to turn to the form (9. 19) for dr; apart from numerical factors which 
have no essential significance this may be written as 


dr =* H (1 


cos* uq) IX icos 
1 


We shall first treat the case j = k 

k-i 


-1. Writing/p(y) = (1 — tp^)kp 

so that Ap = II (1 — 2 cos 6jtp + tp^) the integral C (/i • • * fk-i)~^dT 

>=i Jr 

dr 

takes the form 11(1 — tp^)'^ I -T- 7 — • The calculations pro- 

psi R ill * ’ * 

ceed exactly as before save that k must be replaced by A; — 1 and allow¬ 
ance made for the difference in form of dr. We find, as on p. 245, 

that 2<*-^>**'^^/*Ajt_i(l){n (1 — tptq)} f T-— is the product of 

R ill * ' flk-l 


P<<I 

1 


(fc 


-1) ! by a determinant of order k — 1 of which the element in the 

, . , r*'(cos ^)*-i-*»— (cos 

p-th row and ;-th column is J ^ _ 


2 cos $ • tf if 


do. We 


X”i 


(cos 0)^~^d0 


have seen that . , 2 cos fl ■ t + 

polynomial of degree k — p in i: 


multiplied by (1 — P) is a 




Cr') 
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When t — \, Pk-p{t) has the value 27r so that Pfc.p(0— Pk.p*2{t) is 
divisible by 1 — t (since it vanishes when i = l). When t = — 1, 
Pk~p{t) has the value 2ir (—so that Pk^{t) — Pk-p*2(t) is also 
divisible by 1 + i; hence Pk-p{t) — Pk-p* 2 {t) is divisible by 1 — P the 
quotient being a polynomial of degree p m t whose highest degree 


term is 


%-rr 

2k-j3*l • 


In other words the element in the p-th row and ;-th 


column of the determinant of order k — 1 which we have to evaluate is 
a polynomial of degree k —1 — p in tj the coefficient of the highest 


power being — 


On removing the common factor from the p-th 


row, p == 1, 2, • • • yk — 1, the determinant becomes the Vandermonde 
determinant of order k — 1 whose value is Afc-i(t)- obtain, then, 
the result 


(9.32) 



On setting = • • • = <k-i = 0 we see that our choice of dr yields 

,, (27r)*-HA;—1) ! 1 

V «« ... - - and so 




(9. 33) 


i f , 

V J RJx’ ’ • fk-l pSg 


It follows that dr may be normalised so that V is unity: 


(9. 34) dr 




jfe-i 

/o Me.,, TnUKl— <=OS^®p)}{n(cOS«p — 
(27r)*‘'(/j — 1) ! p,i p<fj 


It follows at once from (9. 33), on setting — ^/*2 
that 


tfc-i = 0 


(9. 35) 


y Jr fi‘ ‘ ' fi 


and this, in combination with (9.29), yields 


(9.36) if ={n(l —V,))-; ; = 1,2, 

1 

To evaluate the integral for higher values of J we write down (9. 28) 
with k replaced by A: — 1 and gp by hp and integrate over R the equation 
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obtained by dividing each side of our equation by V(fi' • •/a.). The 
first term on the right becomes 

and so the right hand side of our equation yields on performing the 
indicated integrations by means of (9. 33), the quotient of the Vander¬ 
monde determinant of order k whose p-th row is 

k 

by {IT (1 — V) }• Oil dividing out by the common factor Ak(l), which 
1 

equals the Vandermonde determinant, we find 

dr 


T f' f • • • / — {11(1 }”^ 

y Jr h fjc p^q 


which, together with (9. 22), yields 


(9. 37) 




From (9. 37) we pass fOgV f f -exactly the same way that 

we have passed from (9.33) to (9.37). In this way we obtain the 
general form\xla 




,n 


1 . 


In passing from j = n — 1 to j ~ n we obtain on the right a determi¬ 
nant of order k of which the elements in the p-th row are (fp*"'j 
• • •, tp, Up) where Sp = (1 — tptk*x) ' ' ' (1 — M&fe)* The value of 
this determinant =Afc(l)(l — • • ' t^k) so that the second of our 

integrals in the calculation of C 7 ———r has the value 

2 V J R>fi ' ‘ ’ f-n 


n 


i{n (1 ——fi- • • t2k). 


p^q 

1 


Since the first of the two integrals 


n 


i{n (1 — 
1 


■ t2k) 


(by (9.30)) we have 


2F - W}-'; "-2* 


( 9 . 39 ) 
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After these somewhat lengthy calculations we return to a considera¬ 
tion of the representation ofwhose characters are the functions {A}'(s) 

defined on p. 243. The relation (9. 20) may be written (1 — t^) {f(t) 

00 

= and on setting, in turn, t = ' •,ik we obtain the 

0 

k relations 





On multiplying these relations together we obtain 


k 

n(i 


- tp^) 

— -= 2 

■ Jk (>)=0 


We now multiply both sides of this equation by A*:(f )Z/a:(I) ; this expres¬ 
sion is equivalent to the determinant of order k of which the elements in 
the p-th row are and this is 

equivalent to the determinant of order A; of which the elements in the 
p-th row are tp^-^ -f- tp*, ip*-'"" + ■ * *, 1 + (since this 

determinant is obtainable from the previous one by subtracting from each 

column an appropriate linear combination of the columns which precede 

00 

it). On multiplying the elements of this p-th row by 2 we obtain 

a determinant of which the elements in the p-th row are 
00 00 ^ 


On setting = Xi-f (fc—1), = A. + (fc2), • • ■, = A*-, this 

determinant is the sum over all sets of numbers Ai ^ A 2 — ■ • ^ Afc — 0 

of {A}'A(Z„- • ■, Zfc) where A{lu • • •, Z*) is the determinant of order k 
of which the elements in the p-th row are (/pS * ‘ ‘, fp'*)- On dividing 
through by £^{1), • • ■,Zft)H-Afc(«) becomes the simple char¬ 
acteristic {A)(f) of the symmetric group on Ai -j- A 2 + ' ’ + Ak letters. 

Hence 

fl {i — tpU) 

p<9 

(9.40) -j-S{A}'{X)(«)- 

/l • • Jk iX) 

On denoting by (wj, ■ ■ ,Uk) a second set of k indeterminates and 
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setting f(ui) — f 2 k we find on multiplying (9.40) 

by the result of substituting u for t in it 

n (1 n (1— upUg) 

( 9 - 41 ) — rr^f - = 2 {A}'{/*r{A}(i)W(u). 

/1/2 J2k (X)(*») 

On integrating this equation divided by 2y over S' we obtain 

{n (1 —2 {A}(l){/x}(«)^ f M'M'dr. 

P»fl (X)(p) Jr* 

1 

The expression on the left = 2 {^}(<){A}(«) : in fact 

* (X) 

{ n il — tpUgx)}~^ = 2pm(l«)ar" = 2 {2(A)(1){A} 

P»9 0 0 

1 

where the summation in the coefficient of is over all partitions of m 
(see p. 116 ), On setting a: = 1 we obtain the result stated. Hence we 
have the relation 

2{A}(«){A)(u)= 2 {A}(0{;*}(u)^ r M'M'dr. 

(X) (X) {ft) cV ^ R' 

On regarding u as fixed and t variable we have on each side of the 
equation a combination of homogeneous polynomials {A}(<) of the 
variable I = (^i, • • ■, 4)- The parts of each side which are homogeneous 
of a given degree m must equal each other and so 

2{A)(I){A}(u)= 2 {A}(l)W(a)-r^ f {XYM’dr 

(X) (XXp) ^ R' 

where the summation is now over all partitions (A) of m. Since the 
simple characteristics of the symmetric group on m letters are lineariy 
independent it follows that 

{A}(«)=2 f M'M'dr 

(ft) ‘iy j R' 

where (A) is a given partition of m. Regarding now u as variable we 
have first 

unless (/a) is a partition of m and then 
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(9. 42) ^ W'M'dr = 0 

unless (fj.) =* (A) in which case 

(9.43) 

We know that {A}' is a combination with integral coefficients, positive 
or negative, of simple characters (i. e. characters of irreducible repre¬ 
sentations) of R'. We now learn from (9.43) that {A}' is either a 
simple character of R' or the product of a simple character by — 1; 
and from (9.42) that no two of the simple characters {A}', {ft}' of R' 
obtained in this way are the same. 

In order to show that {A}' is actually a simple character of R' (and 
not the negative of a simple character) we calculate its value for En, 
the unit element of R'; this calculation will at the same time furnish 
the dimension of the irreducible representation of R' whose characters 
are furnished by {A}'. It is convenient to modify the form of (A)' and 
this modification will be clearly understood if we illustrate it by con¬ 
sidering the case fc = 4 (i. e. n = 8 or 9). (A) is, in this case, a de¬ 

terminant of order 4 of which the elements in the p-th row are 

where ^ = A, + 3, h ^ + 2, = As + 1, U = A* (in general, 

Z, = A.+ (fc-2),- • •,Z* = A.). On denoting by 

an operator which reduces by unity any label in the p-th row we may 
write (A'} as a determinant of order 4 (= k) of which the element in 

the p-th row are 

Denoting, for a moment, the various columns of this determinant by 
C., C„ Cs, C, we subtract 6(7, -15(7, + 20C. from (7. and the element 

in the p-th row of the 4-th column becomes (1 €p) p'lpy 

tract 4 C 2 — 6(7x from Cs when the element in the p-th row of the third 
column becomes ^p(l—4p)Vip; finally we subtract 20^ from C 2 when the 
element in the p-th row of the second column becomes (1 iv) P'r* 
Carrying through this argument for any value of k we see that (A} may 
be written as a determinant of order k of which the elements in t e p 

TOW are 
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Since = (1—we see that {A}' may also be written as a 
determinant of order h of which the elements in the ^-th row are 


(9.44) —• •, 


4(1- 

-4)“^-(i- 

-^P^)Phy 

(1—4) 

2 Jfe-2^2 

— 4=')p<p) 

or, equivalently. 








Jc 




-4)^ ■■■ 

,(l- 

.^^yk-2 


(9.45) {Ar={n(i- 

-ipn) 



« ♦ ♦ 


m 

Ph 




,4*-^(i- 


,(1- 




The expression which operates on the product ■ • pi„ in (9.45) 

may be written as 


n(i-4*)- 

p=i 




5fc > 


,• • •, (l-f^^)^-^ 


rv 

and, by the argument of p. 249, this =11 (1 — |p^„)Ajk(^). Since 


pSsg 

1 


{A} 


t Jfc-1 tk-Z... 

> SI i 


,1 




• -,1 


pz, • • 'Pz* = A*(^)p/, • • p,. 


we have 
(9. 45*>“) 


{Ar=n (1—f4»){A}. 


1 


The evaluation of (A)' for the unit element of Bf is easily per¬ 
formed when {A}' is written in the form (9. 44). In fact, since pi is the 
coefficient of V in the development of {(1— z^t) * * * (1 — z„f)}“* and 
since Zi = = ‘ ' ■ = Zn = l for the element En of <^(|)pj is the 

coefficient of in - <f> being any polynomial function. Hence 

in order to evaluate (A)' at En we have to evaluate a determinant of 
order k of which the elements in the p-th row are the coefficients of in 
the developments of the functions 


t{l -f 0(1 —(1 + 0(1 — 

as power series in t. The element in the p-th row and /-th column of 
our determinant, being the coefficient of in the development of 


■ Pik- 
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(1 -|- 0 (1 — is, accordingly, zero if Zj> + ; — < 0, unity if 

y — = 0 and 

/^_2y + Z^4,y_A-\ /n —2; + Z, + ; —A- —1)\ 
n — 2j J~^\ n — 2j ) 

== (yt —— 1) ••• (^p +; — ^ + 1) _j_ 2ip — 2k) 

{n~2j) ! 

if Zp 4- y — A: > 1. This last expression can be used if lp-\- j — fc < 0 
since it gives the correct value zero; in fact Zp == A.p + A' — p^k p so 
that Zp + ; — A ^ ; — p so that n — 2j + Zp + ; — A — 1 ^ n j p 
— 1^0 unless j = k = p\ n =2k. But this case cannot arise with 
Zp_j_y_fc<0 since Zp^O. The general formula valid when Zp + y —A 
> 0 and Zp + ; — A < 0 may also be used when Zp + ; — A = 0 
since it furnishes the proper value unity. When ri is even (= 2Zi) the 
last column is exceptional; in it we have to develop (1 + Z)(l Z) 

= 1 2Z + 2Z^ 4~ ■ • • so that the elements in the last column, being 
the coefficients of Z^** are the same, namely 2, for all Zp sa^e Zp = 0. 
ip == 0 forces p = A and the elements in the last row are all zero save 
the last which is unity. If, then, « ^ 2A and h = 0 we shall double the 
last row in order to have a determinant in which all elements of the last 
column are 2 (instead of all but one) and we shall divide our result by 2 
at the end. Since the element in the p-th. row and ;-th column of our 

determinant is 

(n —2y4-Zp + i —A —1) • • ■ (Zp + ; — fc+J_) (n4-2Zp —2A) 

(n — 2J) ! 

(i.e. a polynomial of degree (n-2j) in Zp, the polynomial being the 
same for every row—here the doubling of the last row in ^the case n = 2A, 

Zp = 0 is essential) our determinant contains A(l) = n (Zp —Z,) as a 

1 

factor. Furthermore it is evident that if Zp is replaced by 2A —n — Zp 
the expression given above for the element in the p-th row and j t 
column of our determinant is multiplied by ( 1) ^ sn that not y 

is Zp—Zg a factor of our determinant but so also is (Zp 4- Z, 4- n —2A). 
When 7 i==2 A is even, therefore, our determinant has the factor 

Yl (Zp—Zg) (Zp 4-Zg) and the remaining factor is numerical since the 

P<Q 

1 

product n (Zp" —Z,2) is of degree 2 A —2 —n —2 in Z, as is also the 

P<<f 

determinant being evaluated. Since the coefficient of h h Z^. ^ 
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in the expansion of the determinant is 2*^ (n — 2)!* • -2! we see 
that when n is even (=2^) the desired value of our determinant, which 
furnishes {A}' for the element of R' is 

2* A /I . 

— ■ -4! 2! ~ ’ 

(9.46) 3^., 

— ■ ■4!2!pn ('/ — V); 

1 

Since this value is positive we see that, when n == 2i5; is even, {A}' 
furnishes the characters of an irreducible representation of W whose 
dimension is given by (9. 46). When n = 2^ + 1 is odd the ^ 9 -th row 
of our determinant has the factor n + 2Zp —2fc (this does not happen 
when n = 21c is even for then the last column consists solely of 2*s). 
Since the determinant is of degree n — 2 = 2^; — 1 in the remaining 
factor, other than 

{II (n + } {n (4 + ?, + n — 2fe) (Zp — I ,)} 

p-x p<q 

1 

is numerical and its value is found as before. On writing Vp = Zp -j- J 
the value of the determinant is 



(9. 47) 


2* 


(2A: —!)!■ • -Sll! 




Mil (A 

p<q 

X 




Hence, again, when n — %lc -j- 1 is odd {A}^ furnishes the characters of 
an irreducible representation of R' whose dimension is given by (9. 47). 
We shall see in the next section, after we have discussed the irreducible 
representations of the n-dimensional rotation group i?, that there are no 
other continuous representations of R' than those described above. 


5. The irreducible representations of the n-dimensional rotation 
group. 

If r is an irreducible representation of the n-dimensional full ortho¬ 
gonal (real) group R' we obtain from it, by the principle of selection, 
a representation, which may or may not be irreducible, of the subgroup 
R of R\ Denoting the characters of r by {x(^), x(^^)} the hypothe¬ 
cated irreducibility of T furnishes the equation: 


(9. 48) 
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itow R' has two basic representations of dimension 1 (hence irreducible) 
namely 

(a) the identity representation r*o 

and (b) the alternating representation T~o for which x(^) = 1, x(^^) 
!• The Kronecker product F X F‘o of any given irreducible repre¬ 
sentation r of 7? by r 0 is also irreducible (since it has the same squared 
characters as F) and it is equivalent to F when and only when the char¬ 
acters x(^^) of F are zero, every X. When this is not the case the 
two non-equivalent representations F and F X F-g of R' are termed 
associated; a representation F of R' whose characters x(^^) are zero, 
every X, being termed self-associated. For a self-associated representa¬ 
tion F of R' we have, from (9.48) ^ {x(^)YdT = 1 or, equiva¬ 
lently, Yt r [x{X)YdT = 2. Hence the representation of R which is 
y J R 

obtained from F by the principle of selection is not irreducible, being the 
sum of precisely two (since 2(^0*®“ 2) irreducible representations of 

i 

72. On the other hand if F is an irreducible representation of R' winch 
IS not self-associated the representation of R which is obtained from F 
by the principle of selection is irreducible. In fact the non-equivalence 
of F and F X F-g yields (by (8. 30)) 

and this, together with (9. 48), forces ^ ^ {x(^))^dT = 1 so that the 

representation of R whoso characters are x(^) •s irreducible (p. 239). 
When n 2^* 4- 1 we may set /I = — En and it is clear that no repre¬ 
sentation of 72' is self-associated since this would force x(— En), which 
— x{En)i to be zero. Hence when n = 2k-\-l is odd all repre¬ 
sentations of R which are obtained by the principle of selection from 
irreducible representations of 72' are themselves irreducible. 

Denote now by F any representation, irreducible or not, of 72: 
r*=a (D{X)), Then the collection of matrices {f>(X)) where 

b(X) == D{A-^XA) == D{AXA) (since A"' = A) 

furnishes a representation F of 72. When n is odd, so that A = — En 
we have A~^XA =■ X so that f coincides with F. When n is even F may 
or may not coincide with F; it will coincide with F if F is derivable from 
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a representation of i?' by the principle of selection for then D(X) 
= D-'^{A)D{X)D{A) and x(-^) =x(‘Y). If f is different from F it 
will be irreducible when F is irreducible and vice versa. In fact the 
volume element dr of R is invariant under the outer automorphism of R‘. 
X —» F = AXA ; for dr is an even function of the angles (^i, • • ‘ ,Bk) 
and the angles for Y = AXA are { 6 jj- • * , — 6 k)- Hence 

We term f the adjoint representation of i? to F it being clear that the 
relationship of adjointness is reflexive: F is the adjoint representation 
of i? to f; also F and f have the same dimension since D(E) = D{AEA) 
= D{E). When F and F coincide we term F a self-adjoint representa¬ 
tion of i?; so that, in particular, all representations of R are self-adjoint 
when n is odd. If F={Z>(X)) is obtained from a self-associated 
irreducible representation (D{X), D{AX)} of R' by the principle of 
selection F is reducible: F = Fj Fz; D{X) = Di{X) -j- /?2(X). We 
write D{A) in block form suggested by the analysis of F: 

?) 

and observe that this implies D{AX) = D(A)D{X) = 

Since {D{X)jD{AX)') is irreducible it follows that N is not the zero 
matrix. Now D(X) = D{AXA) = D^AXA) ^ D.^AXA) = i>i{X) 
A-V^{X)-, and D{X)D{A)=D{AXA)D{A)=D{AX)=D{A)D{X) 
so that 

(b,{X)L b,{X)U\^( LD,{X) MD 2 {X)\ 

\b,{X)N b,{X)p) \ND,{X) PD,{X))’ 

From the relation b2{X)N = NDi{X) and the fact that N is not 
the zero matrix we deduce, by Schur’s lemma, that r2 coincides with Fj, 
and that N is a scalar square matrix; in other words the two repre¬ 
sentations ri,r2 of R are adjoint (and hence of the same dimension). 
Since F2 and Fi are non-equivalent Fz and tz are non-equivalent and so 
the relation b2{X)P ^ PD_{X) tells us, again by an application of 
SchuFs lemma, that P is the zero matrix; similarly L is the zero matrix. 

Hence D{A) is of the form where d is the common dimen¬ 

sion of Fi and F2. The fact that {D{A)Y = D{A^) =D{En) = Ezd 
tells us that cc'= 1 ; and on transforming all the matrices Z 1 (X), 


(LDy{X) MDziX) 
\ND,{X) PDziX) 
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D(AX)) by the matrix 
r may be presented in a basis in which 


we see that the representation 



Ea\ 

oj- 


We have seen in the preceding section that associated with each set 
of k numbers X 2 — ' * • ^ A* ^ 0 there is an irreducible repre¬ 

sentation r,\) of R (n = 2fc or 2fe + 1). When n is odd each of these 
furnishes, by the principle of selection, an irreducible representation of 
R. To see whether or not any two of the representations r(\) constitute 
a pair of associated representations of R' or whether, when n is even, 
any one of the representations r(X) is self-associated we integrate the 
basic equation (9.41), divided by V, over R (instead of, as before, 
integrating this equation, divided by 2F, over R'). When n = 2A: -f- 1 
is odd we find 


{f[(i2 W(t){M}(«)4 r 

p,q ^ 

1 

or, equivalently 

2{A}(t){A}(«) = 2 {a)(<)W(«)4 r WM'dr. 

• \) (X)(m) ^ •y R 

This implies, by the reasoning of p. 256, 

(9.49) i {xY{i^y&r = 0 unless (A) = (/.) and.i [{A)']^dr= 1. 

It follows from (9. 49) that no two of the representations r,X) of R' form 
a pair of associated representations of R. We obtain, then, further 
irreducible representations of R by adding to the set r,\, the set 
r(X) X r^o no two of the latter set being equivalent (if they were the 
pair r,X), having the same characters, would be equivalent) nor any 
one of the set TtX) X r"o being equivalent to any one, of the set 
r(X) (if it was TtX) and would form an associated pair). When, 
on the other hand, n = 2k is even we find 

(9.50) [ 2 (A) (0 (A) («)(! + «,• ■ -hur ■ ■«*)] 

= 2 (A) («){/•)(“) 4 r {A)'{/.rdr. 

(XH#|) ^ ^ R 

Since {A}(«) = ■ • • ,4) ^ A(f), where il(Zt, ■ • - ,?*) is the Ar-th 
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order determinant of which the elements in the /7-th row are ■ ■ ytk*')> 

we have 

{A}(/)■ •h = A(h-\-lr ■ •,4 + l)-f-A(f) 

= (Ai 1, A 2 4“ * ■ > A* + 1). 

Hence we may write (9. 50) in the form 

2 [{A} (0 {A} («) 4- {A. + 1, ■ , A. -f 1} {t) {A.4- 1, • , Afc 4- 1} («)] 

(X) 

= 2 {A}(i)W(«)ri r 

a) in) vjR 

Hence, again by the reasoning of p. 256, {A}'{/i}'ffT = 0 unless 

(A) = (/x); so that, again, no two of the representations r(X,, r,^, of R' 
form an associated pair. If A* = 0 we never find a member {A} (<) in the 
set {Ai 4- 1,- • •,Ajt4- !)(*) so that when n = 2k is even and Ak^Zjt^O 

we again have ^ C [{A}']^dT = 1 so that the representation of R which 

is obtained by the principle of selection from Fjx, is irreducible; in other 
words r(X) is not self-associated when n = 2k and A* = 0. On the other 
hand, when A* > 0 we find each {A}(«) once (and only once) in the set 

{Ai 4-1,- • •,Aft4-l}(£) so that {A}']2dT = 2 showing that the 

representation of R which is obtained from TjX) by the principle of 
selection is reducible, being the sum of two adjoint representations of R; 
or, equivalently, that TjX) is a self-associated representation of R' when 
n = 2k is even and A* = Z* > 0. It is clear that neither member of the 
adjoint pair of representations of R obtained from the self-associated 
representation TtX) of R' is equivalent to the representation of R obtained 
from the non-self associated representation r(^) of R'. In fact 

(the suffixes 1, 2 referring to the two members of the adjoint pair). But 
dr is an even function of (^ 1 , * ■ *, 6k) and {fi}' is also (since it is a 
class function over R') so that 

r M'M'dT= f {x^YM'dr 

Jr Jr 

forcing 

~ dr = ~ fjX.YM'dr = 0, 

which proves the statement made. Similarly we show that neither 
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member of the adjoint pair of representations of R obtained from the 
self-associated representation Ti\y of R' is equivalent to either member 
of the adjoint-pair of representations of R obtained from the self- 
associated representations Ttp, of i?'((A) ^ (^)). In fact {A:}'(Z) 
« {fti)'(X) forces {A 2 }^(Z) = {^ 12 }'(X) and this forces 

{\nx) ^ {A.r(z) + {A,}'(Z) = {a..)'('^) + M'm ^ w'(x) 

which is impossible since the self-associated representations r(X), r(^) of 
R^ (for which {Ay(ZZ) = 0 = {/i}'(i4Z)) are non-equivalent. 

We now proceed to show that there are no other continuous irreducible 
representations of R than those obtained in this way: i. e. by the principle 
of selection from the representations Fc X) of Rf when n is odd (= -j- 1), 
or when n is even and At = 0, combined with the pairs of adjoint repre¬ 
sentations of R obtained from the analysis of the representations of R 
which follow, again by the principle of selection, from the representations 
of R' where n=2k is even and A* > 0. To do this let us first consider 
an arbitrary continuous self-adjoint representation r={-D{Z)} of R. 
On denoting, as before, hy Cj the 2X2 proper real orthogonal matrix 

/ cos sin 0A canonical representative of the class of R to which 
\— sin cos / 

an arbitrary element Z of belongs is (p. 229) 

A .—■ .Oic) + - ■ ' + Ok-\- Ri; »-=2fc-f 1 

A == A(tf„ • . ., = Cx 4- • ■ * + C-fc n = 2Ar. 

On denoting A(0i, 0, ■ • •, 0) by A, and so on we have 


so that 
(9. 61) 


A = AiA* • • • A* 

D{\) =D{Ai) • • •/>(Afc). 


Now the matrices D{Af) constitute a contin 

Fj of the Abelian group whose elements are 

basis exists in which {I>(Ay)} is in diagonal 
being of the type e*”*®', m an integer, positive, negative or zero. Hence, 

in any basis whatever, the elements of D{A}) are polynomials in e ‘y 
and so, by (9. 51), each element of X>(A) is a linear combination of 
expressions of the type where the coefficients r/ii, ■ • •, mfc 

are integers, positive, negative or zero. In particular the trace of D(A) 
is such a linear combination. But x(^) unaffected by any permutation 
of (tfi, * • •, 0k) (since any permutation of these angles may be effected 
by transforming A by an appropriate permutation matrix i. e. by an 


iious, periodic representation 

cos 6f sin^jN 

-sin^/ cosOiJ 
form; the diagonal elements 


( 


and so a 
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element of Ef) or by a change of sigii of any of the (since any such 
change of sign may, again, be effected by transforming A by an appro¬ 
priate element of i?"). On applying these operations to x(^) 
averaging we see that x(A) =x(^) is a linear combination of expres¬ 
sions <r(^, where the summation being over ^ 

those permutations and changes of sign of {^i, • ■ ■ ,0k) which actually 
change the term We arrange the notation so that 

mi > m 2 > • • • > m* > 0 and establish a dictionary order of the sets 
(m) according to which (m) precedes (m') if 2m. > 2m'or if, these sums 
being equal, the first non-vanishing member of the set (mi —- m'l, • • •, 
m* —m'fc) is positive. Terming the first member of the linear com¬ 
bination of the a(m> which furnishes xi^) ^^^n the a,tn) are arranged m 
the order described, the leader of xi^) °ow prove the basic result: 
the leader of {A}' is a.x,; {A}' furnishing the characters of the repre¬ 
sentation of R which is obtained, by the principle of selection, from the 
representation T^X) of R'. To do this we start with the relation 

00 

s { (1 — Zitp) ■ ■ • (1 — z^ir) }■* = 2 Pkt^ 


and, by the method by which (9. 40) was derived, obtain 

(f.- • ■f*)-’ = 2{A)(*){x)(t). 

(X) 

On multiplying this relation by {H (!-(/««)} the left-hand side 

1 

becomes 2 {A}'(*) {A} («), by (9-40), whUst on the right the product 

(X) 

{A}(*) by {11(1 —v»)} becomes (A) (*)-{-2c'-*’(/x) (») where each 

[fi] precedes (A). In fact {A)(«) =A(Zi,- ■ ■,Zk)-^A(«) so that 
{A} («) X ZiA • • • = A(Zi + ji, ■ • •, Zk + ik) 1 , 

and this precedes {A} since 2(A + D > 2A. On comparing, then, the 
coefficients of (A) (*) we find 


(9,52) 


{A}'(») = {A}(a) +2d^''>{v}(a) 

{y) 


where each {v} is preceded by (A). But {A} (a) is a symmetric f“>ctjon 

of (2i, • • - yZn) whose leading term is TcX) (») =* Szi^' ' • ‘ ‘ 

and since (Zi,- ■ • ,Zn) = T^x^{z) =a(X). Hence t e 
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leading term of {A} (a) and, equivalently by (9.52), of {A}'(a) is <7(X). 
It follows that we may, by a recurrence method, express each of the (7(X) 
as a linear combination, with integral coefficients, of the {A}' the first 
term in this linear combination being {A}' with the numerical coefficient 
unity. Hence x(-^) a linear combination 

x(X)=2c'^>{A}'. 


Not all the coefficients can be zero since x(^) let 0 

and calculate ~ T x(-3r) Since — | {A)'{/t}'£ZT = 0 when 

V aJ P * a' R 

(A) ^ (/i) ((9. 49)) we have x(^) (or 20** if n = 2k, 

Ajt > 0). Hence there does not exist any continuous self-adjoint repre¬ 
sentation of R whose characters are orthogonal to all the {A}'; in other 

words not all the numbers ^ j x(-^) {Aj^ifr = 0. But this means that 

V Jr 

every irreducible continuous representation of R is equivalent to one of 
the irreducible representations of R already obtained: the set of con¬ 
tinuous representations of R already obtained is complete. In fact this 
is evident if the proposed new irreducible representation of R is self- 
adjoint for if it were distinct from the representations of R already 


furnished we would have xC-^) ® every (A) (each 

y Jr 

{A}' furnishing either the characters of one of our irreducible represen¬ 
tations or the sum of the characters of an adjoint pair of our irreducible 
representations). If the proposed new irreducible representation is not 
self-adjoint we consider the representation obtained by adding it to its 
adjoint; the characters of this (reducible) representation of R are 
x(^) + x(Z) so that we know that not all the integrals 


+x(^)](A)'dr 

vanish. But dr, being an even function of (^i, * ' y^k) and (A}' being 

a class function over R' (not merely a class function over R) the integral 

i X-(^) W’dr = i X (^) {A}'* 

60 that not all the integrals 
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vanish. As before this shows that the proposed irreducible continuous 
representation of R is equivalent to one of those already in our possession. 

We are now able to show that there are no other continuous irreducible 
representations of R' than the representations r(X),r(X, X r-o already 
obtained. In fact let r be a proposed new irreducible continuous repre¬ 
sentation of R' with characters {x(-3^)j ^ 

associated the numbers {x(-^)} are the characters of an irreducible 

self-adjoint representation of R (p. 261) so that x(-^) ^ 
if r is self-associated the numbers {x(A')} are the sums of the characters 
of a pair of adjoint irreducible representations of R so that again 
^(X) = {A.}'(X) (where now n = 2k is even and A* > 0). On com¬ 
bining the orthogonality relations between the characters of V and FfX) 
and of r and r,X) X we obtain 

L^^^(X){\y(X)dr = o, i.e. = o 

which is absurd since the continuous function {A}^ does not vanish at 
X = En (its value there being the dimension of F). 

We call explicit attention to an important corollary of the results 
obtained in the present section. We have seen that the characters (A) 
of any irreducible continuous representation F(X) of R are expressible 
as determinants of order h whose individual elements are linear com¬ 
binations, with integral coefficients of the quantities p j(*)- On expand¬ 
ing this determinant we secure a series of products 
some with positive and some with integral coefficients. Each product 

furnishes the characters of a rational integral repre¬ 
sentation of R'-, for each factor p^,(*) furnishes the characters of a 
rational integral representation of i2' (p. 242) and the Kronecker product 
of these various rational integral representations of R' is itself a rational 
integral representation of R whose characters are p ji(®) 

On putting on one side the products p'/, • ■ • p'y. carrying positive inte^al 
coefficients (the other products being transferred to the side containing 
{A}') we see that F(X) is part of the analysis of a rational integral repre¬ 
sentation of R'-y hence F^X) is itself a rational integral representation of 
R'. Hence any continuous representation of R' is a ratfonal integral 
representation since it is a linear combination of certain of the repre¬ 
sentations F(X). Furthermore any self-adjoint irreducible representation 
of R, being obtainable from one of the F,X) by the principle of selection, 
is a rational integral representation of R ; and each member of a pair of 
adjoint representations of R which are obtained, when n = 2A: is even, 
by analysing the representation of R which is derived from F(X> by the 
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principle of selection (A* > 0 ) is also a rational integral representation 
since it is part of the analysis of a rational integral representation of R, 
Hence every continuoiLs representation of R' and of R is rational integral. 

In concluding this section we point out that the results are particu¬ 
larly simple in the physically important case n = 3. Here fc = l; 
{A}'= p'x = — p \-2 is the coefficient of in the expansion of 

1 — t^ l-\-t 

{1 —t) {1 — 2 cose-l — Zcos$-t-^t^' 

We have seen (p. 245) that 


where 


c'q = cos qd -f- cos (g — 2)0 -!-••• 


(the summation ending in J if g is even). Hence 
(9.53) {A}' =2(c'x + cVi) =2cosA0 

+ 2 cos (A — 1)0 + * * ' + 2 cos 0 + 1 = 


sin (A + ^)0 
sin j 0 


Since n 3 is odd the complete set of irreducible continuous represen¬ 
tations of R is furnished by the principle of selection from To, Ti, Ta, • • •, 
the representations of R obtained in this way being of dimensions 
1, 3, 5, • • •, (2; + 1), • • * respectively. We obtain the complete set of 
representations of R' by adding to r©, Ti, r 2 , • • • their associates. 


6 . The analysis of the Kronecker product of irreducible representa¬ 
tions of the real orthogonal group. 

The characteristic numbers of any element X of the n dimensional 
rotation group R are {e'~*\ • * • , e'**'*). if n = 2k is even, and 
( 6 **^ 1 , • • ■, 1 ) if n == 2 fc + 1 is odd; and the characteristic numbers 

of any element AX of R' which is not in R are ■ • •, zb 1), 

if n = 2 fe is even, and (e**\' * ■, — 1 ) if n = 2 /i: + 1 is odd. 

Denoting by (a) = (^i, ■ * *, 2 n) the set of n characteristic numbers 
(in any one of the four cases) the set ( 1 /a) is the same as the set a; 
and the product a„ = Zi • • ■ Zn is +1 if evaluated for an element X 
of R and — 1 if evaluated for an element AX of R' which is not in R. 
We shall denote this product by < so that «(X) = 1; t{AX) = — 1. 
On indicating the elementary symmetric functions of the characteristic 
numbers (a) by (cr©, ai, • • *,<rn) we have 

(9. 54) 


an-i «*“ ; 


; 0,1, 2, • • •, n. 
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In fact 2(l/z) (= cth-i/o-t,) = Xz{= <xi) so that = anffi and so for 
the other values of j. We have seen (p. 112) that the functions 
are connected with the o-(a) by the relations 

Po<7o = 1 ; Pl<7o Po^l == 0 ; p 2 <To pl<ri + Po<T 2 = 0 J ’ * . 

These relations may be treated as special cases of the basic relation 

( 9. 55 ) Pi<To - Pi-l<ri + • ■ • + (- 1) ^Pi-ndn = 0 

provided the p.j, ; = 1, 2, • * • are properly defined. It is clear that if 
we set p-i ^ p -2 = ■ ■ ■ ^ P-(n-i) ^ 0 we obtain all the relations first 
written save the single one po<ro ~ 1- To obtain this as the special in¬ 
stance ; = 0 of (9.55) we have to set (—l)"/?-n« = — 1 i* e. p-n 
= (—1)"*'£. By use of (9.54), (9.55) may be written in the form 

pi--n<ro - pj-n*icri + ' ‘ * + (— — 0; 

if, then, we set j = — k and = (— l)''*^£/>j:, A: = 0, 1, 2, • • • the 

relation (9.55) is universally valid i. e. valid when j is any integer 
positive, negative or zero. On replacing j by j — 2 in (9. 55) and sub¬ 
tracting the resulting equation from (9. 55) we obtain 

(9. 56) p 'jati — p'j-x<rI + ' * ‘ + (— l)'*^/i-«o-H = 0 ; ; = 0, ± 1, ± 2, • • ■ . 

At this stage it is convenient to discuss separately the cases n even and 
n odd and € = ± 1. 

1 . n = 2A:; € = 1. 

On using (9. 54) and setting ; = A + fc in (9. 56) we find 

p\<yic —(p'xti + “I" ■ ■ ■+(—l)*(p\+*-h P^x-ft)<7o =* 0. 

Hence if Ai > Xz > • - • ^ are any fc + 1 integers the determinant 

P^Xi> p Xi+i P^Xi-i» P Xi*k H” Xi-A 

(9.57) i>(Ai,- ■ - .Aft.i)^ 

P^x>„-fc, P^\»-1 + P^X».i-2* 

vanishes. In general we shall denote by Z)(Ai, • ■ ■, Aj) the determinant 
of order j of which the elements in the p-th row are 

(p^Xp-(P-l)> P^Xp-J>+2 “1“ P^X,-P> ' * * > P X,-j>+i P^X,-p-j*2) 

and it is then clear that Z?(Ai, • - ■, Ajt) has the same formal definition 
as the function {A}' which furnishes the characters of the irreducible 
representation r(\, of R\ But there is one essential difference: in {A}' 
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all the p’s which carry negative subscripts are assigned the value zero 
whilst in D{Xi, • • *, A*) those p’s which carry a negative subscript whose 
numerical value ^ n are differently defined. We shall denote by 
^(Ai, ■ • •, Ay) the determinant of order j whose formal definition is the 
same as that of Xl(Ai, • • • ,Ay) but where all p’s carrying negative sub¬ 
scripts are assigned the value zero (so that, in particular, A(Ai, • ■ ■, A*) 
= {A}'), The least subscript attached to a p' in /)(Ai, ■ • ■, A^) is found 
as the subscript of the second member of the element in the X;-th row and 
A:-th column and is A* — 2fc 2; on replacing each p'y by pj — py .2 the 
least subscript attached to a p is A* — 2k. Hence if A* > 0 no p wdth a 
label < — (n—1) enters l>(Ai, • • - jA*) and we have 

-Z?(Ai, ■ ■ ■ > At) = A(Ai ,' ' ' f Afc) = (a) J Aa ^ 0. 

On the other hand if At = 0 all the elements of the last row of 
■^^(Ai, • • •,Aa.i, 0 ) are zero save the last which = 2po whilst all the 
elements of the last row of A(A, • • - jAa-i, 0) are zero save the last 
which = po. Hence 

' j Aa-i> 0) = 2A(Ai, ■ ‘ , Aa-i, 0) = 2(A)’. 

Similar connections may be established between D{Xi,- • - jAa*!), whose 
value we know to be zero, and A(Ai, • • •, Aa^i). The least label attached 
to a p in Z>(A„ • • ■, At*i) is Aa,.i — 2k — 2 and so 

(9. 58) A(Ai, ■ ■ ■ j Afc+i) == (Ai, * * ■, Afc+i) “ fi j Afc+i ^ 3. 

If Aa+i = 2 we find, in the same way, 

(9.59) A(A„- • ■,Aa,2) == —A(Ai,- • ^Aa) = —{A}’. 

Similarly 

<^(Ai,* • • ,A&, 1) = Ji?(Ai,- • ■, Aa, 1) =0 if At > 1 

whilst 

^(Ai,- • • , Aa-i, 1, 1) = A(Ai, • • -, Aa-1 , 0) = (Ai, ■ • •, A*_„ 0}' 

(the element in the fc-th row and (A:-f-l)-st column of Z)(Ai, • • ■, A*.,, 1,1) 
being pa + po whilst the element in the A*-th row and (^: -}- l)-st column 
of A(Ai, - ■ ■, Aa- 1 , 1,1) is simply pa). 

2 . n = 2 A:-t-l; e = l. 

Here (<ro, < 7 i,* • ‘ ,an) are the elementary symmetric functions of the 
«•= 2fc + 1 quantities (e**^, * • 1); if, then, we denote by 

Wor • •,a’ 2 A) the elementary symmetric functions of the 2k quantities 
(e**%* ' - we have 
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0-0 = <r'o + 1; 0-1 = 1 -{-</0 y ‘ ' ' o-n = tr'zfc 

SO that the basic relation (9. 55) may be written in the form 

pi<T'o — pj-i (<t'i + (t'o) + ■ ■ * — Pi-nt^2k =0. 

On using the relations — </jy ; = 0,1, 2, • • •, 2fc, we obtain, by 

varying /, a system of homogeneous linear equations in the h 1 
quantities (<Tk,’ * ‘ i<ro) and these force us to the conclusion that 
• ' y\k^x) again vanishes. The reasoning will be entirely clear 

if we write the argument for the case k = 2 (n=5). Our set of 
equations is 

{pi-2 — pJ-s)o^ 2 — {pi-i — Pi-2 + Pj-3 — pj-*)<^^ 1 

4* {Pi —Pi-1 Pi-4 —Pi-!i)<^'o=0 

and on adding to this equation the one obtained from it by replacing j 
by j — 1 we find 

p'}-^'z (PO-I + P^i-3)<r\ + ip'i 4 p'i-4)tT'o = 0. 

On setting, in turn, ; = Ai 4 -^>*^2 4 we obtain three homogeneous 
equations whose determinant is J?(Ai, Aj, As). In this way we obtain the 
general result, valid whether n is even or odd, 

(9.60) i>(Ai,- • •,Aa^i) =0. 

Since the least label attached to a p in D(Ai, • • ’, A*) is A* — 2k it 
follows that 

Z)(Ai ,' ' ‘ y A*) A(Ai, ■ * ' j Afc) ^ {A}^J 7t = 2k -|~ 1, A* ^ 0. 

The least label attached to a p in Z?(Ai, ■ • - jA^+i) is A*+i — 2k — 2 
so that 

(9. 61) A(Ai, ' ‘ ' y Afc+i) = I?(Ai, * * ', Afc+i) = 0 'y A^i 2. 

Similarly 

A(Ai, • • •, A*, 1) = A(Ai, * - •, A*) = {A}'. 

3 . n = 2&; € = — 1. 

Here (o-o, 0 * 1 , • * •, vzh) are the elementary symmetric functions of the 
quantities • • ■, dzl) ; if, then, we denote by (cj'o, * • •, 

the elementary symmetric functions of the 2k — 2 quantities (e-*\ • ■ *, 
e=<tf*-i) we have 

<Tq *= 0 > ^ 1 > ^2 ^ 2 - ^ 0 J * * * ♦ 

On substituting these expressions in (9.55) and using the relations 
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obtain a set of homogeneous equations in the k quantities 
• • • > <^'o) and these lead to the conclusion 


(9.62) D{Xu - • - jA*) =0. 

The argument will be quite clear on writing it out for the case k = 3 
(n = 6). Our equations are 

j/ y_2 <t'2 • — {p'j-i. + i + 0 = 0 

and on setting j, in turn, equal to Ai + A 2 + As we obtain 
I>(Ai, A 2 , As) = 0. As before we have 


(9.63) {A}' = A(Ai,- • •,A*)=D(Ai,- • ■,Ak)=0; A* > 0. 

It follows, k fortiori (by expanding in terms of the last column) from 
(9.62) that 


D(Ai,* • - jAa^i) =0; A(Ai,- • yXic.i) =0 unless Aa^i = 1. 

To evaluate A(Ai, • • - jA*, 1) we expand it in terms of the last row 


obtaining, since A (Ax, • • •, A*) = 0, A* > 0, 


A(Ai,* , A*, 1) = — li* • 


1 171 -^ 


Vi Vi 


• • 


• • • 


1 yjk ’ rjk^'^ Tjk^ 


n (1—- 


where rjp 
and so 


k 

Ip 1/Ip. The determinant = II {rip — y}q) (i?i + * + ’?*) 

p>« 

1 


k 

A(A„- ■ -.At,!) =II (1 —«p«,)A*(^)(7,i + - • • -px. 

1 

= (t/i + ' • ' Vic) > A*}'. 


Since {Ai, • • •, A*)' = 0 if A* > 0 we have 

(9.64) A(Ax,- • ^A*,!) =0 if Aa> 1; 

A(Ai, ’ ’ ') Afc-ij 1) 1) ^ {Ai, ‘ ' i Ajfc-x) . 


4. n = 2A; + 1; € “ — 1. 

Here (<to, • • ' y<T 23 (*i) are the elementary symmetric functions of the 
quantities (e**^*,- • •, —1) 5 then, we denote by (^'o, * • •, ct'z*) 

the elementary symmetric functions of the 2fc quantities {e-^\ • • •, a*<^*) 
we have 

<Jq =“ <7^0 j ^ 1 O ) <^2 2 > * * * • 

On substituting these values in (9. 65) and using the relations 
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= y = 0,1, • • •, 2A; we obtain a system of homogeneous equations 

in the A: -h 1 quantities (<t' k, </ic-i, * * ■ ,o‘^o) which lead to the conclusion 

(9.65) • ■ ,hc^x) =0. 

The argument will be clear if we write it out for the case A; = 2 (n = 5). 
Our equations then are 

{pi-2 + 2 — (pj-i + Pi-2 + pi-3 + P}-a)<^\ 

+ (pi + Pi-^ + p}-* P}-^)^'o = 

and on replacing j by ; — 1 and subtracting, these yield 

pfi-2<r'2 — (p'i-i + pVs)*/1 + (p'i + p'j-A)<r 0 = 0. 

On setting, in turn, ; == Ai + 3, Az + 1, As we obtain three homogeneous 
equations in whose determinant i^(Ai, Az, As) must 

vanish. In this way the validity of (9.65) is proved. Exactly as in 
the case n = 2fc + 1, « = 1 we find 

A(Ai, • ■ •, A*+i) = D{\i, * * ■, Ajk+i) = 0 if A*+i > 1, 

whilst 

A(Ai, ■ • - jAa, 1) =—{A}' (instead of + (A)' as before). 

We are now able to deal with the problem of analysing the Kronecker 
product of two irreducible representations r(X) and Effi) of R', We shall 
first dispose of the trivial case n = 2. Here fc = 1 and the two irre¬ 
ducible representations of E' have characters (Ai Y = — (1 — li*) 

{X^y = = (1 _ 1.2)Ai > Az > 0, respectively. (There is no 

point in including the trivial case Az = 0 since T© is the identity repre¬ 
sentation of R'). Our task is to write 

{Ax}'{Azr= (1 —^i^)(l —^3^)px,px» 

as a linear combination of the {A}'. To do this we use the result 

{Ai, Az) = (li — i2)phpi2 = Ai -f- 1, iz = Az) 

= (1 — i2/ii)p\J>\2 

or, equivalently, 

= (I — S 2 /Ii)"^{Ai, Az) == {Ai, Az) 

+ {Ai -f 1, Az — 1} + ■ • • + {Ai + Az)* 

We have, accordingly, merely to evaluate expressions of the type 
(1 — ^i^)(l — l 2^){/*i)M2 } and we shall do this first for elements of R, 

i, e. for « = 1. Now 
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= (1— 

-(2^) !' 

b2 

1-f 

- (1-Ir)(i- 

-^2^)(1- 

(^1- $2) pm 

- (1—^.==)(1- 

-^2==)(1- 

- 11 ^ 2 ) (mi» M 2 } 

and 



^(md M 2 ) = 0 if 

M 2 > 2 or 

if M2 = l,Mi > I 

whilst 



A(mi, 2)=—{mi}' and 

A(i,i) = {or. 

Hence if M 2 > 2 we have 




(1—= (1— — 1,/X. — 1} 

and continuing this on we obtain 

(1 — ^1^) (1 — It^U /X2} = { 1 — Ir) (1 — ^2^) {m. — M2 + 2, 2} 

and this 


= (1 — (1 — + 1,1} _ — M2 + 2}'. 

If Ml M2 the first term of this 

= (1—I2^){Mi—M2}= (1—Ii^){mi—M 2} = {M.~M2r 
so that 


(I (1 — i/) {mi> M2} — {mi — M2)^ — (mi — M2 H“ 2}'. 

If, on the other hand, mi — M 2 the term 


and so 

(1 ——^,2){mi,Mi}=2{0}'-{2}'. 

On applying these results to the expressions given above for px.px^ we 
obtain 

{Ai} {A2}'^ = {Ai — A2}^ -(- {Ai -|- A2} y Ai X 2 0 

{AO'{A.}' = 2{0}' + {2A,}^ 

These relations will be true also for the elements of R' which are not in 
R (for which c = — 1) provided we replace 2{0)' by r*o + r“o for {A}' 
is zero when c = — 1 (save when A = 0). Hence the general result 


(9. 66) 


X r*xa — rxi-xa ~\~ rxi+xsj Ai 7^ A2 


rx, X Txi = 1^0 “1“ 1^0 “h r2Xi- 


We now turn to the equally trivial (but physically important) case 
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71 = 3. Since Ic = \ the argument is practically the same. But now 
^ 2 ) = 0 if JU 2 > 1 so that 

(1 — = (1—— /^2 + 1,1} 

and this = — ^ 2 }'+ {jm — M 2 + 1}'. On applying these results 

(valid for e = 1) to the expression given above for we obtain 

{A.i}'{A 3}' = {Ax — As}' + {Ax—As + 1}' + • ■ • + (Ai + As}'. 

Since each {A}' is the character of an irreducible representation of the 
three-dimensional rotation group we have, for this group, the formula 

(9. 67) Tx, X Tx, = Txx-x, + rx,-x,.i + ■ ' * + Tx^^x,. 

This important result is known as the Clebsch-Gordan formula. 

When we are evaluating {Ax}'(A 2}' for an element of R' which is not 
ini? (i.e. f or e == — 1) we obtain {/ii — ^2 }'—(mi — M 2 + I}' (instead 
of (mi—-M 2 )'+ {mi —M 2 H-1}' as before). On denoting by r*x the 
associated representation Fx X r“o of to Fx we have 

(9. 68) Fx, X Tx, = Fx,-x. + r*Xx-x^i + rx,-Xa *2 + • ' ' + Tx^.x,. 

This form of the Clebsch-Gordan formula is available for both R and i?' 
since F and F* coincide over R. 

When fc ^ 2 (n > 4) the evaluation of the Kronecker product may be 
carried out as follows. From the relation 

(Mi, M 2}' = (1 — (1 — ^2*) (1 — ^*} 

we read off 

(1 — = (1 — 

= (1 + «if2 + 

= {/*!, /22}' + {/2l - - 1}' + • • ■ + {/*! 

Since the characters of Fx, X Tx, are furnished by the expression 


{Ax}'{A 2}'= (1—ll")(l—^2*)pXxi7X. 

= (1— ll")(l— ^2 =')[{Ax,A2} 

4- {Ai + 1, A 2 — 1} + * ■ + (Ai + A2}] 

we obtain 

Fxi+x, + rx,*Xr2 + * ■ • + rx,-x, 

+ Fx,+x,-i.i + Fx,*x^3.i + • • • + rx,-x,+i.i 

+ FXi*Xj-2.2 + * ’ ■ + Fxi-Xrf2,2 

• 

“h Txi.x, 

E. g.. Fa X Fz = (Fb -t- Fa + Fi) + (F(4.i) + F(2.i)) + r(s.2). 


(9.69) FxxXrx,= ^ 
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For n — 4, and Fj are, by (9.46), of dimensions 16 and 9, respec¬ 
tively, and we have the check by dimensions 

16 X 9 = (36 + 16 + 4) + (48 + 16) + 24. 

It is important to notice that (9. 69), which we shall term the generalized 
Clehsch-Gordan formula, is a universal formula being valid even when 
= 1 (n = 2 or 3). When n = 2 all {/ai,/ 12)' for which > 2 vanish 

by (9.58) and p. 273 whilst {/xi, 2}'- M'; also all {^i, 1}' for 

which /ii > 1 vanish and {1,1}'= <{0}'. Hence when n = 2 (9.69) 
reduces to 


Fxj X Fx, = Fxi+x, + rxi*Xa-2 + ■ ' ■ + Fxj-x, 

FXj+X^2 Fx,+Xj- 4 ' Fx,-Xa*2 

and to this plus <{0}' if Ai = A2. In other words 

Fxi X Fxa = Fxi+Xa + Fx^-Xai ^ ^2 

Fxi X Fxi = r2Xi -|- r*o ”1“ F"o* 

Similarly when n = 3 all {fj-ij/i-zY for which /i2 > 1 vanish and {fii, 1}^ 
= €{/*i)' (pp. 272 and 274) so that 

Fxi X Fxa = FxjtXa "F Fx,+X3-2 4" ■ ■ ' “f" Fxi-Xa 

4“ r*Xi+Xa-l 4” r*Xi*Xa -2 4” ‘ ■ 4" F*x,-X 2 +i. 


The same method is available for the general Kronecker product 
F<x> X V(fxy where (A) = (Ai, ■ ■ ' ,\u), M = (/ti, ■ • •, fx#,) provided 
=/xi. We shall first treat FjX) X Fj. Since 


{A}' 


[h(i 

p=l 
( 1 - 


ip^) it (1 

P<9 


^p^q) ] {A} 


and {!}'= (1—4^,.i){l} 

we have to evaluate the result of operating with [11(1—|p*) n (1— 

p=i p<g 


upon {A){1} this latter product being by (5.17) 

{Ai 4-1,* ■ ■ »A/,} -f • • - -4- {Ai, • • ■, A>, 4- 1} 4" {Ai, ■ * ■, A^„ 1). 

Upon operating on our expression with the product II (1—^p^h+i) 

p=i 

obtain (Ai 4-1, * • •jAj,}'4-- • ■ 4-{Ai, • • - jA^,,!}' so that the result 
we desire is found by operating with the reciprocal of H (1 — 

psl 

i. e. with 
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fl (1 — = fl (1 + Ipl.vi + + ■ • •) 

P=1 P=1 

upon the expressions {Ai + 1, • ■ ■, Aj J', • • *, (Ai, * ■ '^Aji, 1}' and 
combining the results. The number in the (^i + l)-st place of the 
parentheses {Ai + 1, • • ■, A;,}', • * •,{Ai, ■ - - jAy,+ 1} being, in each 
instance, zero, we obtain from these parentheses merely the result of 
operating by unity whilst from the last parentheses {Ai, ■ * ■ ? A/,, 1) we 
obtain 

{A„ ■ * • , Ay,, 1) + {Ai — 1, • ■ ‘ , AyJ' + ' * ’ {Ai, * * , Ay, 1}- 

Hence the final result 

{A)'{ir={A,+ l,--,Ay.r4- • 

(9. 70) + {^ij ■ ■' j ^Ji H“ H" ‘ 

-f {A: —I, --,Ay,}'+••■ + {Ai,--*,Ay, —1}'. 

’ ^ {2, = {3,1}' + {2"}' + {1")' + {2}' + {2, I"}'- 

When k = 2, i. e. n = 4 or 5, the last term must be modified since it 
contains more than k elements. When n = 4 it must be replaced by 
€{2}' so that, when n = 4, 

r,2.i> X Ti = r(3.i) + r<2h 4- I’d*) + Ts + r*2 

the check by dimensions being 

16X4 = 30 + 10 + 64-9 + 9. 

On the other hand when n = 5 the term {2,1"}' must be replaced by 
€{2,1}' so that, when n- = 5 

r(2.i) X Ti = r(3.i) + r(2 », + Tu*, + + r*,2.i> 

the check by dimensions being (by (9. 47)) 

35 X 0 = 81 + 35 + 10 + 14 + 35, 

As a second example we calculate r(3,2) X r2- The product 

{3,2}{2} = {5,2} + {4,3} + {4, 2,1} + {3=, 1} + {3, 2*}. 

(Table 6, American Journal of Mathematics, Vol. LIX, p. 484, (1937)) 
and we have merely to accent the expressions on the right and to apply 

to each of them the operator 

(1_|,|3)-+1—^2|3)-^= (1+Il^3 + ^1*|3"+ •)(l+^2^3 + l2"^3*+ - • •) 

= 1 + (^l + ^2)^3 + 4- ^1^2 + + • ■ ■ - 
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The two element parentheses are unaffected; {4,2,1)' yields (4,2,1)' 
+ {4,1)'+ (3,2)'; (32,1)' yields (3^ 1)'-j- {3, 2}' whilst {3,2^)' yields 
{3> + (3, P)' + (3)' + {2^ 1}' + {2, 1)' so that 

{3,2)'(2}'= {5,2)'-f (4,3)'+ (4, 2,1)'+ (4,1)' -f (3% 1)' + (3, 2^}' 

+ 2(3,2}'+ (3, P)'-I- (3)'+ (2^1)'+ (2,1)'. 

For n = 4, k = 2 the parentheses containing three elements must be 
modified; each (Ai,A2,Aa)' for which A3 = 1, A2 > 1 vanishes; each 
{Ai, 1,1}' is replaced by «{Ai, 0)' and each {Ai,A2, 2)' is replaced by 
{Ai,A 2}' (cf. pp. 271 and 273), We obtain, then, when n = 4 

^(3,2) X r2 = r(5,2) + r,4,3) + r(4,i, + r^.g) + Fa + r*3 + Ffa.D 
the check by dimensions being 

24 X 9 = 64 + 32 + 48 + 24 + 16 + 16 + 16. 

On multiplying this again by F, we readily find (n = 4) 

r(3.2) X F 2 X Fi = F(o,2, + 2F(5_3) + 2F,5_i, + F,^^, + 4F,^_2) + 2F,32j 

+ 2F, + 2r\ + 5r,3.i) + 2 F, 2 =, + 2 F 2 + 2F^ + F„=,. 

In order that the method may be entirely clear we shall carry through 
the analysis of Fo.aj X Tia.i)- Here we have 

(3,2)'= (1 —^.2) (1—^2==) (1~ .5.^2) (3, 2); 

(2,1}' = (1 — (1 - U.) (2,1} 

so that 

{3,2}'{2,1)'= (1_|,^)(1 —|2==)(1—43")(1 — 

X (l~^i^3)(l—^3l.) {3,2}(2,l}. 

The product 

(3, 2}(2,1} = (5, 3) + (5, 2,1) + (4^) + 2(4, 3, 1) + (4, 2^} 

+ (4, 2, P) + (3S 2) + (3^ P) + (3, 2^ 1) 

(see the table American Journal of MathematicSy Vol. LIX, p. 485, 
(1937)) so that we have merely to evaluate expressions of the type 

fl (1—^P) ■ (1—ll^2)(l—l3^4)(Ai,A2,A3,A4}. 

j>=i 

Since 

{Ai,A 2,A8,A4}'-= [n (1— ^P®) n (1 — Ip^(|)]{Ai,A 2,A3, A4} (9. 45*»“) 

P<fl 
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we have 


[ n (1 — ] (1 — (1 — laf.) {Ai, Az, A3, Ai} 

’’ = (1 - 4 i 43)"'(1 - - l2f4)‘HAl,A2, A3, A,) • 

In evaluating the expression on the right-hand side it is convenient to 
work first with (1 — ^ 2 ^ 4 )"* = 1 + ^ 2^4 + + ' ' ' ■ If A 4 = 0 the 

terms f2f4, ' ' ' contribute nothing since they all yield {A}'’s 

ending in a negative number. We list the results of applying the 
operator [(1 — ^,^ 3 ) (1 —^l^4) (1 — ^2f3) (1 — ^ 244 )]-' to the various 
expressions {5,3}', {5,2,1}',- • • which are obtained by accenting the 
terms in the analysis of the product {3, 2}{2,1} : 


{5, 3}'-^{5, 3}'; {5,2,l}'^{5,2,l}'-f {5,1}'+ {4,2}'; 

/ 42 W { 42 }'. 2 { 4 , 3,1}' 2{4, 3,1}' + 2{4, 2}' + 2(3^'; 

( 4 ^ 32 }/{ 4 _ 32 }/ ^ ( 4 , 12 }/ ^ { 3 , 2 , 1 }/ + {4}' + {3,1}' + {2+'; 

{4, 2, Vy -> {4, 2,1+' + {4,1=}' + {3, 2,1}' + {3, 1}'; 

{3S2}'-^ {3^2}'+ {3, 2,1}'+ {3,1}'; 

(32 in' ^3^ in' -h {3, 2 , 1 }' - 1 - { 2 *}'; 

{2Mn'+2{2,pr+{2r+{i^ 




Hence the net result of the analysis is 


{3, 2}'{2,1}' = {5, 3}' + {5, 2,1}' + {4=}' + 2{4, 3,1}' + {4, 2^} 

+ {4, 2, 1+' + {3S 2}' + {3^ Vy + {3, 2^ 1}' 

+ {5, 1}' + 3{4, 2}' + 2{4,1+' + 2{3=}' 

+ 4{3, 2, 1}' + {3, Vy + {2^}' + {2^ in' + {4}' 
+ 3{3,1}' + 2{2n' + 2{2, in' + {2}' + {!“)'• 


Some idea of the complexity of the problem being treated may be 
grasped by computing (by means of (9. 46) or (9. 47)) the dimensions 
of the representations involved. Thus for fe=4, n 8 , r, 3 . 2 , is o 

dimension gjIWl = 6 , l 2 = 4, h =■ 1, 

I _ 0 ) whilst r< 3 ., is of dimension 160; the Kronecker product is 
accordingly of dimension 1400 X 160 = 224,000. On calculating the 
dimensions of the various representations on the right of the expression 
given for { 3 , 2 }'{ 2 , 1 }' we obtain the check 


224,000 = 


21 840 + 32,768 + 8,918 + 2(25,725) + 15,092 + 17,820 
+ 8,910 + 8,624 + 7,350 + 3,696 + 3(4,312) + 2(3,675) 
+ 2(1,925) + 4(4,096) + 1,680 + 840 + 1,134 + 294 
+ 3(567) + 2(300) + 2(350) + 35 + 28. 
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From the analysis of r(3,2 ) X Az.d which we have just furnished for 
fc ^ 4 we can read off the analysis of this same product when A- = 2 or 3. 
Thus when = 4, k = 2 we have to discard all {A^Ao, A3)' for which 
A3 ^ 3 (pp. 271 and 273) whilst all (AijAg, 2)' must be replaced by 
{Ai, Ag) (p. 271) ; also all {Aj, Ag, 1}' are to be discarded save those for 
which A2 = 1 , {Ai, 1, 1)' being replaced by £{Ai}'. The (Ai, Ag, A3, A4) 
for which A4 0 cause more difficulty. Thus, in dealing with {4, 2, vy 
we expand it in terms of tlie last row. In this expansion we are con¬ 
fronted with the evaluation of 

— (1 —lr)(l—|g^)(l—^3^) 12^(1+ i + ^g« p,p,p, 

(this being the cofactor of the element in the fourth row and third 
column). On setting ^ + 1/^ = 3^ the third order determinant appearing 
here takes the form 

1 Vi 

1 'r}2 (Ti “h ^72 “h l^s) 

1 T}3 173^ 

= (1 — ^1^2) (1 — I.I3) (1 —12^3)A(^) + ^2 H- L ) 

H- ^2^3 4“ ^3^1 + 

Hence the expression we have to evaluate is 

- [^ll2^3 (^1 + ^2 -|- ^3 ) “h ^2^3 4- $3$l 4” ^1^2] { 5j 3j 2 }' 

“ — [{3, 2, 1}' 4. (4, Vy + (4, 2}' -h {4, 2=}' 4- (4, 3,1}' 4* {5, 2, 1}']. 

The cofactor (4,2,1)' of the element in the fourth row and fourth 
column of (4,2,1*}'vanishes and so, ondiscardingtheterms which vanish 
and modifying the remainder as described above, we find (4, 2,1^)' 
—«(4)'. Similarly (3", 

{3, vy = (3, vyw'— [{2,1^}' + {3,1}' 4- {4, vy + (3, 2, l}'] 0; 

{22,12}'_> — €(2)'. In the evaluation of {3,22,1}' we have to make 
use of the analysis of {3, 2)'{1)': 

{3, 2}'{1}' = {4, 2}' 4- {32}' + (3,1}' + {22}' -f {3, 2, 1}' 

-^{4,2}'4-{3T4-{3,ir+{2^}' 

and we find {3, 22,1}'—>— {3, 1}'. On combining these results we find, 
for n « 4, 

Ffs.z) X ^( 2 , 1 , — FfB.s) 4" f<b.i) 4“ F(4*) 4~ 2r(4,2) 4“ F 4 4“ r *4 4 - r(3*) 

4" ^Fo.i) 4" r(2*) 4" F 2 4* r*2 4“ f^*) 
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the check by dimensions being 


24 X 16 = 54 + 70 + 18 + 84 + 25 + 25 +14 + 60 +10 + 9 + 9 + 6- 

In order to evaluate a product such as r( 3 . 2 )X it is simplest to use 
the relation 


{ 2 , 1 }' 


p'z p\ + p\ 
^0 


i.e. {3}'={2}'{1}'—{2,1}'—{1}'. 


From the analyses already given of X X Fj, F(3.2) X F( 2 .i), 

F, 3 . 2 ) X F(i) we read off (n = 4) 


F{3.2) X F(3) = F(8,2) + F(5,3) + F(5.i) + F(4.2) 

+ F 4 f* 4 + 2r(3,i) -|- F 2 -j- r*2 


the check by dimensions being 

24 X 16 = 90 + 54 + 70 + 42 + 25 + 25 -1- 60 + 9 + 9. 

7. The modification rules for the n-dimensional orthogonal group. 

In the analysis of the Kronecker product of two irreducible repre¬ 
sentatives of the n-dimensional orthogonal group we are confronted with 
the quantities A(Ai,- ■ ■ ,\i) = {Ai, • • ',A>}', ;'> fc, and it is neces¬ 
sary to express these in terms of the simple characters A(Ai,* • - jA^) 
= {Ai, • • •, A^^ A:, of the n-dimensional orthogonal group (n = 2A; -f-1 
if n is odd; n = 2A; if n is even). We have already given the necessary 
modification rules in the particular case ; = fc + 1; they are as follows: 
n, odd, (= 2fc + 1) j > ^+ 1 }^ = 0 if At+i >■ 1; {Ai, • ■ •, At, 1} 

= €{Ai, • • •, Ak}' where « = ± 1 according as the element of R' is 

proper / 
improper f 

n, even, = 2fc; (Ai, • * •, At+i}' = 0 if A^+i >2; {Ai, * • •, A*, 2}' 

- ^At}'; {Ai,- • •,A*,1}' = 0 if At> 1; 

{Ai, ■ • , Afc_i, 1^}'= €{Ai, ■ -jAt-i)'. 

To derive the necessary modification rules when ; = fc + 2 we proceed 
as follows. Considering first the case n odd, (=2^ + 1) we have 

Pp ^ /p -- (1 — H- ■ ■ ■ + Tp* 

so that 

Hence the determinant of order fc + 2 : 
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has the same value as the determinant of order A: -f- 2: 

I tp y ip ± py y Ipl p y 1 p j 

whose value is Aa .*2 ( t ) L**, (0 • On multi plying through by fl (1 — 
and denoting, for the moment, by the product 

{fid- tv^))-Li{t)=Tl{l~ipt,). 

1 p<« 

1 

we obtain 


^*2 (^) ( ^) 
/l ■ • ■ At2 



•, W, (1 + «<p)rpn'p(i — H-/, 


where n p denotes the product of the A; 1 terms obtained bv assigning 
to 5 , in turn, the values 1,2,- • •, A; + 2, with the exception of p. We 
now expand the determinant on the right in terms of the last column 
and observe that the cofactor of the element in the /)-th row and last 
column has (i) as a factor. Since 


MAt) 


2(M'(A)(0 

(X) 


A- • A 

(cf. the derivation of (9. 40)) we obtain 

=s{A}'i V,- ■ 

/I 7k*2 <X) 

where « Ai + A:, • • •, Zat+i = A**!, and the summation on the right is 
over all parentheses (A) of not more than fc 1 elements. If (p.) 
denotes a typical parenthesis of not more than A; + 2 elements we obtain, 
accordingly, on division by Aa:, 2 (*) and expanding (l+<Zp)7’p in the 
form 1 + efp + tp^ 4- tZp* 

2{/p)'{/t}(«) =2{A}'[{A.,- • +€{A.,- • 

<M) (A) 

+ (Ai, • • • , A**i, 2}(«) + €{A„ • • •, Ak*i, 3)(«)]. 


Owing to the linear independence of the quantities (Ai, • •,A** 3 }(£) 

it follows that {Ai, ■ ■ ■, A* + 2 } — 0 if ^4c*2 ^ 3, Furthermore^ since 
(Ai, • • •,A*+i}' = 0 if Ajt+i > 1 only those (Aj, • ■ 'jAt+i.S}' have a 
value differing, possibly, from zero which are disordered and end in 
(1,3) or (Q,3). On comparing coefficients of (Ai, • • ■,Afc+ 2 }(^) we 
obtain the following modification rules for (Ai, • • •,Aa» 2 )' when 
n(=2A;4-l) is odd. All (Ai, • • •,A** 2 }' vanish save the following: 

{Ai, - • - jAfc, 2^}' = —(Ai, • • - jA*)'; 

(Ai, * •,A*,2,1)^= «{Ai, • ‘, XicY f 

{Ai, • •, Ajfr-i, 1®} — «{Ai, • 'jAfc-ij^ 
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When n{= 2ifc) is even we proceed in a similar manner but here the 
two cases e = ± 1 must be treated separately. Taking first the case 
£ = 1 we have gp = fp so that the element in the p-th row and last 
column of the (fc + 2) order determinant (which equals Aa:>2(*)-3/*>3(*) 

is — — instead of (1+«<p) 

X TpU'p{l — tq^) Hence our basic equation is 

S{/^}'{m}(0 =2{A}'[{Ai,* • —{Ai,- • ',A*.i,4)(i)]. 

We read from this equation the fact that all {Ai, • • ■, Ai+ 2 }^ vanish save 
those for which Ajk +2 = 4 and {Ai, • ■ ’jAa+i, 4}'=—{Ai, • • *,Afc+i). 
On setting A*ti = 2 we find {Ai, * • *,Afc, 3^}' = — {A,,* • ',Ak}'; 
on setting Aa+i = 1 we find (Ai, ■ * •>A*_i, 2®}= — {Ai, • ' - jAa-i} , 
and on setting Ak+i = 0 we find {Ai, • ■ •, A*, 3,1}'= {Ai, • ■ - jAa). 
This last yields (when A* < 3) the results {Ai, • • • , Aa-i, 2^ 1}' 

= _{A„. • {Ax, - ■ •,Aa-i, 2,P}'= -(Ax, - * ■ , Xk-iY and 

this last yields, when Aa-i < 2 (Ai, • * ■ , Aa- 2 , = (Ai, • ' ’jAa-z}- 

All the other (Ai, * • ■,Aa* 2 }' vanish. E. g., n == 4. £==1, {4, 2, 1^) 
_{4}'; {2^Hr = —(2)'; (3, 2S 1}'= — (3,1}' (see the some¬ 
what tedious derivation of these results on p. 281). 

When € = — 1, n = 2fc, we have to start with hp = fp~ (1 — ip) 
rather than fp. Since Ap = ca.x^*=-^ + • • ■ + we write hpTp^ 

= Ck-itp^~'Tp^ + * • • + and the element in the p-th row and last 

column of the (fc + 2) order determinant (which equals Ak* 2 (*)il/fc* 2 (<) 
^ A • • • M is Tp^n'p(l — Un U Since Tp^ = 1 + W + A* our 
basic equation is 

2(/^}'{m)(0 =2{a}'[{Ax,- ■ ^Aa.iX*)-1-2(Ax,- • •,a*>i,2}(0 

+{A.,- • ■,AA.x,4)(f)]. 


Since, when « = — 1, all (Ai, * * *, Aa+x}^, Aa+^i > 0, vanish save (Ai, , 
Aa-x, HK which =—(Ax, ■ * •,AA-ir we see that all (Ax, - ■ ‘^Aa^zK 
vanish save (Ai, * ■ ■, Aa-i, 2®} = (Ax, * ‘ ‘, Aa-i) J (Ax, *" •, At-i, 2,1 } 
= {Ax,- - - ,AA,xr; (Ax, - • ■,A*_„1T = —{Ax, - ■ •,A*- 2 r On com¬ 
bining the results for «== ± 1 we obtain the modification rules for 

71 = 2A-*, y = fc -|- 2 : 


{Ax, 

{Ax, 

{Ai, 

{Ai, 

{Ax, 

{Ax, 


• * , Aa, 3^}^ =—{Ai, ' ■ ■ , Aa) f 

• ',Aa-i, 2^}' = —{Ax,: - ',Aa-i) J 

• * , Aa, 3, 1 }^ = {Ax, * ' - , Aa) J 

• - , Aa- 1, 2^, 1}^ = {Ax,' • ■,Aa-i, 1) , 

' * , Aa-1, 2, 1*} = — e{Ai, • * ',Aa-i) , 

• ^Aa-z, l*}' = <{Ax, • • - jA*.*}'. 
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These modification rules furnish complete information when fc = 2, i. e, 
n = 5 or 4. When ti = 7 or 6 we have to derive similarly the modifica¬ 
tion rules for j = k 3. We now have to deal with a determinant of 
order fc + 3 whose last column carries an additional factor Tp = 1 -f- 
in the p-th row; and so on. 

8. The analysis of the representations of R' which are furnished, by 
the principle of selection, by the irreducible representations of 
the full linear group. 

This analysis follows at once from the relation 

{A„ • ■ •, Ay}' = { n (1 — II (1 - UU) } {A., • • •, Ay} 

p=i p<q 

1 

which implies 

(9.71) {X„- ■ •,Ay} = {ri{l-^p^)-^ri (1— {\u- • AjY- 

p=i p<q 

1 

If / = 1 the result is trivially simple: 

{A,} = (i—= + 2}'+- ■ 

E. g., {3} = {3}' + {1}'; {4} = (4)' + {2}' + {0}'. 

When y = 2 we first operate with (1—then with (1 — 
and finally with (1—Thus 

{4,2} = (1 —— 

= (1 ——^.^2)-^[{4,2}'+ {4}'] 

= (1 — 2 }' + W' + { 3 , 1 }' + { 2 }'] 

_ {4, 2Y 4- {4}' + {3,1}' + {2M' + 2(2)' + {0}'. 

Here in operating with (1 —upon (4, 2}', for instance, we obtain 

{4,2}'+ (2^)'+ {0,2}'= (4,2}'+ {2^}'— 

and in operating on {3,1}' with (1 —we obtain 

{3,1}'+ {P}'-1- {— 1,1}'= {3,1}'+ (IT—{0}'. 

When it = 1, n = 2 or 3, the parentheses containing two elements must 
be modified as explained in the previous section. Thus when n = 2, 
{4, 2}' must be replaced by — {4}' etc. and we find 

{4,2}'= {2}'+ {0}'; n = 2 

the check by dimensions being 

3-=2 + l (see (4.41)). 
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If, on the other hand n = 3, we find 

{4,2}'= {4}' + .{3}' + 2{2}'+ {or; 

the check by dimensions being 

27 = 9 -f- 7 + 10 + 1. 

The simplest irreducible representations of the full linear group to deal 
with in this way are those for which each A = 1: {A} = {1-^}, ; = 1, • * - ,n. 
Since {l>}=a; (4.27) it follows (from (9.54)) that the repre¬ 
sentation of R' obtained by the principle of selection from {l"”'^} is the 
associate of the representation of R' obtained from {1^} so that we may 
limit ourselves to the cases j ^ k. It is at once clear that the repre¬ 
sentations of R' obtained, by the principle of selection, from {1^}, 
y = 1, • • ‘ , k, are all irreducible. Thus when y = 2 the application of 
( 1 —to { 1 ^}'yields { 1 -}'; the sequential application of (1 — Iil 2 )"^ 
yields {!")'+{ 0 }' and the final application of ( 1 —yields 
{l^}'-|-{—1,1}'+ {0}^ = {1^}^* The proof in the general case is 
immediate: in evaluating the effect of the operators (1 — 
upon { 1 ^}' we get simply { 1 ^}' if 7 < ;’ and from (1 — we again 

get simply {1^^ if P j —1* The operators ( 1 —also yield 
simply save when p^j —1 and (1—also yields 

There remain only (1—|^;.i)"^(l—and so 

=(i—+ 

= { 1 ^}'— {v-^y= { 1 ^}' 

i. e. {1^} = {10^ proving the irreducibility of the representation of R' 
obtained from the irreducible representation {1^} of the full linear group 
by the principle of selection. When n is odd or when n = 2A: is even and 
j <. k the representation of the rotation group R obtained from {1^} by 
the principle of selection is again irreducible but when n<=2k is even 
the representation of R obtained from {!*=} by the principle of selection 
is reducible being the sum of two adjoint representations of R. 

9. The analysis of the representation of R'n_i which is induced, 1 c. 
furnished, by the principle of selection, by the irreducible 
representation of R\. 

The elements of i2'n-i are in one-to-one correspondence with those 
elements of whose last row and column consist entirely of zeros save 
for their common diagonal element which is unity. On indicating by a 
superposed bar quantities having reference to R'n-i it follows that 
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1 

and, hence, that 

Pi = Pi~—Vi-y = (1—; = 0,1,2,- • • 
or, equivalently, 

Pi = (1 — = Pi + /Vi + ■ * ■ - 

The desired analysis is obtained by combining this relation with 

{A}' = {n(l —lp^«)}{A} = {fl(l —• -pu. 

1 1 

Let us first consider the case when n = 2fc 1 is odd so that the k for 
n — 1 is the same as for n. Then 

(9.72) {A}'-= {n (1 —lp)"')(A)' 

P=l 

furnishes the desired analysis. The one-elemeiit representations are 
trivially simple to analyse: 

{Ai}' == {A:}' + {Ai—T)' + •■ ■ + {0}'. 

E. g., 

{2}' = {2}' -|- {!}' + (0)'. For n = 3 we have the check by dimen¬ 
sions 5 = 2-1-24-1. For two element partitions we have 

{Ax,A2r= (1—— 

= (1 -f- Pl{$l, tz) p2(4l> 12 )+' ' ■ ) {Al, A 2 } . 

E. g,, ^ 

{3, 2}' = {3, 2r + {3,1}' + {3}' + {2")' + {2, !)'• 

For n = 5 the check by dimensions is 

105 = 24 -f- 30 4- 16 -1- 10 -h 16 4- 9. 

The general result is 

(9.'?3) (Ax,- • •,A,r=(l4-Pi(^i>‘ ■ 

4-P2(Ii,- ■ -,^i)+■ • XAi,-' ■>Air ; = i,2, - 

When n is even the same formula holds, when j <C. k, but when j = k 
the parentheses on the right containing k ele ments, must be modified 
according to the rules already given. All {Aj, • • - jA*}' for which 
A* > 1 must be dropped whilst all {Ai, • • jA*_i>l)^ must be replaced 
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by <{Ai, • • - Thus when n = 4 we find, from the expression 

given above for {3,2}', the formula 

{3, 2}' = e{3}' + {3}' + .{2}' + {2}' 

or, equivalently, 

r(3.2, = fa + f*3 + f2 + f*2. 


the check by dimensions being 24 = 7 + 7-f“5 + 5. 

The results of the present paragraph are known as the branching rules 
for the full real n-dimensional orthogonal group R'n. When n = 2k-\-‘l 
is odd they furnish the branching rules for Rny the rotation n-dimensional 
group, and when n is even they furnish the branching rules for those 
irreducible representations FjX) of Rn for which Afc = 0; when Ak > 0 
they furnish the branching rules for the sum of a pair of adjoint 
representations of Rn. 

10. The characters of those Irreducible representations of Rzk which 
appear in the analysis of the representation of Rzk which is 
induced by the irreducible representation r(X),Ak > 0, of R'ik. 

We have seen that the irreducible representation r(X) of R\ n = ^lc, 
A* > 0, induces a representation of R which is the sum of two adjoint 
irreducible representations of R. The sum of the characters of this pair 
of adjoint representations of R is {A}' and our present task is the evalua¬ 
tion of the individual characters of each member of the pair of adjoint 
representations. Preliminary to this we shall find it convenient to trans¬ 
form the expression {A}' which furnishes the characters of the irreducible 
representation PjX) of Rf. We have seen, pp. 243-4, that when n =» 2^: 
is even 

2*(^-iJ/*A(l)A(cos(?) n (1 —Vff) ■ -A 

V<Q 

1 


is equivalent to the fc-th order determinant of which the element in the 
p-th row and j-th column is (1 — 2 cos $jtp On multiplying 

k 

through by n (1 — A*) see that 

p=i 

2 J:(k-i)/ 2 A(«)A(cosd) n (1 — AA) ■ -A 


1 


is equivalent to the it-th order determinant of which the element in the 
p-th row and ^-th column is 


1'— V 

1 — 2 cos 6}tp + tp^ 


1 + 22 cos qjSjtp^f 

q,=l 
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(p. 245). We denote the coefficients of this infinite series by Cg,{6j) so 
that co(0j) =1, == 2 cos 7 ^>, g = 1,2,- ■ - ; then our determinant 

is the sum over all sets of numbers Zi > Z 2 >••>?* — 0 of the products 


c(Z)/l(Zi, ■ • •, Zfc) 

where c{Z) is the determinant of order k of which the element in the 
p-th row and /-th column is ci^(Bp) : 


(9. 74) 



♦ 

ciA^k) 




On dividing our equation through by A(t) we have 


2fc(i-i)/2A(cos 0) n (1 — tpig)^f,f 


PP7 
1 


•/k=-Ec(0{A)(*) 

(\i 


(9.75) {Ar = 


and a comparison of this with (9. 40) yields, owing to the homogeneous 
nature of the functions (A) (t) and the linear independence of the simple 
characteristics of the symmetric group on m letters, 

c(l) _ c(0___ 

2 ik*-i)/ 2 ^(cos ff) A(ci) c(fc — l,i — 2,- • -,1,0) 

(for oM) = 2 cose, = e*". + e-*' so that the Vandermonde determi¬ 
nant of which the element in the p-th row and ;-th column is c.r(e,), 
p=.0 1 • - • k _1, is the same as the determinant of which the ele- 

mentin’the p-th row and j-th column is Cp(e,) - 2 cos pS,). Hence 
(A)' is the quotient of a determinant of which the element m the pdh 
row and j’-th column is - 2 cos lA by the determinant of which 

the element in the p-th row and j-th column is Cp{0i) — 2 cos pS, (i 
being understood that when Ip or p is zero the factor 2 is missing). 

We now proceed to evaluate the quotient s{l) . c( , 
where h > h > ■ ■ ■ > h > 0, s.,(«p) - ^in IA and s( ) is the de¬ 
terminant of order k which the element in the p-th row and ;-th column 

s,,A) ■ ■ ■ 


(9.76) 


s(l) 


si.(6t) • • • 

It is clear that s(l) is divisible by c(fc —1.' ■ '.CO) tbe quotient 
being a symmetric polynomial in the variables e ^ or 
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k 

c(k —1, • • •, 1, 0) — IJ 

P <<7 

1 

k 

— 11 — g-n6p*$q)'^ 

P<Q 

1 

and s{l) is a polynomial in which vanishes when dp= ± Oq, If we 
denote the quotient s(0-^c(fc — 1,- • •, 1, 0) by {A}", where A* = Zk > 0, 
the combinations ^[{A}' zb {A}""] are linear combinations with integral 
coefficients of simple characters of -R; for they are linear combinations 
with integral coefficients of expressions o-(tn) = the 

summation being over all those permutations and even numbers of changes 
of sign of (^ 1 ,* • ',0k) which actually change the term 
(Note the difference between the argument here and the corresponding 
argument on p. 266, there x(^) an even function of the angles 
(^ 1 ,' • ‘,0k) whilst here it is affected when an odd number of these 
angles are changed in sign, {A}" being an odd function of (^i, • • ,0k))- 

In arranging our dictionary order of the sets {mi, - ■ ,mk) we have 
to allow for the fact that the last number m* may be negative but we set 
mi ^ m 2 ^ ^ mk~i ^ | m* |. The leading member of {A}' is 

. .+Xfc5fc)^ by ^9 and when A* > 0, {A}' splits into two simple 
characters; since {A}' contains being an even func¬ 

tion of all the ^s, we see that one of the simple characters has 
gi(Xitfi+...+Xfc^fc) ag itg leading term and that the other has - - 

♦^fc-i^k-i-Xk^fc) as its leading term. Thus to each set of k numbers 
mi > m 2 ^ ^ mik-i ^ | tw* | belongs a unique simple character with 

the leader <r,m) = and this implies, by a recursive method, 

that each (Xcm) is a linear combination of simple characteristics. 

It is clear that the quantities i[{A}' zb {A}"] are actually simple 
characters since they are, respectively, the sums 2 • • •+x*flfc) and 

2 g4(Xxtfi+...-Xfc^fc)^ jl; ig^ indeed, easy to verify their simplicity by the 
methods already given. We have seen, p. 245, that 

CO 

(1 — 2 cos Ojip -f- = 1 + 22 (cos qOf cos {q — 

and the coefficient of fp® is readily shown, on multiplying it by sin Of, 
to be sin (^ + 1)^> H-sin = Sg+i(0/)-j-5i(^/). In other words the 
coefficient of Zp® in the development of 

ipSijOi) 

1 — 2 cos Ojtp + 
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is and it follows by the argument of pp. 288-9 that 


A 

2*'(*»-l)/2A(f)A(c0S ^)Si(0i) • ■ • (1 — UU) ' ' ' /k 

P<Q 

1 

is the sum over all^ > ^2 > • • ■>h for which > 0 of the products 
s{l)A{lif- ■ •,/&). On dividing out by A{t) we obtain 

k 

(9.77) 2*''*“^*'^^A(cos • ■ 'Si{6}c)ti- ■ ■ 411(1 — 44) 

- ■h = :s.'s{i){x){t) 

the prime attached to the sign of summation indicating A* > 0. 

But we may proceed as on p. 255. Thus 


OC 


fp ^ - 2 Pjp^P^* i 


1 , • • •, 


so that 


00 


(/. • ■ ■h)-' = 1.ph- ■ piJi'" ■ 

(>)=o 


On multiplication by ^^{t)U{t)tr • • ■ 4 we obtain on the right a sum 
of products of determinants A{U, ■ • ■ , 4), 4 > 0, by determinants (A) 


(9. 78) {A}'" — 


P\,-U PXl + ' • ■ > 


PXp-Jc, ■ • ' > 

On division through by Ajt(f) we find 


4 ■ ■ • 4 n (1 — 44) 


(9.79) 


P<Q 

1 


2lA)'"{A)(f) 


(9.80) (A) 


ft - • •/* 

and comparison of this with (9. 77) yields 

__ sQ) _= 5 x (( 9 i )- • 5.(^0 

c(A: —1,- • - ,4 0) ^ (2t)*sin0, ■ ■ •sin^fc{A)'". 

U is clear from (9.78) that since all the elements below 

the main diagonal vanish and all the diagonal elements are unity Hence 
(2i)''8in0x- • sin^fc and we shall denote this quantity by t 

(9.81) {l»)"~s.(fl.) • ■ *.(9.) = (2i)‘sin9|- ’ ' sin 9. = i‘8 

8 — 2* sin • • • sin 0k. 
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On multiplication by 8 (9. 79) takes the form 


' ' ik n (1 — ^p^q) f ^ 

P<<1 Tl‘ ‘ ‘ fk 


= (-t)*2W'{A}(0; 


on replacing (^i, * • •, 4) by a second set of variables (wi, • * 
multiplication and integration over R we obtain 


(9.82) • • ’tkUi- • ■u*ri(l 


p<<i 

1 


n (1 - Up'Uq) 

P<<1 


X 


1 r 8^dr 

VjnU- • ■ 


fzk 


= 5 '{A} (*){/.}{«} i M"M"dr 


where the bar over {^u}" denotes, as always, the conjugate complex. 

The integral y J ^ - j~ has already, to all intents and purposes, 

been calculated. Thus from (9.32) we obtain, on replacing k — 1 by A: 
and observing that there fp= (1 — ip^)^ 


1 r S^dr 

• •/ 


k ^ peg 

1 


On using the expression (9. 21) for V we find 


1 f B^dr 

vJjiU- 


7 = 2 {n(i 

/* p<q 

1 




From this we proceed as before to ■= | 7 -y = fc + 1, 

V Jr a * ■ A 

fcH-2, • ■ ■,2k. Thus on multiplying (9.28), with gp replaced by fp, 
hy B^ -i- V {fI ■ • • A+i) integrating the resulting equation over R we 
get on the right a series of terms of which the first is 

(— 1 )‘A- • X3(— 1 )* 


and so, as on p. 250, we obtain 


1 r B^dr 
VjRh - • ■fk.x 


k*l 

HU(i 

P<Q 

1 


AA)} ' 


Proceeding in this way we obtain finally 


1 r B^dr 

V A ft - ■ ~ 


(9. 83) 
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The difference between (9. 83) and the corresponding formula (9. 30) 

2k 

should be noted; the factor JI (1 — V) is missing from the denominator 

p=i 

on the right of (9. &3), simply because the fp of p. 252 = (1 — tp^)hp. 
Further the factor (1 + ■ • ■ tn) of (9. 30) is missing from (9. 83) 
simply because the factors (1 — /p^) of p. 251 are here missing. 

On substituting (9. 83) in (9. 82) we obtain 

The left hand side = 22'{A} (f) {A) (u) (p. 264) and so 

\^^i\W'\Ydr = %-, A*>0 

Furthermore the integral {A}'{A)^'(iT = 0 since {A}'^ is an odd 

periodic function of (^i, • • 'y^k)f with period 2-jr, and {A}' is an even 
periodic function of (6i, • ■ *, Ok), with period 2-7r (the periodicity allow¬ 
ing us to replace the intervals (0, 27r) of integration by the intervals 

(—’’■jjr)). Hence, since T [{A}']*dT = 2 

^J^[i(|{Ar± {A)"!)?*-!, 

showing that i[{A}' ± (A)''] are simple characters (the oddness of {A}" 
showing that they have the value of ^{A}' at the unit element). Their 
sum is (A)' so that they are the characters of the two irreducible repre¬ 
sentations of R which are contained in the reducible representation of R 
which is induced by the irreducible representation r,X) of R', A* > 0. 

The quantity S = 2* sin • • • sin Ok which appears (9. 80) as a factor 
of {a}" may be conveniently expressed as follows. We have 

/(O “fl (1 —M) “h (1 —2costfpi 4- t^) 

p=i p=i 

so that 

/(I) —n 2(1 —cos 5); /(—I) =112(1 -f cos 0). 

p=i 

Hence /(!)/(—1) _n — Since /(I) — del —X), 

/(— 1) — det (En + X) ~ det (En + X') 
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(9.84) S^ = det {En — X) {En-\-X') 

= det (Z' —Z), since ZZ'= 

The determinant of the skew symmetric matrix Z' — Z, of even degree, 
is a perfect square of a polynomial in the elements of Z (known as a 
Pfaffian) and S is this polynomial. 

11. Alternative form for the simple characters {A}' of the real ortho¬ 
gonal group of odd dimension n = 1. 

It is easy to obtain, when n is odd, an expression for {A}' analogous 
to (9. 75) (which is valid when n = 2fc is even). Exactly as on p. 288 
we see that 

2»:(fc-i)/2A(OA(cos0) fl (1 —“^^ 1 - ■ -gk 

p<(7 

1 

is equivalent to the X;-th order determinant of which the element in the 
p-th row and ;-th column is (1 — ^p*)/(1 — 2 cos Ojtptp^). Since 
gp = fp-^ (1 — tp) (p. 243) the statement just made is equivalent to 

the following: 

2Mfc-i)/2A(l)A(cosd) n (1 —• - A 

p<q 

1 

is equivalent to the A:-th order determinant of which the element in the 
p-th row and j-th column is (1 -j- iy) -3- (1 — 2 cos 9jtp + tp^). Since 
(p. 245) 

(1 — 2 cos etp + /p=)-' = 1 + 22 c'qV 

1 

where o', ^ cos + cos (q — 2)0+ • ■ ■ (the summation ending in i 
if q is even) the element in the p-th row and j-th column of our de¬ 
terminant is a power series in tp of which the coefficient of tp^ is 

2 {c'c( 0 j) + c'g,i( 0 i)) = 2 {cos 90 /+ cos (9 —1)^> + - ' } 

= sin (9 + i) 0 >-^sin 

Hence, by the same argument as on pp. 290-1, {A}' is obtained from the 
formula (9. 80) for {A}" by increasing each of the numbers (h, • ‘ ' ,h) 
by i and dividing by (2i)* sin 0i/2 • • • sin 0k/2. Since 2 sin 0/2 cos p0 
= sin (p + i)0 — sin (p — ^)0 the product 
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2%-»l 


2* sin di/2 • • - sin 6k/^ 


cos {h — 1 )5i 


cos {k — \ )Bic 


and so 


1 ... 1 
sin (fc — • • • sin (t — ^)6k 


sin di/2 


sin 6k/2 


(2t)*'sin 0j/2 ■ ■ ■sinflfc/2c(A: — 1,A: — 2, 

= s{Jc — • ■ ■ , %, i). 


, 1 , 0 ) 


Hence 

(9.85) 


M' = 


sjh ir • ‘ >h-{- i) 

—ir * ■>i) 


Since 2*<*=-i)/2A{cos 6) -= c(A:—1, • • -,1,0) (see (9.75)) the nor¬ 
malised element of volume (9.23) of the n^2k dimensional rotation 
group may be written in the form 

(9.86) dT= [{c(A; —1,- * ■ yl,0)Y ^ {27r)^ k\2^-''\d{e,,- • ■ ,0k). 

Similarly the normalised element of volume (9. 26) of the n == 2A: -|- 1 
dimensional rotation group may be written in the form 

(9.87) dr = [2‘sin^ I ■ ■ • sin” I {c(fc—1, • • ■, 1,0)(27r)‘A: !]d(9„ ■'', 



CHAPTER TEN 


SPIN REPRESENTATIONS OF THE 

ROTATION GROUP 


In this chapter we shall show that there exist two-valued (=spin) 
representations of the r?-dimensional rotation group and shall determine 
the characters of the irreducible representations of the two-sheeted 
“ covering group ” of the rotation group. 


1. The two-valued representations of the three-dimensional rotation 
group. 

The general 2X2 Hermitian matrix whose trace is zero is of the form 


P(x) 




X' 


X 


tx 


— x^ ) 


where (x^yX‘^,x^) are arbitrary real numbers. On setting 


( 10 . 1 ) 
we have 



If P{x) is subjected to an arbitrary unitary transformation P(x) —^Q 
= UPU*, Q is also Hermitian with trace zero so that 


Q = P{y) = y^Px + y^Pz + y^Pz- 

Since det ^ det P(a;) the real linear transformation x—*y induced 
by P(x)^Q==^P{y) is such that {x^Y ^ {^Y + {x^Y iy^^ 
+ {y^Y iy^Yi other words y <= Ox where 0 is a real orthogonal 
3X3 matrix. If V is any second unitary 2X2 matrix and ii Q 
== VQV* induces the orthogonal transformation yz = 0{V)y 
= 0{V)0{U)x we see that P^R = VQV* = {VU)P{VUY induces 
the orthogonal transformation 0{V)0{U)', in other words 0{W) 
= 0{V)0{U). Since 0{E2)=Ez it follows that the collection of 
3X3 real orthogonal matrices 0(U), obtained by letting U wander 
over the 2X2 unitary group, constitutes a representation of this group. 
It is clear that the representation is not faithful: the same orthogonal 
matrix 0 will correspond to many elements U of the 2X2 unitary 
group. In fact if F = mU where m is a complex number (necessarily 
of unit modulus since F*F = A ^2 forces mrh = \)VPV* = UPU* so 
that 0(F) —0{U). We may, accordingly, restrict ourselves to uni- 
modular unitary 2X2 matrices U, i. e. to matrices U for which 
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det XJ — 1 but even with this restriction the representation of the 2X3 
unimodular unitary group {f/} furnished by the collection of real 3X3 
orthogonal matrices {0(?7)) is not faithful. In fact the necessary and 
sufficient condition that 0{JJ) = 0{V) is that VPV* = UPU*, every 
Pj i. e. that WP = P\V, every P, where W = U*V. On setting P = P^ 
we see that W must be diagonal; and, on setting P = Pi, that it must 
be scalar. Since W is unimodular it must be it Ez so that V = i: £/; 
and this necessary condition is evidently sufficient. Hence {0(C/)} is a 
representation of the 2X2 unimodular unitary group having the 
property that 0{U)=0(V) is equivalent to (i. e. implies and is 
implied by) V = ±: U. 

It is easy to see that the collection of matrices {0(C7)} is the entire 
3-dimensional rotation group. To prove this let us denote by Rp.q(O), 
P < q, the “ plane rotation ” 

ar'j, cos ^ Xp + sin 0 Xq 
= — sin 9xp-{~ cos $ Xq 

x'r^Xr r^p; r^g, 


60 that i2p.g(— d) = {Rp.qi9))~^- If A = (op®) is any element of the 
3-dimen8ional rotation group we can determine « so that the element 
B = AR 2 ,a{(x) of the 3-dimensional rotation group has 63 ' = 0; in fact 
we have merely to set 02 ’ sin a + as' cos a = 0, Similarly we can deter¬ 
mine /3 so that C=^BTi, 2 (^) = AR2,z{a)TiA/3) has c.' = 0. Since 
Cg' >=> 1=3 0 follows, since C is an element of the 3-dimensional 

rotation group, that (ci')* = 1, i. e. Ci' = it 1. If Ci* = — 1 we can 
make it + 1 by changing into ^ and it follows that C = Tg.sC’/') 
is a plane rotation. Hence A = 7’2,a(^)ri,2(—«); on writing 
— <f>, => — 6 we have 

(10. 2) A =- T2.sWTi.2WT2A4>) 

which is the classical factorisation (due to Euler) of any three- 
dimensional rotation into a product of three-plane rotations. Now when 
^ is diagonal: 



an easy calculation yields 


UPiU* 


UP 2 U* 


/O 

0 / 


\— le 


0 ier 

219 0 


2i9 


) 


COS 29 Pi — sin 29 P. 


sin 29 Pi + cos 29 P 2 


UP,U* - (J 
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Hence 


= cos -f- sin 2$ 

= — sin 20 x^ + cos 20 
v" = 


so that 0(1]) = Ti, 2 (^ 0 ). Similarly if 

y _/ cos 9 — i sin 0 

\—isin0 cos 0 

we find 0(V) = T 2 , 3 { 20 ). Hence the general matrix 

A = T2A^)Tu2(0)T2A<I>) 

of the 3-dimensional rotation group appears in the collection 0{U); 
in fact A = 0(W) where 

(10.3) W=~ 



The matrix A is, conversely, a proper real orthogonal matrix; the easiest 
way to see this being the following. The 2X2 Hermitian matrix 

H^P(x)+ x'E, = x'P^ + x^P, + x^P, + x'E, = J ^ 

(x* real) induces, when subjected to the transformation 

H-^K==UHU* 



a linear transformation y under which the determinant and trace 
of H remain unaltered. This transformation is accordingly a real 
4 -dimensional orthogonal transformation for which y* = x*. Its deter¬ 
minant is, therefore, the same as that of 0{U). But the determinant 
of the linear transformation a: —»y is the same as that of the similar 
transformation h-^k where h^=hi'jh^~hi^,k^ = h 2 ^jh* = h 2 ^ and this 
linear transformation has Z7 X ^ as its matrix so that its determinant 
is 1 (it being evident from the relation U 'K f7 = (U 'K -E'2) {E2 X U) 
that det (TJ 'K U) = (det U det U)^). 

We have, accordingly, proved that the three-dimensional rotation group 
furnishes a representation XJ 0{U) of the 2X2 unimodular unitary 
group with the property 0{V) — 0(U) when, and only when V ±U. 
Conversely we may regard the 2X2 unimodular unitary group as a 
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representation 0{U) ^ -±.1] of the 3-dimensional rotation group; but 
then the representation is two-valued: to a given element 0{V) of the 
three-dimensional rotation group corresponds either U or — U. If we 
consider the closed continuum of three dimensional rotations found by 
holding (hytp fixed in (10.2) and allowing 0 to vary from 0 to 27r the 
corresponding continuum of matrices W, given by (10.3), is not closed 
since U{$/2) begins at E 2 and ends at —£' 2 . In order therefore that 
we may properly speak of the 2X2 unimodular unitary group as fur¬ 
nishing a representation of the rotation group W'e must introduce a 
refinement of definition in accordance with whicli the element 
^ ~ T 2 , 3 (iff)Ti, 2 (^)T 2 , 3 (<t>) is distinguishable from the element obtained 
from this by holding ^ and fixed and allowing 6 to vary through 27r 
whilst it is indistinguishable from the element obtained by holding 
and xp fixed and allowing 0 to vary through -Irr. The elements of the 
group of which the 2X2 unimodular group is a representation are not, 
then, merely the matrices of the three-dimensional rotation group but 
these matrices together w'ith the manner by which they are reached, 
starting from some convenient element (say the unit element) of the 
rotation group. We term this new group the ‘‘covering group” of the 
rotation group but we postpone its precise definition till we have con¬ 
sidered the two-valued representations of the n-dimensional rotation 
group (= group of all real orthogonal n X n matrices of determinant 
unity). The two-valued representations are known as spin representa¬ 
tions; and vectors in the carrier space of a two-valued representation are 
known as spinors. In particular the vectors in the carrier space of the 
representation furnished by the unimodular two-dimensional unitary 
group {U) are known as two-component spinors. 

2 . Two-valued representations of the n-dimensional rotation group. 

The two cases n even {=2k) and n odd (= 2A: -1“ I) must be treated 
differently. 

Case 1. n = 2k. 

We consider the four 2X2 matrices 


(10.4) P, 




of the previous section. 


It is at once clear that 



Pi* p.^ p ^ a=, p ^ ^ E ' 

P^P.^ — P^^; pJ^= — P,P,; P,P2 -P2P1; iPJ’2P. = E2. 


Any 2X2 matrix 



aj) "“y 


written as a linear combination 



300 6PIN REPBESENTATIONS OF THE ROTATION GROUP 

c^Pi + c^Pn + c^Ps + c*Pi, of the matrices Pi, P2, P3, Pa (it being merely 

necessary to set c' = i(ap -\-a2^); = — 02') ; c® = i(ai‘ + ^2*) 5 

c< = J(ai^ — ^2^)) and we express this fact by the statement that the 
four matrices (Pi, P2, P3, Pa) constitute a basis for the full matrix 
algebra of dimension 2 and order 4 , We now introduce n = 2 h matrices 
of dimension 2 *= each of which is the Kronecker product of Jc 2 yC 2 
matrices selected from the set (Pi, P2P P3, Pa) ■ 

Mi=PiXPaX- • ■ X P4 X P4 X P4 
il/2 = P3 X Pi X P4 X ■ • • XPaXPa 

il/3 = P3 X P3 X Pi X P4 X ■ • ‘ X P4 

• ■ ■ • • 

-M* = P3 X Pa X ■ • • X Pa X Pi 

(10. 5) . 

= F3 X P4 X • • • X Pa 

il/tia = Pa X Pa X Pa X • ' ’ X P. 

■ • * 

il/a* = Pa X Pa X • ’ ' X Pa X Pa- 
Since each P/^ = Pz and since 

( 4 , X Aa X ■ • • X 4 *) (B. X Pa X • • ■ X BO 

= AiBi X A2B2 X • • • X AkBk 

it follows that M= E2 X ‘ ‘ • X P2 = ^2*, / = 2 , • • ■, 2 A:. Further¬ 
more MpMq = — MgMp; p <. q = 1 , 2 , • • •, 2 k, E. g. 

= P1P3 X Pa X Pi X Pa X • ■ X Pa (since Pa = Pa) 

il/ziHi = P»Pi X Pa X Pi X Pa X • • • X Pa- 

The collection of matrices * • ' M^, where each of the expon¬ 

ents «!, (*2,' • • j «2ik takes one of the two values 0,1 consists of 2 ®* 
matrices and these constitute a basis for the full matrix algebra of 
dimension 2 ^. To prove this we first observe that since iPiPz “ P9 
product 

Nf ^ = E 2 XEzX- • ■XP3XE2X' • 'XE2, 

(the factor P3 occurring in the j-th place). Hence, since 

Ez^ = E 2 XE 2 X' • • X E2, 

jR,^^i(E 2 ^A-Nj) =E 2 XE 2 X' —X Qx^XE 2 X' • XEz 
jR 2 ^^i(E 2 ^ — N,) =E 2 XE2X’ • • X Qz'XPzX' • ’XP2 
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where Qp^ denotes the 2 X 2 matrix all of whose elements are zero save 
the element in the ;>'th row and ^-th column which element is unity; 
nothing more being involved in these statements than the obvious relations 

AX{B-{~C) = {AXB)-^{AXC); 
{A-{-B)XC={AXC)A-(BXC) 

which imply 

(B + C) XD = AXBXB-{-A.XCXD. 

Again it is clear from the definition of Nj that 

• ■ N} = P^XPzX - • ’XPsXE 2X- ■ XEz, 

there being j factors Pz and this implies the two relations 

Li • • ■ N}.^Mi = E2XE2X' ■ XPiX E.X- * ■ X E 2 

= E2XE2X- • XP-^XE-zX - ' 'XEz, 

the factors Pi, Pz occurring in the j-th place (; = 1, 2, • • • ,h). Hence, 
as before 

+ =E,XE,X - ■ XQ.'XE.X - XE, 

— =E2XEiX- ■ • X Qi’' X £’2 X ■ ■ XE., 

the factors Qi^ again occurring in the ;-th place. It is convenient 
to use a binary scale notation to indicate the rows and columns of our 
a‘ dimensional matrices; thus a;;;; denotes the element in the 
(r„- • ■,r^) row and the (s„- • •,«*) column where caA of the labels 
r, 5 takes one or other of the two values 1, 2. The matrix II; r, ’ vr, 

X Qr,“ X ■ • ■ X Cr and all elements of this are zero save the one in 
the (r„r„- ■ ■ ,n) column and the ••,«.) row which one is 

unity. Owing to the basic relations 3//' = E^", MfM„ -3/,3/p eac 

L), L„,i and hence each /fir/' is a linear combination of the matrices 
3 /.«. • • . 2i/«« and hence R l«r/' is such a linear combination of 

matrices of the type 3/.<a • 3/;=‘. The 2fc matrices 3/.,- ■ -,3/3* 

generate a group whose typical element is ± 3/i“' • • • 3/^ and we may 
express our result as follows: 

The group generated by the matrices (3/i, ■ ‘ > A/at) has the complete 

2 *= dimensional matrix algebra as its enveloping algebra; the phrase 
enveloping algebra of a group of matrices meaning simply the collection 
of matrices obtained by forming all linear combinations of matrices of 
the group. If we have any representation of a group of matrices, the 
enveloping algebra of the representation is termed a representation of 
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the enveloping algebra of the group; it being understood that if 
r= {i){^l)} is the representation of the given matrix group {A} then 

D{\A) =\D{A) ; A any complex number; 

D(A-hB)=D(A)+J)(B). 

If (^} is a given matrix algebra of which M is any given fixed non¬ 
singular element the correspondence AD(A) = iV-KdM defines a 
particularly simple representation of {A} which is known as an inner 
automorphism (the word inner implying that the transforming matrix M 
itself belongs to {^1}). There is a basic theorem which is essential for 
our immediate purpose and which runs as follows: 

Every automorphism of the complete matrix algebra of a given dimen¬ 
sion is an inner automorphism. 

Thus if we can construct a second set of matrices ■ ■ ■ , il/zjt of 
dimension 2'' satisfying the basic relations 

= Ez^ ; - 

the correspondence Mj —> Mj furnishes an automorphism of the complete 
matrix 2Mimensional algebra. Hence this automorphism must be an 
inner automorphism; in other words there must exist a non-singular 
2Mimensional matrix T which transforms Mj into Mj, every 

Mf = T-HliT-y ; = 1 , 2 , • • •, 2 ^:. 

To prove that every automorphism of the complete matrix algebra of 
a given dimension, m say, is an inner automorphism we proceed as 
follows. Let A be any m X m matrix; then the columns of any mX^n 
matrix A' which satisfies AX = xX must be characteristic vectors of A 
associated with the characteristic number A. If the given automorphism 
of our complete m-dimensional matrix algebra is indicated hy AA 
we have AX = AAT so that A is a characteristic constant of A. If, then, 

Z) is a diagonal mXm matrix with m distinct characteristic constants 
(_Ai, • - jXm), D has (Ai, • • yXm) as characteristic constants and so 
D is similar to D : D = T ^DT. Hence the given automorphism A —> A 
followed by the inner automorphism A TAT-^ is an automorphism 
of the complete m-dimensional matrix algebra which leaves D invariant. 
We shall denote this automorphism by A —> A^. Denoting by Ei^ the 
mX m matrix all of whose elements are zero save the element in the t-th 
row and j-th. column, which is unity, we have 

DEii = XiEii ; EAD == XiEA 
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and these imply, since = Z?, 

{EiiyD = k^E^iy. 

The first of these two equations says that all elements of {Ei^)^ save 
those in the i-th row, vanish whilst tlie second of the two equations 
says that all elements of (Ei^)^, save those in the ;-th column, vanish. 
Hence {Ei^)^ = Cj^EiK Since we have (Ei^^y = so 

that (c 4 ^)^ = Ci*. Ci* cannot be zero since Ei^^ and hence (Ei^)^, has 
one characteristic number unity; hence (Ei^)^ is not the zero matrix 
so that Ci* ^ 0. This forces Ci* = 1, i = 1, 2, ■ • ■ ,in and then the 
obvious relation E^ = Ej^Ex^ forces Ci^ --= Ci^Cih This being valid when 
; = i we have Ci*Ci^ = 1 so that cj = Cx^ c,h If then C is the diagonal 
matrix whose i-th diagonal element is Ci* {Ex^)^ = C~‘^Ei^Cy every i,j. 
Since any matrix of the complete m-dimensional matrix algebra is a 
linear combination of the Ei^ it follows that the automorphism .1 
is an inner automorphism and this implies that the original automorphism 
A—is also an inner automorphism (since the product, or sequential 
performance, of two inner automorphisms is an inner automorphism). 

Having proved our main theorem we have merely to observe that if 
0 is any 2k X orthogonal matrix, proper or not, the matrices 

Mi = M^Oy 


satisfy the basic relations = MqMp = — MpMg. Hence, 

corresponding to each orthogonal matrix 0 of dimension 2k, is a non¬ 
singular matrix T{0) of dimension 2^' such that Mj = T~^{0)MfT{0). 
Regarding the 2k matrices {Mi,- * 'jil/zf.) as a one row, 2k column 
matrix (whose elements are 2^ X 2*^ matrices) M we see that M~^M 
=^MOx implies Mf = T~yOx)MiT{Oi), ' ■ y^k. _U 0, is fol¬ 

lowed by a second orthogonal matrix O 2 ' W —> M** = il /02 = WO 1 O 2 
we have 


M^ 


T-^{02)MiT{02) = T'^{02)T-^{0x)MiT{0x)T{02) 

so that TiOiOi) = T{ 0 i)T{ 02 ). 


In other words the matrices T{0), of dimension 2^, constitute a repre¬ 
sentation of the 2k dimensional orthogonal group. The same inner auto¬ 
morphism of the 2^ dimensional complete matrix group that is furnished 
by r(0) is furnished hy XT{0) where X is any complex number (^ 0). 
It is clear that this is the only ambiguity; for if two matrices T{0), 
7’*(0) exist such 


Mi^T-^{0)MiT{0) = {T^{0)Y^MiT^0) 
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the matrix Tff(0)T-^{0) is commutative with all Mj and hence with the 
complete matrix algebra of dimension 2 *; hence, by Schur^s lemma 
{T^(0)}T-^(0) is a scalar matrix: T^(0) =\T{0). 

The indeterminate multiplier A can be normalised by the following 
considerations. Since and Pg are symmetric the k matrices M^, ■ • •, 
are symmetric: 

M'i=^ Mi; 

(this being an immediate consequence of the evident relation 

{A X B X C X ■ - - y = {A’ X B' X C' X ■■ ■). 

9 

Since Pg is skew symmetric so also are the Mjc*j : 

k+j = Mk+i ; j = Xy - ■ ' ,k. 

Hence the 2k matrices M'f, ; = 1 , • ■ ■ ^2k, satisfy the basic relations 

(M'i ) ^ = Pa- M'^I\ = _ M'^M'p 

and so there exists a non-singular matrix C such that 

M'i = C-^MiC, y = ^ 

It is easy to see that we may take C = Mi Mk if k is odd and 
C = Mic^i' ■ if k is even for Mi commutes (and anticommutes) 

with 3/i • • ■ Mh if A? is odd whilst ilfy commutes (and il/A+y anticommutes) 
with Mk^i- ■ Mik is k is even. From Mf-^Sli = T-^{0)M}T{0) we 
read M'i = T'{0)M'i(T~^{0)y. However Mj = MaOy so that 

il'i = M'aOy = C-^MaCOy = C-^MjC 

= C-^T-^{0)MiT{0)C = C-^T-^0)CM'jC-'T(0)C 

so that {T '(O) Y =* pC~^T{0)C where p is any complex number. When 
T{0) is replaced by AP(0), {T-^{0)y is replaced by (1/A) {P-^(O)}' 
and we normalise A by choosing it so that p = l; in other words T{0) 
is transformed into {T-^{0)y hy C = Mi - ■ -Mk (if fc is odd) or 
P = Jlffc+i • • • Mzk (if k is even). T(0) is now imiquely determined 
save for sign (A being determined by the equation pA^=* 1) : the repre¬ 
sentation is two valued: 

0-^±:T(0). 

The simplest case is that for which n- = 2 , k = 1 . Here Mi = Pj, 

= P 3 ; if 0 is proper it is of the form 0=( ® and so 

\— sm $ cos 6/ 
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Ml = Pi cos 0 — Po sin 0 = 


3/2 = Pi sin ^ + P 2 cos B == 



P( 0 )=^^ and equating MiT{ 0 ) to T{ 0 )Mi and 


On setting ^ ^ 

M 2 T{ 0 ) to T( 0 )M 2 we find that T{ 0 ) is a scalar multiple of 

eifl/2 

0 e 

0 A. 


A- V / 
(«) = ( 


° V 

19/2 J ' 


0 ) 

.-ie/2J • 


Since h = 1 is odd C = iV, = and on equating T( 0 ) to 

C{r-‘( 0 )}'we find A= ± 1 . Hence 


( 10 . 6 ) 


r(0)=A(e) = (^ P 


Then 


/ 1 0 \ 

When 0 is improper it is in the same class asP— • 

JIfj = 3 fj; M^ = —3/2 and we find as above that T{ 0 )C is a scalar 

multiple of the scalar multiple being again ± 1 . Hence 


( 10 . 7 ) 


A(P) 


-G ;)• 


Case 2 . n odd = 2 fc -j- 1 . 

We have merely to add to the 2 k matrices 3 /i, * ■ *, 3 / 2 *, the matrix 


( 10 . 8 ) 3 / 2 fc*x = Po X X • • X (^' factors). 


It is immediately evident that (d/aJtti)^ = MjM 23 c*i 
y e= 1 ^. - • ^ 2 k. Instead of considering the 2 "^'*^ matrices 3 /i“^ ■ - ' 3 /“f 3 / 2 ^^'j' 
where = 0 or 1 , / = 1 , ■ * ■ , 2 k + l we confine our attention to the 

2 ^^ matrices obtained by choosing otj -f- + ' ' ' even. Since 


Nj = 


E.XE.X^ • • X -Pa X 



X P-- 


we have N 1 N 2 • ■ ■ iV(t 3 /*+i = E.^ or, equivalently, 

i*:(_l)k(fr-l»/23/j3/2- ■ -MzkMzk^l^EzK 

Hence the collection of matrices 3 /i“* ■ • ■ for which «! 

is even is enveloped by the same algebra as the collection 3 /i ' - 2 t, 

H- ■ ■ * + ce 2 jt even or odd, i. e. by the complete matrix algebra of imen 
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Sion 2^-. E. g., when n = 3, 3/^ = 3/^ = Ms = Ps; MJIs = iP^y 

3 / 23/3 = iPy SO that the complete matrix algebra of dimension 2 is 
spanned indifferently by (£’ 2 , Pi, P 2 ,or (E^y M^Ms). 

The relation which connects the {21c-p 1) matrices 3/^, • • ■ may 

be written in the form • •, 3 / 2 *.! = P 2 S it follows that 

each matrix of the complete matrix algebra of dimension 2^ appears 
twice in the enveloping algebra of the set 3/i“i • • ■ 3/^*^*, once as an 
element of the even sub-algebra and once as an element of the comple¬ 
mentary set (namely the product of the element of the even sub-algebra 
by the^ odd element (—l)*“^^3/i- ■ •3/2*+i). The correspondence 

i ~ Mj, y = 1, 2, ■ ■ -, 2/.; -j- 1, sets up a two-valued repre¬ 

sentation of the complete 2*-‘-dimensional matrix algebra, the unit matrix 
being represented by ± £ 0 '=. In order to have a one-valued representa¬ 
tion of the complete matrix algebra we must be sure that (—1)**/* 
X 3/, ■ ■ • is represented by the unit matrix. On setting 

Mi = MaOPy - •, 2fe + 1 

we obtain 37^ • ■ • 3 / 2 ;,, = (det 0} (3/i • • - 3 / 2 ^,,) (owing to the rela¬ 
tions MpMg = Mq]\Ip). Hence in order to obtain a spin representation 

Mi = T-^{0)MiT{0) 

we must confine our attention to the proper orthogonal matrices (for 
which det 0 = 1). From this two-valued representation of the rotation 
group we may obtain a two-valued representation of the full real ortho¬ 
gonal n-dimensional group by assigning to — £ 2*^1 the matrix ± £ 2 *. 

3. The character of the spin representation of the n-dimensional real 
orthogonal group. 

We first treat the somewhat trivial but physically important case 
n = ^- Since every element of the three-dimensional rotation group is 
transformable, by an element of this group, into a plane rotation 

Ti, 2 { 0 ) we have merely to calculate the trace of A(0) = ^ ^ 

\0 

(cf. (10.6)). Denoting the spin representation by A we have the result 
(10. 9) xW = 2 cos e/2 = _|_ g -«/2 

It follows at once that A is irreducible; in fact the element of volume 
of the 3-dimensional rotation group is (9.16) dr = sin^ 6/2 dO and the 
range of integration is from 0 to 47r (since we are dealing with a two¬ 
valued representation so that the rotation group is doubly covered)* 
Hence 
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J ^47r /•^ir 

{x(A) ydr = j 4 sin" 6/2 cos" 6/2 d$~ j sin" 6/2 d6 


s. 


4W 


sin" 6 d6 


X 2 ir 

sin" <f> d4>= 1. 


The irreducible one-valued representations of the 3-dimensional rota 
tion group are all of the type Fx, A = 0,1, 2, • • • where 

x(rx) =sin (A + J)^-^sin ^6 


(see (9. 53) or (9. 85)). It follows that the Kronecker product A X Fx 
is reducible, being the sum of two irreducible representations of the 
doubly covered rotation group. In fact 

x(AX Fx) =2cos 6/2 sin (A + J)0sin ^/2 

so that 



47r 



{2 cos 6/2 sin (A + \)6Yd6 
{sin (A + 1)6 sin \6}^d6 


— 2 j (A ^ 0). 


The character of A X Fx is the quotient by 2{ sin 6/2 of 


(eW2 _|_ e-<^/2) ; 

but we know (p. 265) that the characters of any representation are 
linear combination of expressions <Tm = 2 cos in6 and so the product 
of any character b}' 2i sin 6/2 is a linear combination of expressions 
sin (m^ i)6. Hence the characters of the two irreducible representa- 

tions contained in A X Fx are —— and • Thus the 

characters of the irreducible two-valued representations of the 3- 
dimensional rotation group are given by 


( 10 . 10 ) 


{A}' 


sin A^ 
sin 6/2 ’ 


A = 1,2, 3,- • •, 


the characters of the irreducible one-valued representations being given by 


{A}' 


sin (A i)6 
sin 6/2 * 


A = 0,1,2, 


It will appear later that there are no other continuous irreducible repre¬ 
sentations of the 3-dimen8ional rotation group. 
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The Kronecker square A X ^ is one-valued and readily analysable; for 
x(A X A) = 4 cos^ 6/% = 3(1 + cos Q) 

sin 30/3 


l + 2(cos0 + i) ==l-f 


so that 

( 10 . 11 ) 


sin 0/2 


A X A = To + Ti. 


Passing now to the case where n is general (= 2fc or 2A; + 1) we 
observe that any proper real n-dimensional orthogonal matrix may be 
transformed, by means of a proper real n-dimensional orthogonal matrix, 
into the product 

Ti.fc+i (0i)T2.fct2(02) • * • Tk,zk{Gk) 

of plane rotations (cf. p. 229). From the equations of definition 
(10. 5) we see that 


Mi, = cos 0 Mx — sin 0 Mk^x 


_ / 0 

0 / 




XE. 


Mk*i = sin 0 Mx + cos 0 Mk^x = ^^ X -E'z X 
Hence 

0 


X Ez- 


( p‘^i0x/2 A \ 

0 e-‘^) X 


• • • 


X E, 


HTim^S))) = ^2 X • • • X (® / X -£'2 X 

i9,/2 


the argument being precisely the same as in the case n = 2. Similarly 

e 

% 

( g + <^//2 Q \ 

0 being in the ;-th place). Hence for any 

rotation with angles (0i, * • *,0*) 

0 \ 0 N ^ ^ 0 \ 

V 0 V 0 0 

it being clear from this explicit formula that A is actually a two-valued 
representation. Its character is given by: 


(10. 13) 


x( A) = 2*^ cos 0i/2 ■ • - cos 0*/2 


The Kronecker square A X A is_ a one-valued representation whose 
analysis can be written down at once. In fact 

X(A X A) = 2*(1 4- cos 0,) • - ■ (1 + cos 0*) 

= (1 + e*^) (1 4 ... (1 4 (i 4 

= ao 4 <^1 “f” ' ' 4 <^» 
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where a/ denotes the /-th elementary symmetric function of the 
characteristic numbers e**''*, • * •, 6**®*=. Hence (see (9.54) and p. 286) 


(10.14) 


AX A 


AXA 


=1 

-{ 


To + 

+ r% + 
To 4- 
+ r*o4- 


+ r* 

4-r*. 

+ IV- 


2fc + l 


}; n = 

> [ + r4=n + r".); 

i-l J 


n 


The two valued representation A of the n-dimensional rotation group 
is irreducible when n = 2k 1 is odd and is the sum of two irreducible 
representations A^ and A^^, each of dimension 2*^"^, when n = 2k is even. 

To prove this we show that the integral {x(A))^^fr, taken over the 

doubly covered rotation group, is unity when n is odd and two when 
n is even. 


Case 1. n =‘ 2k 1. 

Since the range of integration for each of the angles * ■ •, is 0 
to 47 r (and not 0 to as for the simply covered group) the normalised 
element of volume (9. 87) must be divided by 2“ in order that the total 
volume of the doubly covered group may be unity: 

(10.15) dr^{|5(fc —i,- • - , J)|*^ 

On multiplying this by {x(A)}^ as given in (10. 11), and integrating 
we find, since 2 cos 6/2 sin (p + i)^ = sin (p 1)5 + sin p5, 

yj* [1 «(*=-• ■ -,2,1)1'-^ 

The determinant s{k,- ■ •, 1) contains when expanded k<. terms and its 
squared modulus contains, accordingly, k\ square terms and a number 
of product terms. The product terms integrate to zero and each of the 
square terms integrates to 2^^{27rY (the range of integration for each 

angle being from 0 to 4^). Hence ij" {x(^) “ that the 

representation A is irreducible. The representation of the full orthogonal 
group obtained by setting A(—= ± 1 is, a fortiori, ine uci e. 

Case 2. n = 2fc. 

Here the normalised element of volume for the doubly covered rota¬ 
tion group is obtained from (9.86) by division by 2 . 

(10.16) dr—[{c(fc —1,- • *, 0 ))*-^ • -,5*). 
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Hence 

{x(A)}=<iT=J'[{c(t —J,- ■ 

(since 2 cos $/2 cos p 8 = cos -f- cos (p — On writing 

$j ^ 2 <f>j we obtain 

-pj' {x(^)}"'^’-=J [{c(2fc —l,2fc —3,- ■ •, 1 ))=’ 

— (27r)*=fc ! 2*=-i](i(<^i, ■ • ’jiPic) 

where the range of integration for each angle <p is from 0 to 2ir. By the 
same reasoning as before the value of the integral is two so that A is the 
sum of two irreducible representations A' and A". The leading term of 
x(A) is, by (10.13) and so x(A) must contain, in addition 

to this terra, all the terms obtained from it by changing the signs of an 
even number of the angles • • - ,0*; after separating out from x(^) 
the 2*"^ terms thus seen to belong to one of the irreducible representa¬ 
tions contained in A there remain 2*^”^ terms, namely 
and the terms derived from this by changing the signs of an even number 
of the angles 6 i, • * *, 0*. Since A contains two irreducible representa¬ 
tions each of the two sets of terms must furnish the characters of one of 
these irreducible representations. From the very definition of each of 
the sets of terms it is clear that the first set is 2*=“^ (cos 0^2 • • - cos ^/2 

+ sin 81/2 • • - sin 6 ^/ 2 ) whilst the second is 2*=-‘(cos 0 i /2 • • cos 6^/2 

— sin 0i/2 • ■ •sin0 fc/2) 

flO 17^ i = 2^“*(cos 9i/2 • • • cos 4/2 + t*' sin $i/2 • • • sin 4/2) 

' ( — 2*^"'(cos tfi/2 ■ • -008 4/2 — sin 0i/2 • • - sin 4/2 ). 

On multiplication by 2c(^: — 1, • • *, 1, 0) it is clear that these may be 
put in the alternative form 

2c(A: —l,---,l,0)x(A")=c(A. —i, --,i)-s(i—i, --,i). 

Similarly the character of the irreducible two-valued representation A 
of the n = 2A; -|- 1 dimensional rotation group may be put in the form 

(10. 19) x(^)=2*^cos0i/2- ■ -cos 4/2 = 5(A:, • • -,1)-Hs(fc — 

The representation A of the full 2n-dimensional real orthogonal group 
is irreducible', this is an immediate consequence of the fact that the value 
of x(^) ^ orthogonal matrix of determinant — 1 is 
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1 /* 

zero. In fact if this is admitted it is clear that the integral y j {x(A)}^dT 


taken over the full orthogonal group, must be 1; for its has the value 2 
when taken over the rotation subgroup and the volume of the full group 
is twice that of the rotation subgroup. To show that x(^) 
any improper 2;i X real orthogonal matrix of determinant — 1 we 
turn to the canonical representative O (p. 229) of a class of the full 
orthogonal gi'oup which contains an improper element: 


€) == Cl -]- • • • -j- Ck-\ -I- ^ 


where F = 
at once that 
A(©) 




Since A(F) = 



^, by (10. 7), it follows 



and since the trace of 


c \) *• 


zero the trace 


of a Kronecker product being the product of 
factors). 


of A(0) is zero (the trace 
the traces of the various 


4. The two-valued representations of the n-dimensional rotation 
group Rn. 

The representation A has the property that when the matrix X of the 
group is varied continuously in such a way that the angles (^i, ■ ■ ' > ^k) 
are each increased by 27r (so that X returns to its original value) A(X) 
does not return to its original value but attains the value A(X). 
We shall see in the next section that all continuous representations of 
the orthogonal group are either one-valued or two-valued (in the above 
sense); in the present section we consider the characters of any con¬ 
tinuous two-valued representation. By a verbatim repetition of the 
argument on pp. 265-6 it follows that the character x('^) 
continuous two-valued representation of i2n is a linear combination of 
expressions 


where (X) = (Xi, • • - jXfc) is any set of Je integers (the notation being 
such that Xi ^ Xa ^ > Xjt ^ 0 if n = 2fc + 1 is odd and such that 

Xi > Xa > - • - > Xfc-i > I Xifc I ^ 0 if n = 2A: is even). The summation 
involved in the definition of CT(Xtj> is, when n is odd, over all those 
permutations and changes of sign of (^i, * ■ ‘which actually change 
the term whilst when n is even only even numbers 
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of changes of sign of the angles (^i, * • ,6je) are allowed. Whether or 

not n is even there is associated with each set (A) a one-valued repre¬ 
sentation FfX) whose character {A}' has o-(X) as its leading term (cf. 
p. 266 and the formulae (9.75), (9.85)). It follows that the char¬ 
acter of A X TjX) has as its leading term; and, on analysing 

^ X TcX) into its irreducible components, that there exists a simple 
character X(X*i) '''hose leading term is o-(X+j). Hence (by the argu¬ 
ment on p. 267) each o-jx+j) may be expressed, by a recurrence method, 
as a linear combination, with integral coefficients, of the simple char¬ 
acters ^irst term in this linear combination being Xf^+D 

with the numerical coefficient unity. There is no ambiguity as to the 
simple characters x<'*J)» simple two-valued character must 

have a constant multiple of some a^x+D as its leading term and so a 
linear combination of this simple character and X(X*j) must be equiva¬ 
lent to a linear combination of simple characters with lower leading terms. 
The simple characters being linearly independent (owing to the ortho¬ 
gonality relations) it follows that the simple character whose leading 
term is a multiple of <t,x*J) must be X('+J)> multiple being unity. 

Any linear combination, with integral coefficients, of the quantities 
a-(X+j) is a linear combination, with integral coefficients, of the simple 
characters X(X**>* now proceed to determine these simple characters 
themselves treating separately the cases n odd, and n even. 

Case 1. n = 2A: -j- 1. 

The determinant s(Zi + 1, ■ ■ •, Z* 1) is divisible by c(A: — 1, • ■ •, 1, 0) 
(pp. 289-90) and it is also divisible by (2i)"^ sin 0,/2 ■ ■ - sin 6^/2 (since 
sin is divisible by sin ^ and hence by sin^/2). Hence the quotient 
s(?i + 1, • • *, Zjt + 1) (2i)* sin $i/2 • ■ - sin $k/2 c{k — 1, • • • , 1, 0) 

or, equivalently, s(Zi-{-l,- • •, Z* + 1)-i-s(A; — ^, ■ • •, J) is a poly¬ 
nomial with integral coefficients in the quantities which is a sym¬ 

metric and even function of the angles (^i, • • •, 6^). It is, accordingly, 
a linear combination, with integral coefficients, of the quantities <T(X+*) 
and, hence, a linear combination with integral coefficients of the simple 
two-valued characters x<x+})- We wish to show that it is actually a 
simple character itself and to do this calculate the integral of its squared 
modulus over the group. Using the form (10. 15) for the normalised 
element of volume of the doubly covered group our integral appears as 

and this is imity by the argument on p. 309 (which was used to prove 
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the irreducibility of the representation A). Hence the characters of the 
irreducible two-valued representations of the 2k + 1 dimensional rotation 
group are given by the formula: 

(10.20) = + • •,?fc + l)-r-5(/,-—i,- • - , 1 ) 

where, as usual, 

li = Ai (A; — 1), I 2 = A 2 “f- A; — 2, • • •, Z* = A*. 

There are no other two-valued irreducible representations. It fol¬ 
lows at once from (10.13) and (9.85) that the Kronecker product 
^ X r(X) is reducible with the following components (the result being 
an immediate consequence of the relation 2 cos 0/2 sin (Zpi)^ 

= sin (Zp -|- 1)0 H- sin Zp 0 ) 

(10.21) A X r.x, = 

the summation on the right being over the 2 * sets {p) which are obtain¬ 
able from the set (A) by either replacing any \f by Ay — 1 or by leaving 
it unaltered (it being understood that any set p for which the normal 
non-increasing order is not preserved or which contains a negative 
number is dropped). 

The rule for analysing the product of r,X) by A may be stated in the 
following convenient form: the first term in the analysis of A X r(X) 
is obtained by adding J to each Ay; the other terms are obtained by 
subtracting 1 from one or more of the subscripts in this first term. E. g. 

A X Ti = r3/2,(i/2)*'^ + r,i/2)*‘; 

A X = r(3/2)*(i/2)*='“ + ra/z.d/z)*'* + r(i/ 2 >*- 

It follows from ( 10 . 20 ), (10.13) and (9.85) that the same rule is 
applicable to the product A X (which product is a one-valued 

representation). The formula (10.14) for A X A is a particular case 
of this rule, A being r(,/ 2 )» (cf. (10.19)). 

The dimension of the two-valued representation r,x*i) follows readily 
from ( 10 .^ 0 ) by evaluation of X(X>l) ^t the unit element (for which 
01 c= ^2 = . . . = ^ 0). The reasoning will be sufficiently evident on 

considering the case k = S (n = 7). 

sin pi 0 i sin pj 02 sin pi 03 

Here s(pi,p 2 , 7 > 3 ) = ( 2 i)^ sin p 20 i sin p 202 sinp 203 

sin P 301 sin p 302 sin ^303 
l—pi^0iV3l1 —- 1 —Pi='^ 3V3! + -*- 
- (2i) “piP2P30i020s 1 — P 2 " 0 iV3! H- • • • 1 — P2^02V3 !-!-••• 1 — P2='03V3 ! + •*• 

1—^320,73!+ 1 —P3*02V3! + -- 1 —P3='03V3I + *-‘ 
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The lowest order terms in the expansion of the three row determinant 
just written are 


1 

3!5! 


1 Px^ Pl^ 
1 p2- Pz^ 

1 Pz^ Pz^ 


+ Bz^B,^ — B,^Bz^ 4 - B,^-Bz^ — Bz^B,^) 


^ ^ ^ ^ ) '''’here A () 


= (py^ — pi'){pi^ — pz^)(pi' — pi^). 


A(0^) = {By^ — Bz^) {Bi~ — Bz^){Bi^ — ^ 3 ")* Hence the term independent 
of B in the power series expansion of 5(p) -^s(q) near = 0, • • •, 

= 0 is/)i ■ • ’ pk^ip'^) qi- • ■Ja.-A( 52 ). From this result and (10.20) 
we see that the dimension of r,x+j, is given by the formula 

(10.22) da.i, = fl(Zp-f l) A{(Zp+l)=^} —Il(p —^)A{(p—J)-}. 

1 1 

For n = 3, A: = 1 we have the result 

= (^H“ 1) ~^i^ = 2(A + 1) 

so that as A takes the values 0, 1, 2, • • • the two-valued representations 
have the evert dimensions 2, 4, 6, 8, • • ■ (the one-valued representations 
having the odd dimensions 1,3,5,* • •). 

For n = 5, fc = 2 we have 

^(Xl+i. “h 1) (^2 f)(^l - ^2)(^1 -h ^2 + 3) 

~ %(Ai -f- 2)(A2 “1- l)(Ai — Ao 4“ 1) (Ai -|- A 2 4" 3). 

E-gv d( 3 / 3 )= = 20; d, 3 / 2 . 1 / 2 ) = 16; =“ 4. Since Ti* has the di¬ 

mension 10 (by (9.47)) we have the check by dimensions: 

^ 4X 10 = 204-164-4 

on the formula 


A X - r(3/2)*(i/2)*"* 4“ r(3/2)(l/2)*"’ 4" F(1/2)*. 

If we repeat the argument of pp. 288-91 for n ~2k 1 instead of, as 

there, for n = 2k the only difference is that we must use 5 'p = /j> -^ (1 — ^p) 
instead of /p. This means that the pf occurring in the expression (9. 78) 
for {A}"' must be replaced by //,• — pj — pj-i', we denote the resulting 
determinant of the A;-th order by {A}". Thus, from (9. 80), 

s{l 4 - 1 ) -^c{k — 1 , • • •, 1 , 0 ) = ( 2 i)*= sin • • • sin ^{A 4 - I)*'"- 
It follows, from (10. 20), that X(X+i) D^^y be put in the form 

2* cos ej2 - • - cos Bk/2 {A 4 - 1}". 


X<x+i) 
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Since f(t) = (1 — 0 IT (1 — 2 cos Opt (-) we have 

1 


i/(— 1 ) = { 2 ^- cos ^i/2 • • • cos ftk/2}2 

so that 2*^ cosdi/2 ■ ■ ■ cos Ok/^ = V if{ — 1) = Vi det (£*0 + -V). Hence 

(10.23) x<M) = 2'‘‘cosV2- ■ • cos {A + 1)*'' 

= VTdet(£„ + X) {A + 1}- 

where 


(10.24) (A 4- !}>'' = 


P\i -PMi -PXi-2> ' ' * — P\i-k 


p\k-k*l -PXi-fc 


' ' ' Ph 


PXfc-2*+l 


Case 2. n = 21*. 

Here we consider first the two valued representations of the full ortho¬ 
gonal group. 

Since s(ii,* • •,/*) is divisible by c(fc — 1, • • *,1,0) (pp. 289-90) it 
follows that c{li + i, * ■ • yh-\~ i) is divisible by c{k — 1, ■ • ■, 0); we 
have merely to multiply c{li + J, * * * > Z* -|- J) by (2t)*^ sin 0i/2 • ■ ■ sin ^/2 
when we obtain an aggregate of terms of the type s(pi, • * j pft) J since 

c(fc — • . *,1,0) does not have a factor in common with sin 0i/2 • • • 
sin $k/2 the result follows. The quotient c(Zi + i, * * • j h i) 
-t-c(jk — 1, • • - ,1,0) is a linear combination with integral coefficients 
of the quantities < 7 (p+j) the leading term being cr(X+j>. It follows, on 
using the normalised element of volume (10.16), and by repeating the 
argument on pages 309-10 that the quantities 

(10.25) X(X.J)= c(h-\-h - • •,Zfc+i)^c(A: —1,* ■ *,1,0) 

are simple characters of the full orthogonal group; whilst they are com¬ 
pound characters of the rotation subgroup being the sum of exactly two 
simple characters x'(XH) and x"< xw) of f^is rotation subgroup. These 
simple characters are given by 

-\-h' ’ ■»+ 4) + + 4> ■ ■ ’ 

(10.26) _^2c(A:—1,* * *,1,0) 

x"(X+i) = {c(/i4-4, • • - + — s{li-\-ir • 

-^2c(Jc — 1,* • *,1,0). 

In fact s(?i4-4,* ■ is at once seen (on multiplying it by 

2*co8fli/2- • -co8fifc/2) to be divisible by c{k — 1, • • *,1,0) and so 
)^(X+j), x^^x♦J) are linear combinations of simple characters. On 
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forming the squared modulus and integrating over the rotation group 
the squared terms each yield 2 whilst the product term (which is present 
if k is even) yields zero. Hence 

At the unit element x^(X+i) have the same value which 

must, therefore, be positive (since it is one-half the value of X(X+i) at 
the unit element i. e. one-half the dimension of the irreducible repre¬ 
sentation r(X+j) of the full orthogonal group). Hence x^^+}>> 
are actually simple characters; their sum being X(X+j) we see that r(X+j) 
is analysable into the sum of two irreducible representations, r'(\+}) and 
r"(\+j) of the same dimension. 

The dimension of the irreducible representation Fjx+j) of the full 
orthogonal group, whose characters are furnished by (10. 25), follows on 
evaluating X(^+i) at the unit element. By the same reasoning as that 
used to derive (10. 22) we find 

(10. 27) da.i. = 2A{ (Zp + iY) ^ A{ (P— 1)“} 

(the presence of the factor 2 being due to the fact that Cp = 2 cos 
p > 0 whilst Co = 1, not 2). The common dimension of the irreducible 
representations r'(X+j), r"(X+i) of the rotation subgroup is: 

(10. 28) d'(X+}> “= V-p {p — 1)*}- 

From (10.25) we see that A X F<x*j) is a reducible one-valued repre¬ 
sentation of the full orthogonal group whose analysis is furnished by the 
rule given on p. 313 for the case n = 2fc + similarly A X 'P(\) Js a 
reducible two-valued representation whose analysis is given by the same 
rule. 

By repeating the argument given when n — 2k 1 we see that there 
are no other continuous two-valued representations of the full orthogonal 
2k dimensional group than the representations r(X+j): the set of irre¬ 
ducible two-valued representations Ftx**) of the full orthogonal group 
is complete. Furthermore the set of irreducible two-valued representa¬ 
tions r'(X*^j), r"(X+j) of the rotation subgroup is complete (cf. pp* 
311-13). 

We have seen (p. 245) that 

(1 — 2 cos Bjtj, + = 14-22 {cos qOf 4- cos (g- — 2)d> 4" * ' * 

and this implies that 
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(1 ——2cos9y<p + 

00 

= 1 + 22 {cos qBj — cos (g — 1)0^ + - • • }<pO. 

1 

The coefficient of is readily shown, on multiplying it by cos Bi/2 
to be cos {q + -Hcos 0^/2 and so 

l_2cosMp + ip^ - S V. 

From this it follows by the reasoning given on p. 289 that 

Ic k 

(10. 28) 2‘i‘-» A(cos 6)2* cos 6^2 • ■ • cos 6„/2 IT (1 — ^p) 11 (1— UU) 

p-i p<fl 

• 7t = 5c(i + i){A}(r). 

00 

But (1 — tp)/fp — 2 p'OpV' where p"q = pq — p^.i so that 

0 

nil —tv)fp-^ = 2 p"h' • • tpfr 

1 ( I )=0 

On multiplication by Ak(t)^(<) we obtain on the right a sum of 
products of determinants ■ •,/*) by determinants {A}^ 

P"\x 

(A}’ = ; 

p"Xk-fc+l • ■ ■ ■ + P'V2*+2 

or, equivalently, 

PXi —PXi-l Pxi*i —PXi -2 * ‘ * PMk-i —px,-k 
(10.30) {A}v=. ; ; ; 

— p\,-fc • • - • PXp — PX*-2*:+l 

SO that {A)''= (a- 1- I)*'". On division through by Ajfc(l) we obtain 

n (1 — <p) fl (1 — <p<») -5- /. • • 7* = 2 {A}'{A) (t) 

P =1 pcq 

1 

and a comparison of this with (10.29) yields 

c{l-{- 1) — • - ,1,0) =2‘cos^i/2- • -cos^fcA {A}\ 

It follows from (10. 25) that the characters of the irreducible two-valued 
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representations of the full dimensional orthogonal group may 

be expressed in the form 

(10.31) 

where {A}^ is given by (10.30); (since/(i) = n (1 — 2 cos Optt^)t 

_ _ 1 _ 

2^ cos 6^/2 • • - cos Ok/2 = V/(— 1) = Vdet (£'„ + X)). 

A repetition of the argument just given, with the single difference 

that we deal with (1 + ^p) rather than (1 — tp) ~^fv} enables us 

to show that 


s(l-\-i) -^c(k — lr • - ,1,0) = (2i)*'8in ^2- • • sin ^fc/2 {A}’‘ 


where 


(10.32) 


P>^1 + P\i-1 P\i*i + PXi+s • • PXi+lt-1 + P\i-fc 


pXfc-k+i + py^k-k 


■ ■ f x» + p\u-2kn 


It follows from (10. 26) that the characters of the irreducible two-valued 
representations r'cx+j) and r"(X 4 .}) of the 2k dimensional rotation group 
may be written in the form 


x"<x+i) = 2^-"[cos 61/2 - cos )9fc/2 {A}'' 

(10. 33) + sin 0^/2 - ■ ■ sin 0^/2 {A}"] 

= J[Vdet Vdet {En —X){\y^'\ 


(10, 34) 


x"(X*j) = 2*-'[cos 0i/2 ■ • cos Ok/2 {A}'^ 

— i* sin 0^/2 • • • sin Ou/2 {A}'^] 
= i[Vdet (^?„ + Z){A}" —Vdet (^„ —A){A}«]. 


5. The topology of the real n-dimensional rotation group. 


Each element X = of the real n-dimensional rotation group Rn may 
be represented by a point p in a representative Cartesian real space of 
2 dimensions (p. 52). Since X'X = En all points p lie at the same 


n 


distance from the origin 0 of the representative space and so the 
points p which correspond to elements X of Rn may be said to lie on 

a spherical spread, of dimension ^, in the n* dimensional repre¬ 


sentative space. The continuous curve p{i), where X{t) =» con¬ 
nects, as t varies from 0 to 1 the unit element with X ; (we shall 
agree that the abbreviation: X is connected with E : stands for the 
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longer statement: the representative point of X is connected with the 
representative point of £*). However the points X of 7?„ do not, as we 
shall see, constitute a simply connected spread: there exist closed curves 
on this spread which cannot be contracted continuously to a point, it 
being understood that the closed curve remains on the rotation spread 
during the contraction. It is the purpose of the present section to show 
that the rotation spread (i. e. the locus of the representative points of 
elements X of Rn) is doubly connected: every closed curve on this spread 
belongs to one or the other of two types—it may either be continuously 
contracted to a point or it belongs to a type of curves no one of which 
may be continuously contracted to a point but such that any one curve 
of the type may be continuously deformed into any other. Before pro¬ 
ceeding to the proof of this fundamental result we observe that we may, 
without loss of generality, assume that all our closed curves begin and 
end at the unit point (= the representative point of In fact if C 

is the closed curve {2r(/)} beginning and ending at -V(O) = e^ the 
curve r= {jf“^(0)X(f)} may be obtained from C by continuous defor¬ 
mation; we have merely to set r(T) and let t vary con¬ 

tinuously from 0 to 1; and r = r(l) begins and ends at the unit 
point. 

The essential part of the proof of our theorem that the representative 
spread of Rn is doubly connected is the factorisation (already given by 
Euler in the case n = 3) oi X into a product of plane rotalions (a plane 
rotation being an n-dimensional rotation in which all the variables but 
two are unaffected). We shall denote by Tp,q{0), p K the plane 
rotation where r'p = cos B sin 6 Xq ; x'q = — sin exp-\- cos 6 Xq ; 

x'r^Xr; r=^p; r q. Denoting by (a:*’’) the element in the r-th 
row and s-th column of X the element in the first row and second 
column of XTyn{B) is sin 6 + Xa* cos 6 and on setting $ = $2 
= arctan(—XzVxi*) we see that the element in the first row and 
second column of X7’i,2(^2) is zero. On multiplying by r,. 3 ( 03 ) we 
arrange, similarly, that the element in the first row and third column of 
■^ri. 2 (^ 2 )ri. 8 ( 03 ) is zero, the element in the first row and second column 
being still zero since it is the same as the element in the first row and 
second column of Xri, 2 (^ 2 ). Proceeding in this way we see that the 
elements in the first row of XTx. 2 {^ 2 )Ti,z{^^) ‘ ‘ after the 

first, may be made zero, by proper choice of (Ozt’ ’ ' >^n)- The element 
in the first row and first column of XTi, 2 { 02 ) ' * ' Ti,n{Bn) is then ± 1 
since this matrix is an element of Rn (so that the sum of the squares of 
the elements in the first row is unity). If it is — 1 we make it + 1 by 
replacing by w. Since 7V.o(— 6) = {Tp,q{^) }“* we see that 
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(10.35) ^ ' ' ‘7^1, 2 (^ 2 )? <f>Jc = 

^ j Xn-i an element of the n — 1 

dimensional rotation group Rn-i- On proceeding with Xn-i as we did 
for Xn (or, equivalently, by induction from n — 1 to n) we see that X 
may be factored into a product of plane rotations the number of factors 

being (n — 1) + (ra — 2) + • • • + 1 = . When n = 3 

V 

there are three factors: 

X = 7^2,3(^)7’i.3(<^3)7^1. 2 (^ 2 )* 

The factorisation furnished by Euler, in the case n = 3, was similar 
but slightly different. By the same argument as that given above we 
may write X in the form 

-3^ = ■^^ 1,2 (<^ 2 ) 7^2,3 (<^ 3 ) ■ ‘ Tn-i.n{<i>n) 

where Z has the same form as Z. When n = 3 we find 

which is Euler's factorisation (cf. (10. 2)). The variant (due to Brauer) 
described by (10.35) is, however, more convenient for our present 
purpose. 

The factorisation (10.35) is by no means unique, It will suffice to 
determine the degree of ambiguity when X = En. In this case the ele¬ 
ment in the first row and last column of ZTi,n(<f>n)f being the same as 
the element in the first row and last column of X = En must be zero; 
and the elements in the first row and remaining columns of ZTi,ni<i>n), 
with the exception of the first, are all zero also since they are the same as 
the corresponding elements of Z. Hence the element in the first row and 
column of ZTx.-n{<i>n) is dz 1 (since Z7"i.rt(<^„) is an element of Rm so 
that the sum of the squares of the elements in the first row is unity). 
From the definition of Z it follows that the element in the first row and 
column of Ti,n{4>n) = 1 so that 4>„^0 or tt (mod27r). We next 

consider ZTi,n (^h) (<^„.i); the elements in the first rowandn — 1-st 

and n-th columns are zero, being the same as those of X = En whilst the 
elements in the first row and remaining columns, save the first, are zero, 
being the same as the corresponding elements of ZTi,n{<f>n)- Hence the 
element in the first row and column of ZTi,ni4>n)Ti,n-ii4»n-i) — dr 1 
implying that the element in the first row and column of 


where Z is of the form Z 


= (" " 
Vo 
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= ± 1 SO that 4>n-i ^ 0 or TT (mod 2t). Proceeding in this way we see 
that all the </>*, A* = 2, • • •, n, = 0 or tt (mod 27r). Since the element in 
the -first row and column of the product «(</>«) ■ • • Ti, 2 (<^ 2 ) = En is 
+ 1 only an even number of the <^ 2 , • • • are ^-rr (mod 2tt). The 
factors for which ^ 0 may be omitted in the factorisation since the 
corresponding ri.*(<^*) =En. 

We now consider an arbitrary closed path beginning and ending at En. 
At the beginning point we adopt the factorisation Z — E„; <f>k~0, 
A: = 2, • • -,71 and we have to examine what we can say about the 
factorisation when we are back at the unit point; or when we deform the 
closed path continuously in any way. Such a continuous deformation, 
for instance, would be obtained by adding to the original closed path a 
path open or closed beginning at E and traced twice once in one sense 
and once in the opposite sense. Let <^p, <#»(j be the first pair of angles 
counted in the order n, n— 1, • • •, 2 which are congruent to tt and con¬ 
sider the path traced out by the element 




of Rn as 6py $g vary as follows 

(a) all three start with the value tt and 6p varies from tt to 37r/2, 6 and 
6g being held = tt; 

(b) Op maintaining the value Z-rr/2, 6 and Oq vary from tt to 27t always 
remaining equal; 

(c) Op varies from 3x/2 to 27r, 0 and Og being held = 27r. 


Now T^,p{37r/2)Tr,g{0g) =r 9 .p(—^<,)ri,p(37r/2) it being sufficient to 
cheek this when p = 3, g = 2; the check is furnished by 



0 — 1 \ / cos Oq sin Og 0\ / 0 0 

1 o]( —sin0g cos^g Oj = j—sin^g cos 

0 0/\ 0 0 1/ \ cos^g sin^g 

0 0\/0 0 — 1 \/ 0 0 
cos^g —sin^gjlO 1 Oj = l—sin^g cos 0g 

sin^g cos0g/\l 0 0/ \ cos0g sin^g 



Hence Y remains fixed as the angles 0, Og trace the path (b). Again 
^9,p(7r)ri,p(0p) = ri,p( 7 r —^,)2’i,a(7r); the check being furnished when 
p « 3, g = 2 by 

21 
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sin B 
0 

cos B 
0 

— 1 
0 



cos Bj, 
0 

sin Bj, 

(cos Bp 
0 

^sin Bp 



Hence 1’ traces in (a) the same path as in (c) but in opposite senses. 
Hence any closed path starting and ending at En may be continuously 
deformed into one for which all start and end at 0 (mod 27r) the 
factor Z then necessarily starting and ending at The path traced 

out by A’ may be continuously deformed into one found by letting 

‘ ■ , ^i. 2 (<^> 2 ), Z trace out their paths independently of each 
other one after the other; all but the factor which is varying being held 
constant whilst that one is being varied. If we denote by a the closed 
curve traced out by as 4> varies from 0 to 27r the various factors 

- trace out curves which may be continuously de¬ 
formed into a traced once or oftener in either sense. Thus is the 


transform of ri. 2 ( 0 ) by the element 


1 

0 

0 


0 0 
0 1 
1 0 




En~ 


of R so that as <^3 




varies from 0 to 27r, Ti. 3 (<^ 3 ) traces out a curve which is obtainable from 
a by continuous deformation; in fact, if A, B are any fixed elements of i?, 
the curve traced out by T = AXB is obtainable by a continuous deforma¬ 
tion from the curve traced out by X. However we do not know that <^3 
varies from 0 to 27r; we only know that it varies from 0 to 0 (mod 27r) 
i. e. from 0 to 2 m 37 r where rtiz is an integer, positive, negative or zero. 
Hence Ti,z{<i>z) traces out a curve which may be obtained from by 
continuous deformation; a"** denoting a traced out times in the same 
sense as a if m 3 > 0 and in the opposite sense if m 3 < 0. The factor Z 


is of the type 


(1 0 \ 
\0 x„.^/ 


and we therefore know that the curve traced 


out by X may be deformed continuously into a power of a if we assume 
this already known for elements Xn-i of Rn-i. The theorem being trivial 
for 71 — 2 we know, by an induction argument from n — 1 to n, that 
the path traced out by X is continuously deformable into a power of <x. 
But Ti, 3 ( 7 r)ri, 2 (<^)Ti. 3 ( 7 r) — Ti.of—«^) so that the curve traced by 
Ti. 2 (^) in one sense is continuously deformable into the same curve 
traced in the opposite sense. Hence if the power of a is even the curve 
traced by X may be continuously contracted to a point; whilst if it is 
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odd the curve traced out by X may be deformed continuously into the 
curve a. Hence the n-diniensional rotation matrices occupy a spread 
which is either doubly or simply connected; the latter alternative oc¬ 
curring only if a, i. e. the curve traced out by Ti, 2 { 4 >) as <f> varies from 
0 to 27r, can be continuously contracted to a point. As a matter of fact 
a can not be continuously contracted to a point but this, being a negative 
statement, is not easy to prove directly. We obtain an indirect proof by 
noticing that if the rotation spread were simply connected any analytic 
function (without branch points) defined over it would be uniform 
(s single valued). If, then, we can construct an analytic function, 
without branch points, defined over the rotation spread, which is not 
uniform we shall have proved that the rotation spread is not simply 
connected. It is clear that such an analytic function is at most doubly 
valued since any closed curve on the rotation spread, traced twice in the 
same sense, may be continuously contracted to a point; for a* is con¬ 
tinuously contractible to a point. 

In order to construct a two-valued analytic function, without branch 
points, on the rotation spread we first observe that every continuous 
representation r= {/>(Ar)} of B is an analytic function (not necessarily 
uniform) of the elements of X. In fact this is evident when n = 2\ 
for if we write 

x = f D(^X)=F(e) 

\—sin 0 cos 0/ 

the continuous matrix F{e) satisfies the equation F{e)F{<t>) =F{e-]‘<t>) 
80 that the elements of F{e) are analytic functions of 8 of the type 

where the pi(B) are polynomials in $ and the (Xf are constants 
(see the corresponding argument for the unimodular group on p. 18u). 
The result follows, for any n, from the formula (10. 35) by the principle 

of induction; for (10. 35) forces 

D{X) 

and the arguments are analytic functions (not necessarily 

uniform, but without singularities) of the elements of X (forcing by 
(10. 35) the elements of Z to be analytic functions of the elements of .Y). 
Hence the elements of any continuous representation {D{X)) of R are 
analytic functions (not necessarily uniform) of the elements of X (or, 
equivalently, of the elements of 8 where X = e^), We know that any 
analytic function defined over R is at most doubly valued and on repeat¬ 
ing the argument of p. 265 (with the omission of the word periodic) 
we see that each element of i?(A) is a linear combination of expressions 
of the type -where the coefficients m,, • • •, m.t are either 
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all inte.j^ers, positive, negative or zero or all half-integers, i. e. half an odd 
integer, positive, negative or zero; the first alternative occurring when 
the representation is uniform (== single valued) and the second when it 
is doubly valued. 

Since every continuous representation of R is either irreducible or 
analysable (being bounded and, hence, equivalent to a unitary repre¬ 
sentation) w’e may confine our attention to irreducible representations 
r= {I^(Z)}. If Xx and Xz are any two elements of R in the neigh¬ 
borhood of En we consider the basic representation relation 


D(Xx)D{Xz) ^DiXxXz); 

holding Xz fixed we let Xi trace out a closed curve and denote by D{Xi) 
the matrix obtained in this way by analytic continuation from D(Xi). 
Thus 

i){Xx)D{Xz)=B{XxXz). 


Similarly holding Xi fixed aud letting Xz trace out a closed path which 
may be continuously deformed into the path traced out by Xx (so that 
XxXz traces out in the two cases: first when Xi varies and Xz is held 
fixed and second when Xz varies and Xi is held fixed: curves which are 
continuously deformable into each other) we obtain 

D(Xx)D(X2)=D{XxXz). 

On letting Xx again trace out the same closed path as before, Xz being 
fixed, this last equation yields (since the curve traced out by X^Xzt 
twice in the same sense, is continuously contractable to a point, 

D{Xx)D{Xz) ^D{XxXz). 

On setting Xz = En we find from the first two relations 

b{Xx)D{En) =D{Xx)b{En) =b{Xx), 
and on setting both Xx and Xz — En in the third relation 

{b{En)Y = B{En) =Ed; d being the dimension of F. 

On setting Xx = En in our first relation we have b{En)D{Xz) = b{Xz) 
and this implies b{En)D{Xx) =b{Xx) = D{Xx)b{En) so that D{En) 
must be a scalar matrix by Schur’s lemma (since it commutes with the 
matrices of an irreducible collection). Hence b{En) — ±Ed and 
b{Xx) = ± D{Xx)‘ It follows, by analytic continuation, that this 
relation holds identically: 
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D(X) =±2?(X). 

We have seen in the preceding section that there actually exist two-valued 
representations and this proves that the rotation group is not simply 
connected. 

6. The covering group of the real n-dimensional rotation group. 

When we speak, as we have done in previous sections of this chapter, 
of two-valued representations of the rotation group we realise that the 
term is a misnomer. All representations of any group are, by definition, 
one-valued; what is meant by the phrase “ two-valued is that there 
exists a new group, which we term the covering group of the rotation 
group, such that the so-called two-valued representations of the rotation 
group are actual (hence one-valued) representations of this covering 
group. The rotation group is isomorphic to the covering group, i. e. to 
each element of the covering group there corresponds a definite element 
of the rotation group in such a way that to the product of any two 
elements of the covering group corresponds the product of the two corre¬ 
sponding elements of the rotation group. But the isomorphism is not 
simple: the same element of the rotation group corresponds to more 
than one element (in fact to precisely two elements) of the covering 
group. In a representation, therefore, of the covering group two distinct 
elements of the representation, corresponding to two distinct elements of 
the covering group, may correspond to one and the same element of the 
rotation group j this will certainly happen when the two distinct elements 
of the covering group are such that they correspond to the same element 
of the rotation group. 

The elements of the covering group are defined as follows: Let 
X = qS ijg element of the n-dimensional rotation group and let x 
be the representative point of X in the n*-dimensional representative 
Euclidean space (so that x lies on a n(n — l)/2 dimensional spherical 
spread 0 in this space). Then X may be connected with by the path 
X(f) = 0 < i < 1. We regard as elements of our covering group 

the classes of paths connecting the unit point e (which represents En) 
with the various points x. We say classes of paths, rather than simply 
paths, because any two paths which can be deformed continuously into 
one another are regarded as identical. The result of the previous section 
may be expressed as follows: to each element X of the rotation group 
correspond precisely two elements of the covering group. We denote a 
path connecting e with x by ex and the class of all paths which are 
continuously deformable into this path by so that $ is an element of 



326 


SPIN REPRESENTATIONS OF THE ROTATION GROUP 


the covering group of the rotation group which corresponds to the 
element X of this rotation group. 

To show that the aggregate of elements ^ actually constitutes a group, 
to which the rotation group is isomorphic, we must first define a law of 
combination with respect to which the elements ^ constitute a group. 
We do this as follows. Let ^ be any member of the class 4 of paths 
connecting En and X and let X(0 be the elements of the rotation group 
defined by the points of 0 < < < 1. If T is any element whatsoever 
of the rotation group w'e denote by y ■ ex the path defined by the matrices 
TZ(0) 0 < i ^ 1. Thus y - ^ is a path beginning at y and ending at 
yXx (the representative point of YXi = YX{l)). Further if xy, ysr 
are any two paths (of which the end point of the first is the beginning 
point of the second) we denote by xy X ^ the path xz found by first 
tracing xy and following this by yz. These notations having been 
explained the law of combination is as follows: let ^ be a member of 
the class ^ and ey a member of the class y then is the class I which 
contains the path cz = ^ X y * ex (« = yx). It is clear that if sx is 
replaced by any other member (ex)' of ^ and if ey is replaced by any 
other member (ey)' of y the new path {ez)' belongs to C For 
(ex)'- —-ex (the notation — implying membership in the same class) 
forces y • (cx)'^—^y • ex; in fact the continuous deformation which sends 
x{t) into x'{t) induces a continuous deformation which sends yx(0 
into yx'{t). Also the law of path multiplication xy ^ is evidently 
such that (xy)'-—' (:^), {yz)' — forces {xyY Y {yz)'^ 

X —the necessary continuous deformation being found by first 
deforming (xy) into (xy)' and following this by a deformation of {yz) 
into (yz)'. To show that the aggregate of elements | with the law of 
combination y| constitutes a group we must prove (a) the associative law 
(b) the existence of a left unit and (c) the existence of a left inverse. 

(a) ^(yl) is the class containing the path 

ez X z{ey Y V ' ex) = ez Y z • fy Y zy ‘ ex 
whilst (^y)^ is the class containing the path 

(^ X 2 • cy) Y zy ‘ ex—eZ Y z ey Y zy ' 

Hence C(yl) = {M^ proving the associative law. 

(b) The path consisting of the single point e acts as a left unit in 
path multiplication : e- ex = ex. Denoting the class containing this path 
by € we have 

(c) As the left inverse of | we may take the class containing the 
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path ar^ • xe where ex is a path belongiug to In fact is then the 
class which contains the path ar* • fe X a;"' • ex = x~^ {xe e'x) ^ee = €. 

The product 77^ is a class of paths whose end points are uniquely de¬ 
termined (being e and i/x). To yx corresponds the uniquely determined 
element YX of the rotation group. Hence the rotation group is iso¬ 
morphic to the covering group. To E„ correspond the two classes con¬ 
taining the curves a® = ee and a' of the previous section. These two 
elements constitute a subgroup of the covering group which is known as 
the fundamental group of the covered rotation group: the fundamental 
group of the n-dimensional rotation group is the symmetric group on 
two letters. 



CHAPTER ELEVEN 


THE CRYSTALLOGRAPHIC GROUPS 

We shall discuss in this chapter those subgroups of the three-dimensional 
real orthogonal group which are of importance in the theory of crystal¬ 
lography and of molecular structure and shall show how their irreducible 
representations are determined. 


1, The finite subgroups of the three-dimensional rotation group. 

We have seen (p. 299) that the unimodular two-dimensional unitary 
group furnishes a (two-valued) representation of the three-dimensional 
rotation group. This fact is so fundamental for our present purpose 
that it seems desirable to treat it in some detail so as to obtain the 
explicit expressions for the elements of the unimodular two-dimensional 
matrix JJ in terms of the parameters of the three-dimensional rotation 
matrix 0. Let 0 describe a rotation through an angle 6 about an axis 
whose direction cosines are (Z, m, w); then we have seen (p. 237) that 
0 = where S is the skew-symmetric matrix 



and -f- 71 ^ = 1; hence (p. 237) 



We now write A = I sin 6/2, — m sin 6/2, v = n sin 6/2, p = cos 0/2 

(so that A^ + 4- = 1) and then 0 appears in the form 

/p^-pA^ — 2(A/t — vp) 2{Xvp.p) \ 

(11.1) 0 = 1 2(/iA + vp) p2+ —— A^ 2(p.v — Xp) I. 

\ 2(»'A — pp) 2(i7i.4-Ap) -h 

It is convenient to present 0 in a new basis. On writing ^ = Tx the 
transformation x-^x' = Ox appears in the form |I'= and 

we take as the transforming matrix T the following: 

(11.2) r = j 0 0 

\-i i 
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SO that i = x-\-iy;T) = z;^ = — x -{- iy. Ad easy calculation yields 


R = TOT-^ 

/ {iy + pV 

(11.3) = + + 

V (iA + ^)^ 


2(tV + /))(t‘x— ii) (t'A— ixy 
p^-\-v^ — (rv — p)(iA — p) 

2(iA + ^t)(ti/ — p) (tV — py 


and it is at once evident that R is the symmetrized Kronecker square of 
the unimodular two-dimensional unitary matrix 


(11.4) 



p iv p- 

(/I -f lA) p 



The geometrical interpretation of this algebraic result is found in the 
stereographic projectioi of the unit sphere y^ = 1 from the 
South Pole (0, 0, —1) on the equatorial plane 2=0. Denoting points on 
this equatorial plane by complex numbers w it is at once clear that 

M) = (a:_j_ 2 ) =1/(1 + 2 ) and that wu? == | ^ It follows 

from (11.3), since = R^ that 


(11.5) 


(p + H- (/-t — 

— (p. + iX)w-\-p — tV 


so that each rotation x—^x' = Ox of the unit sphere -h ~ 1 

appears, under stereographic projection of the sphere upon the equa¬ 
torial plane, as the linear-fractional transformation (11.5) of this 
equatorial plane. In order, therefore, to determine all possible finite 
subgroups of the three-dimensional rotation group, it is merely necessary 
to determine all finite subgroups of the linear fractional group w v) 
of (11.5). We denote any element of this group G by the associated 
matrix U of (11.4) (±17 being regarded as identical). Thus the 
carrier space in which U operates is a ray-space rather than a linear 
vector space; the vectors aod mx = (mx^, mx-), m any 

complex number, being regarded as identical. Each element ?7 of 0 
other than the identity E 2 possesses two characteristic rays either of 
which determines the other (since the scalar product x* 2 Xi of the two 
characteristic vectors of U is zero). We term these characteristic rays 
the poles of U. If the characteristic matrix of f/ is X we have UX = XA 

where A = and it is clear that all elements of G having the 

\0 e-*^/ 

same poles constitute, together with E 2 ) an Abelian subgroup of G 
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since they can all be presented simultaneously in their canonical form 


^ 0 \\ 

^ (o e-'V/' 


If li is a finite subgroup of G those elements of H which possess 
common poles constitute an Abelian subgroup K of and it is easy to 
see that K is cyclic. In fact let U be that element of K other than E 2 
for which B, 0 < ^ < 2'7r, is least; then for any other element V oi K 
the angle must be an integral multiple of 6. For otherwise we could 
find an integer m such that 0 < — mB < 6 and VU~”* would be an 

element of E with angle 4> — mO B, contrary to hypothesis. Hence 
K = {Ei, Uj ■ ■ •} and we shall denote the order of this cyclic group 
by h (the poles of U being said to belong to E and to be of order k). 
Let II be of order n and let E be of index j in h (n^kj) : 

H = El -|- E2 Ej 


where Ei = E, Ez^ ^ Ef = VjE are the left-cosets of E in 

H. Let Xi be a pole of U: Uxi = Xi (Xi — mxi, ra any complex num¬ 
ber!); then VUV~^ ■ yxi = Vxi so that Vxi is a pole of VUV~^ and 
belongs to the cyclic group VEV~^ of order k. The various poles 
Xij Xz = V 2 X 1 , ■ ’ ’ jXj — VfXi are all distinct; for V^Xi = VqXi would 
imply that Xx is a pole of or, equivalently, that Vq~^Vp is in K 

contrary to the constructive definition of left-cosets. We term the set 
of j poles (Xxy • • ’ ,Xj), each of order fc, a set of equivalent poles. Each 
element of E sends any one of a set of equivalent poles into one of the 
same set (hence the name); in fact if W is an arbitrary element of H, 
Wxp == WVpXx and WFj,, being an element of lies in one of the cosets, 
Eqy say, of E in H. Hence Wxp = VqXx = Xq. Again Wxr and Wx, are 
different, r^s, as their equality would imply, on operating by W"', 
Xr = X8> Hence H induces a group of permutations on the j equivalent 
poles. If we denote the second pole of U by Xi>j Xx' may or may not 

appear in the set of equivalent poles determined by Xx ; but if Xx' does 

appear so also will Xz-y' * ’ (so that j must be even). In fact 

Vxx = Xa forces Vxx’ — Xa- since Vxxf Vxx- are the two poles of 

If, then, Xx' does not appear in the set the j conjugate groups VpEVp'^ 
have no element in common other than the identity whilst if Xf appears 
we have merely j/2 groups conjugate (in H) to E. Now each of the 
elements of H, other than the identity element Ez, has two poles so that 
we have 2n —2 in all (each pole counted as often as it appears). But 
each pole of a set of j — n/k equivalent poles belongs to the k — 1 ele¬ 
ments, other than the identity, of a cyclic subgroup E of order k of H. 
Hence we obtain, on summing over the various sets of equivalent poles, 



331 


FINITE SUBGROUPS OF 

2 (V^p) (^*P— 1) = — 2 

1 

r denoting the number of such sets. On division by n we obtain the basic 
relation 

(11. 6) 2 1/fcp = r — 2 + 2 /n. 

p=l 

Since each 2 the left-hand side ^ r/2 so that r < 4 — 4/n; also 
each fcp < n so that the left-hand side ^ r/n which implies, on multi¬ 
plying through by n, r ^ 2. Thus there are only two possibilities for r, 
namely, r—2 and r = 3. 

Case 1. r = 2. 

Here 1/iti-f-l/Arg = 2/n and since ki^n, k 2 ^ n we must have 
ki==k 2 = n. Hence n is arbitrary and H K so that H is a cyclic 
group (E, Uf’ ' •, 17"”^) of order n. All elements of H have the same 
two poles each of order n. The corresponding subgroup of the three 
dimensional rotation group is the set of n rotations about a common axis 
through the angles tpir/n^ p = 0,1, ■ • • ,n — 1. 

Case 2. r= 3, 

Here l/&i + l/fcz + l/fcs = 1 + 2/«- so at least one of the three 
numbers (A:i, fcz, fca) =2. Denoting this one by ki we have 

l/k 2 + l/h = 1/2 + 2/n. 

If one of the numbers {k 2 , k^) also = 2 we denote it by fcg and we see 
then that n = 2 k 3 must be even. H has a cyclic subgroup K of order 
n/2 and this subgroup determines a set of 2 equivalent poles each of 
order n/2. is a normal divisor of H (being of index 2) and so the 
two poles {Xu Xi') of the equivalent set both belong to K. The elements 
of H which are not in K are all of period 2 (since fei = fca = 2) and any 
one of these permutes the two poles (a^i, ari-) of order n/2. The corre¬ 
sponding subgroup of the three-dimensional rotation group is the group 
consisting of 

(a) the set of n/2 rotations through the angles 4p7r/n, p=0,l,• ■ • ,n 1 
about a common axis NS; and 

(b) the set of n/2 rotations obtained by following each of the n/2 
rotations of (a) by a rotation through tt around an axis perpendicular to 
the axis NS. This group is known as the dihedral group of even order n. 

Of particular importance is the case n = 4 (the four group). Here 
H — (^ 2 ,17, V, YU) where U is of period 2. Since UV is in the group 
and is distinct from Ez, U, Y we must have UY =* YU. When U is 
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presented in canonical form fi=0 = v, by (11.4) and since U is of 
period 2 its ^ = tt so that p = cos 6/2 = 0. Hence the canonical form 
of U is 



Since V permutes the poles (1, 0), (0, 1) of U and is of period 2 it must 


be either 




It is indifferent which choice we make 


the other being UV^VU. Hence the canonical presentation of the 
dihedral group of order 4 (the four-group) is 


(11.7) 




(after calculating UV one must always remember that — U = U, by 
convention). 

If neither of the numbers (}e 2 , ks) =« 2 one at least of them ** 3. 
Denote this one by ^*2 so that l/fca = 1/6 -|- 2/n. Hence fca < 6 so that 
we have three possibilities 


1 ) ^3 = 3 ; 71=12 

2) fca = 4; 71 = 24 

3) A:8 = 5; ti = 60. 


In particular we see that if we have a finite subgroup of the three- 
dimensional group of odd order it must be cyclic; if it is of even order 
(the order not being 12, 24 or 60) and not cyclic it must be dihedral. 

Before proceeding to a discussion of these groups it is convenient to 
call attention to the following definition. If K is any subgroup of a 
finite group H the set of elements U oi H which transform K into itself: 

UKU-^ = K 


constitute a subgroup of H which contains K as an invariant subgroup. 
It is known as the normalizer N of K (in H). If K is an invariant 
subgroup of H, N = J3; whilst if K coincides with p of its conjugate 
groups VqKVq~''-t q=l,' • • the order of the normalizer is kp. 

We first consider the case 1) for which fcg = 3 ( fcj = 2, fcz = 3 ) ; = 12. 

Since fcx = 2 there is a set of six equivalent poles and since the other 
two sets of equivalent poles are each of order 3 the set of six equivalent 
poles must be of the type (1,1', 2, 2', 3, 3'). The normalizer N of K 
must, therefore, be of order 4. \t K = (^ 2 > U), N = [Ez, 17, F, VU) 
where Vx^ = It is clear that N is not cyclic since Xx is not a pole 
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of V and all elements (other than £^ 2 ) of a cyclic group have the same 
poles. Hence N is dihedral (=the four-group) and V is of period 2 
and commutative with U. We now consider the set of 4 equivalent poles 
( 21 , 22 , 23 , 24 ) determined by the cyclic group K={E 2 fS,S^) corre¬ 
sponding to A;s = 3. S effects a permutation on {Ziy 22 , 23 , 24 ) containing 
the unary cycle ( 1 ) ; this permutation cannot contain a binary cycle 
since then 5* would contain three unary cycles which is absurd since 
has exactly two poles. Thus S —> (234) and no one of the numbers 2,3,4 
can be the “ prime of any other; e. g., if 3 = 2', 5 ( 22 ) = 22 ' forces 
S{zr) =22 and 5(22'). Thus the normalizer of ^ is ^ itself and 
K has four conjugate groups in H the only common element of any two 
of which is the identity. Hence E contains 8 elements of period 3, three 
of period 2 (namely f7, T, JJV) and the identity (the last four con¬ 
stituting the common normalizer of each of the three cyclic subgroups 
of order 2). Since no one of ( 21 , 22 , 23 , 24 ) is a pole of f7, U effects a 
permutation (12) (34), say, and V and UV effect permutations of the 
same type. Writing V (13) (24), UV (14) (23) we see that H is 
(simply isomorphic to) the alternating group on four letters. Since the 
common normalizer N of each of the three cyclic subgroups {^ 2 , U)y 


[Eiy 7), (E 2 y UV) of order 2 does not contain any element of period 3 
the three elements SU8-^, SVS-^, SUVS-^ constitute a cyclic permuta¬ 
tion of the three elements 17, 7, 177 and 8 ^ effects the other cyclic 
permutation. Hence we may, without lack of generality, write 8 U8~'^ 

= y; svs-^ = £77. On setting -S = (_^ Q (with a5 + = 1) 

and adopting the canonical presentation (11.7) of the four-group 
(1, 77, 7, 177) we find from SU = VS that ^ = ± ta and from 
8 V = 177iS, a = It tcc so that cc=±/3. Hence ace = J and a = ± ta 
so that (X- ± l/2i. There are four possibilities according to the various 

sign choices (in agreement with the fact that four of the 8 elements 
of period 3 effect the permutation 17—> 7, 7^ 177, 177—> 17). Adopting 
the sign-pair a = — ta, /? = ta we find 


( 11 . 8 ) 


- 4 ( 

V 2 \ 


giT/4 

e-ir/4 


gt»/4 

g-iT/4 


)= 


l±i 

2 


1 + t 
2 


The corresponding values of (^, 1 , tn, n) are (27r/3, 1/V3, l/VS, 
1/V3). The corresponding subgroup of the three-dimensional rotation 
group is realised as follows: consider the 8 corners of a cube and denote 
the four corners of one face by 1,4', 2, 3', the corners 1, 2 (and 3,4) 
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being diagonally opposite each other. Let the four other corners be 
denoted by 1', 4,2', 3 the corners (1.1') being diametrically opposite 
each other and so on. Then the twelve rotations which send the tetra¬ 
hedron (1,2, 3, 4) into itself constitute a realization of R. Here Z7, 
V, UV are rotations through tt about the lines joining the mid-points of 
opposite faces of the cube (or, equivalently, the mid-points of opposite 
edges of the tetrahedron) whilst the 8 elements of period 3 are rotations 
through ±: 2-7r/3 about the diagonals of the cube. This realisation of H 
is known as the tetrahedral group. The essential result of the discussion 
just given is the proof of the fact that there is, aside from the cyclic 
and dihedral groups, only one finite subgroup of order 12 of the rotation 
group. 

We now pass to the case fcj = 4 (fci = 2, = 3), n — 24. Corre¬ 

sponding to Atj = 4 we have a cyclic subgroup of H of order 4 and an 
associated set of six equivalent poles of order 4; since all poles of order 4 
must be found in this set (fcx ^ 4, ^2 4) this set is of the type 

(xiyX 2 yXz,Xx’,X 2 'fXz‘) and so K has an normalizer in H a group of 
order 8 which (being non-cyclic) is necessarily dihedral: 

N = (Ky VK ); K = (E2. V, U^, U ^). 

Vy in common with all the elements of the coset VE is of period 2 and 
= S is also of period 2. Since E belongs to a set of 3 conjugate 
subgroups (no two of which has an element in common save E 2 ) R 
contains 6 elements of period 4 and three elements {S,S',S") of period 
2 which belong to the same class of R (since when E is transformed 
into one of its conjugates E' the single element S of period 2 in ^ must 
be transformed into the single element S* of period 2 in E'). Since 
Atj = 2 we have a cyclic subgroup of order 2 of if and an associated set 
of 12 equivalent poles of the type (1,* ■ -,6, 1^ • ■ ',6'). Hence in 
addition to the three elements S, S', S" of period 2, whose poles are of 
order 4, R contains 6 elements of order 2 (belonging to the same class 
of R) whose poles are of order 2. Corresponding to = Z we have a 
set of 8 equivalent poles of the type (1, 2, 3, 4,1', 2', 3', 4') so that the 
cyclic subgroup E (of order 3) belongs to a set of 4 conjugate subgroups 
of E (no two of which have an element in common save ^ 2 ). Hence 
R contains 8 elements of order 3 and this exhausts the elements of R 
{E 2 y 9 elements of period 2, 8 of period 3, 6 of period 4). If neither 
S' nor S" appeared amongst the four elements of period 2 in the coset 
VK all the elements of this coset would be of period 2 with poles of 
order 2; and hence the elements in the corresponding coset {VK)' of 
either of the two conjugate subgroups, {K}' say, would also all be of 
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period 2 with poles of order 2. Hence the two sot^ VK and {VK)' 
would have at least two common elements since there are 8 elements in 
the two sets and there are only six elements of period 2 with poles of 
order 2; denoting one of the two common elements by V the two sets 
VKj VK' have at least one element, other than V, in common. But this 
is impossible since K and K' have no element, other than J?.- in common. 
Hence either S' or S" is in the coset VK. Let us denote by S' that one 
of these two elements wliicli lies in VK (it will appear immediately that 
both S' and S" are in VK) ; S' being in the normalizer of K transforms 
S (the only element of period 2 in K) into itself so that S' commutes 
with S ; 

SS' = S'S (so that SS' is of period 2). 


Under the various elements of H the element SS' of period 2 transforms 
into one of the set of three elements SS'y S'S", S"S ; in fact if SS' —> S'S" 
then S'S^S"S' so that S'S" = S"S' and so on. Hence .W must be 
one of the three elements S, S', S" of period 2 (the other fi elements of 
period 2 belonging to a class of six elements). Hence SS' = S" = S'S. 
Multiplication on the left by S gives S' = SS"; and multiplication on 
the right by S gives S"S = S'. Similarly S = S"S' = S'S". Hence 
the four elements (E 2 , S, S', S") form a group of order 4 whicli (not 
being cyclic) is the four-group and which is an invariant subgroup of U. 
Now no one of the 8 elements of period 3 can belong to the normalizer 
of the group [E 3 , S) of order 2; for if W, of period 3, commuted with S, 
of period 2 the product V'S would be of period 6 and there are no ele¬ 
ments of period 6 in H. Applying the same argument to {E>.S'}, 
{E,,,S") we see that any one of the 8 elements of period 3 effects a cyclic 
permutation of {S, S', S"). On writing S, S', S" in the normal form 
(11. 7) we find that one of the 8 elements of order 3 is of the form 



/gtir/4 

^g-i7r/4 



of (11.8). The complete set of 8 elements is got by multiplying the 
four group 



by W and W-. Hence H contains the tetrahedral group as a subgroup 
of order 2 (hence invariant). To obtain the other 12 elements of II we 


observe that U{S — U-) 


is of the form 



since it has the same 
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poles (1,0), (0,1) as 5. Then S = yields = ± i so that a = 

There is no lack of generality in taking the + sign since the other sign 
gives (the reciprocal of ?7). Hence 



Thus there is only one non-cyclic, non-dihedral subgroup of order 24 of 
the three-dimensional rotation group. In addition to the twelve rota¬ 
tions of the tetrahedral group it contains six rotations through angles 
ziz 7r/2 about the lines joining the mid-points of opposite faces of the 
fundamental cube and in addition six rotations through the angle tt 
about the six joins of opposite edges of the cube. The group is known 
as the octahedral group since it sends the regular octahedron whose 
corners are the mid-points of the faces of the fundamental cube into 
itself. The octahedral group is simply isomorphic to the symmetric 
group on four letters. All of its operations permute the four diagonals 
of the basic cube and the isomorphism is given by: > (12) (34); 

5'-^ (23) (14); (31) (24); 17-^(234); (1234). 

We shall not discuss in detail the remaining case fci = 2, hz = 3, 
A *3 = 5, n = 60 for it is of no importance, as we shall see in the next 
section, for the theory of crystallography. It has a set of 12 equivalent 
poles of order 5, a set of 20 equivalent poles of order 3 and a set of 
30 equivalent poles of order 2. It is simply isomorphic to the alternating 
group on 5 letters and is known as the icosahedral group since its realisa¬ 
tion as a subgroup of the 3-dimensional rotation group is the group of 
sixty rotations sending a regular icosahedron into itself. Amongst the 
sixty elements are 24 of period 5 (rotations through rt 27r/5, zb 4^/5 
about the six axes joining opposite corners of the icosahedron); 20 of 
period 3 (rotations through ± 2ir/3 about the 10 axes joining the mid¬ 
points of opposite faces of the icosahedron) ; and 15 of period 2 (rota¬ 
tions through TT about the 15 axes joining the mid-points of opposite 
edges of the icosahedron). 

2. The crystallographic groups. 

Let (u, V, w) be a set of non-coplanar vectors and consider their linear 
combinations with integral (positive, negative or zero) coefficients. If 
all these vectors have a common initial point (not necessarily the origin) 
their end points are said to be the points of a space lattice. We under¬ 
stand by the term crystallographic group a finite subgroup of the full 
real orthogonal group each element of which sends each and every point 
of a space lattice into a point of the same lattice. We shall first con- 
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sider the crystallographic groups of the first kind i. e. those which are 
subgroups of the rotation group so that all their elements are proper 
(i. e. of determinant +1). Each such group, being a finite subgroup 
of the rotation group, must be one of the various types discussed in the 
previous section. Not all of these, however, are possible crystallographic 
groups; in fact no pole of an element of a crystallographic group of the 
first kind can be of order 1> 6. To see this let B be the angle of rotation 
of an element 0 (other than the identity) of a crystallographic group of 
the first kind and let /? be a point of the space lattice having the property 
that no point of the lattice (other than the origin if the origin happens 
to belong to the lattice) is nearer the origin than p. Denote 0{p), 
0~^{p) by p' and p". Then the point p"' defined by 

pp'" = p// + pp" 

belongs to the space lattice. It will be nearer the origin than p, without 
coinciding with the origin, if 0 < ^ < ir/Z or if tt/S < ^ < 7r/2. Hence 
the order of the poles of 0 cannot surpass 6 and if it is less than 6 it 
cannot surpass 4. The only possible orders are, accordingly, 2, 3, 4 and 6. 
Thus, as has been remarked above, no crystallographic group of the first 
kind can contain as a subgroup the icosahedral group (since this group 
contains elements whose poles are of order 5). Since the trace of a 
(proper) orthogonal matrix whose angle of rotation is 0 is 1 4- 2 cos ^ 
we have only the following five possibilities for the trace of an element 
0 of a crystallographic group of the first kind. 

1. Tr 0 = 3 (0 = ^^3); %, Tr 0 = — 1 (0 an element of period 2, 
^ = ?r); 3. TrO = 0 (0 an element of period Z, 0 = 27r/3); 4. Tr 0 
= 1 (0 an element of period 4, 0 = tt/%) ; 5. TrO = 2 (0 an element 
of period 6, ^ = 7r/3). 

We denote our crystallographic group by H and regard it as a repre¬ 
sentation of itself in order to apply the theory of group representations. 
The representation of H, furnished by H itself, may or may not be 
reducible. If it is reducible the components, as representations of a 
finite group, are unitary (any representation equivalent to a unitary 
representation being, as usual, termed unitary); but they may not be 
real. If they are real they are orthogonal since ** real, unitary ” is the 
same as " real, orthogonal,” Let us suppose, to start, that H is reducible 
and contains, when reduced, three real components each necessarily of 
dimension 1 since the sum of the dimensions is 3. Since each component 
is real and of finite period the 1X1 matrices of this component must 
be ±: 1 80 that each element of this component is either the identity or 
of period 2. There are at most four distinct elements in H (since we 
22 
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niuiit either take all signs or one + order that each 

element of H be proper). If there are 4 elements in II is the four 
group (consisting of the identity and three rotations through tt one about 
each of the coordinate axes) ; if there are but two elements in II it is 
the c 3 'clic group of order two consisting of the identity and a rotation 
through TT about one of the coordinate axes. It is clear that each of these 
groups sends any lattice having the origin as one of its points and its 
vectors (w, v, w) each parallel to one of the coordinate axes into itself. 
We have thus, so far. two cr 3 ’stallographic groups of the first kind. The 
two group is denoted by C 2 (to denote that it is a c 3 ’clic group of order 2) 
and the four-group by Bs to denote that it is a dihedral group realised 
by adjoining to C 2 a rotation through tt about an axis perpendicular to 
the axis of (72. Both groups C 2 and Bo, being Abelian, have only one¬ 
dimensional irreducible representations. The characters of these have 
been given on pp. 99 and 103. 

We next consider the case where H furnishes an irreducible representa¬ 
tion of itself. Since the characters x(^) of H are real the sum of their 
.squares is the order h of II. We denote by (no, 713 , n.i, Ws) the number of 
elements of II of periods (2, 3, 4, 6 ) respectively. Then, since xC-^a) == 3, 


9 710 7 I 4 -f- 4^5 = h = 1 -|- ^2 "f" ^3 ~)~ "I” ^5 


so that 7?3 = 8 -b 3«5 implying h ^ 9. Also H cannot be cyclic (all 
irreducible representations of a cyclic group being one-dimensional, a 
C 3 'clic group being Abelian) nor can it be dihedral. In fact a dihedral 
group Bn of order 2/i possesses no irreducible representations of dimen¬ 
sion > 2. To see this let « = n > 2, and construct the 2X2 


matrices A = 




Then the group (E 2 , A, • • •, A” ^; 


• ',BA”~^) is a two-dimensional representation of Bn- The 
characters of this representation are all real and the sum of their squares 


= 2 4" 2 + 2 / 1 - = 2n (since the sum of the squares of the roots 

0 0 

of iT” — 1 = 0 is zero and since runs over these roots when « does). 
Hence the representation is irreducible. On using i = 2, • • • , « ■ 1 

we obtain (n — 2) 2 X 2 representations of Bn. If any one of these 
2-dimensional representations were reducible it would be Abelian since 
all its matrices could be presented simultaneously in diagonal form. On 

setting A/ = it is clear that BAjB~^ = Aj'^ so that in order 

that our two-dimensional representation be reducible we must have ^ 

i. e., = 1 so that n must be even. If n is odd (= 2m + 1) we obtain, 
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by giving j, in turn, the values 1, 2, • • •, m, m irreducible two-dimen¬ 
sional representations (no two of which are equivalent since the char¬ 
acter of Ajj namel}' 2cos2y7r/n, is different from that of *4^, namely 
2 cos %}cw/n, j - ■ ' ^m). In addition to these two-dimensional 
irreducible representations we have two one-dimensional representations 
namely the identity representation and the alternating representation 
(in which 1 is attached to each element of the cyclic subgroup C„ and 
1 to each other element). The fact that the sum of the squares of 
these various irreducible representations, namely 4 m 2, is the order 
2 ra of the group assures us that there are no other irreducible repre¬ 
sentations. If n is even, = 2m, we obtain m — 1 irreducible 2-dimensioDal 
representations by setting y = 1, ■ ■ ■, m — 1 and one reducible 2X3 
representation by setting j ~ m. In all we have m — 1 two-dimensional 
irreducible representations and 4 one-diraensional representations no two 
of these m -j- 3 representations being equivalent. The sum of the squares 
of their dimensions being 4m = 2n we know that there are no other 
irreducible representations. 

Returning, then, to our irreducible group R of dimension > 9 we 
know that it must be either the tetrahedral group {Ji = 12) or the octa¬ 
hedral group (h = 24), since these are the only non-cyclic, non-dihedral 
crystallographic groups of the first kind (the corresponding lattice being 
built from the fundamental cube 1, 2, 3, 4, 1', 2', 3', 4' of p. 334). 
Thus we have two additional crystallographic groups of the first kind T, 
of order 12, and 0, of order 24, each of which furnishes an irreducible 


representation (of dimension 3) of itself. We have given the character 
table of Ty which is simply isomorphic to the alternating group on 4 
letters on p. 175; and of 0, which is simply isomorphic to the symmetric 


group on 4 letters on p. 142. 

Before proceeding to a discussion of the remaining cases, namely, that 
in which the representation of H is reducible containing two components 
and that in which H is reducible containing three components not all of 
which are real it is convenient to establish a theorem connecting the 


order of a finite group with the characters of a given representation of 
the group. For any irreducible representation of a finite group 11 the 
sum of its characters is divisible by the order h ot R ^ the quotient being 
unity for the identical representation and zero for all others, since this 
quotient tells how often the identity representation is contained in the 
given representation. Since any representation of i7 is a linear com¬ 
bination with (positive or zero) integral coefficients of irreducible repre¬ 
sentations the sum of the characters of any representation r of H is 
divisible by h. The squared characters of F are the characters of F X F 
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so that the sum of these squared characters is divisible by h; similarly 
the sum of the cubed characters (which are the characters of r X T X T) 
is divisible by h and so on. Thus the sum over all elements of H of any 
polynomial with integral coefficients (positive, negative or zero) in the 
character x oi any representation of H is divisible by h. If there are 
r distinct characters and denotes the number of ele¬ 
ments of H for which x = we have 2 divisible by h where 

1 

/ is any polynomial in x with integral coefficients. If all characters x^ 
integral we may choose for /(x) the product (x — (x • 

(x — and we find that 

(11. 9) (v‘^’ — • * • (v^^* —is divisible by h. 

We now consider the representation of H which is furnished by H 
itself and denote by x fh® characters of one of its irreducible components. 
Then the quantities x are the characters of an irreducible representation 
of H (the conjugate representation) and it is clear that H contains these 
two representations equally often. For H contains the irreducible repre¬ 
sentation, whose characters are x> 1/^ 2!rrOx(0) times (the summation 
being over the elements 0 of H) and this is the same as l/h'%Tr(0)xiO) 
simply because Tr{0) is real. It follows that if H is reducible it must 
contain at least one real component of dimension 1; for at least one of 
its components is one-dimensional and if this is not real all the com¬ 
ponents are one-dimensional, a second one-dimensional component being 
tbe conjugate complex of the first. The third component is, then, cer¬ 
tainly real since the sum of all three (being TrO) is real. This real 
component (being unitary) has all its elements dr 1. If an element 0 
carries the value + 1 for its real one-dimensional component, the char¬ 


acters of the remaining two-dimensional component A (which may or 
may not be reducible) have the following possible values (see p. 337) : 
1 . TrA = 2{0 = Es) 2, TrA = — 2(0 an element of period 2, 
$ = Tr) ; 3. TrA = — 1 (0 an element of period B, $ = 27r/3); 4. TrA 
= 0 (O an element of period 4, 6 = -ir/2 ); 5. TrA = 1 (O an element 
of period 6, 6 = Tr/Z), There remains a sixth possibility occurring 
when 0 has the value — 1 for its real one-dimensional component; each 
matrix A of the two-dimensional (unitary) component must have deter¬ 


minant — 1 
TrO = TrA 


so that it is of the form 


(; 




1 is real a is real. Hence the characteristic numbers 


since 

of A 


are ±1 and the sixth possibility is: 6. TrA = 0 (0 an element of 


period 2, d — n). This sixth case can only occur when the two- 
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dimensional component is irreducible; in fact if it were reducible it 
would contain two conjugate complex one-dimensional representations so 
that the characters of the two representations could not be =b 1 . We 
denote by n 2 , 713 , 714 , ns, ne) the number of elements of the various 
types. Since all elements of O are distinct all matrices A are distinct; 
for an equality between two of the matrices A would force the corre¬ 
sponding one-dimensional real components to be equal and hence the two 
corresponding elements 0 of S' to be equal. Hence ni{A =E 2 ) =1; 
n 2 {A = — ^ 2 ) =0 or 1 . 

We first consider the case where the two-dimensional representation 
{^} is reducible, the one-dimensional components being conjugate com¬ 
plex (and not real; the case where H contains 3 real one-dimensional 
components having been already discussed). Then n® = 0 and we deal 
with the two cases n 2 = 0 , 712 = 1 . 

1 ) 712 — 0 ; this implies ti* = 0 , tij = 0 , since the square of an element 

of order 4 or the cube of an element of order 6 , would be — Ez. 
On setting thi = tIi = 1 , = 2 , = — 1 in ( 11 . 9) we find 

that 3 is divisible by h. Hence A = 3 and we have the cyclic group 
Ca (the plane lattice containing the points 1 , &>, (<u =* e**"*/®) 

being sent into itself by C 3 , the space lattice obtained by parallel 
displacement of this lattice in a direction perpendicular to its plane 
is sent into itself by Ca). 

2) 7 i 2 =«l. Here the reducibility of the representation {A) gives 

which coupled with = A gives Xni{{x^y — 1 } 
= h . On setting tij = 1 , 712 *= 1 we obtain A = 6 — ti® so that 
A < 6 . From 2?i/(x^)* = 2A we obtain A ^ 4. Since h 5 we 
have only two possibilities: 

a) A = 4, n® = 2 . This is the cyclic group C®; the plane lattice 
containing the points 1 , ± i being sent into itself by O 4 . 

b) A = 6 , 714 =s 0, Tia -|- 71® = 4. Since tt) each element A of period 
3 (or 6 ) corresponds an element —^ of period 6 (or 3) we 
must have 713 *= 71 ® = 2. The group is the cyclic group (7®; 
the corresponding plane lattice containing the points 1 , — 

Dealing next with the case where (A) is irreducible we again treat 
separately the cases na = 0 , 1 . 

a) 712 = 0. The irreducibility of {^} gives 2n;(x^)’ = A which 
coupled with = A yields 27 i^{(x^)“— 1} = 0, i. e. ti® + ti® = 3 
so that A ^ 4 (since Ui = 1 ), From ( 11 . 9) we see since = 2, 
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1.(2) = — v<3) =0, = 1 that h is a divisor of 6. Hence 

h = 6 so that 7J4 = 0 (4 not being a divisor of 6) ne = 3 so that 
H contains three elements of period 2. H cannot be cyclic (for it 
would have then only two elements of period 2). Hence ns = 0, 
M, = 2 so that H is the dihedral group D 3 the corresponding lattice 
containing the points (cos 27r/3, rt sin 27r/3, 0), (0,0,1). Ds is 
simply isomorphic to the symmetric group on 3 letters and we have 
given its character table on p. 100. 

b) 7(2 = 1. On setting = 2, t)*-* = — 2, = — 1, = 0, 

^)(5) = 1 we see from (11.9) that h is a divisor of 24. From 
h =:'Xnj{x^y k ^ S. Since H is reducible A ^ 24 (the only 
allowable group of this order being the irreducible octahedral 
group). Hence /t = 8 or A = 12 and we have either or 
(the tetrahedral group ^ = 12 being ruled out since H is reducible 
and the cyclic groups 0 %, C 12 being ruled out since no pole of an 
element of H can be of order >6). has one irreducible repre¬ 
sentation of dimension 2 and 4 of dimension 1 and ^2 = 1, ns = 0, 
771 = 2, 773 = 0, Tie = 4; whilst Dq has two irreducible representa¬ 
tions of dimension 2 and four of dimension 1 and n2 = 1, ria = 2, 

= 0, 7Z5 = 2, 776 = 3. 

We have now exhausted all possibilities for crystallographic groups of 
the first kind. There are eleven different groups (including the identity) : 

E\ C 2 }D 2 j Tj 0 I CzyC^yCe'j D^^D^jDq. 

The four sets (following the identity E) correspond to the following 
situations: 

<72, E 2 ; II reducible into 3 real components 

TjO; H irreducible 

Czy C4, Ca ; H reducible into 3 components one real and the other two 

conjugate complex 

D 3 , Di, Dq ; H reducible into two components. 

From each of these eleven crystallographic groups of the first kind we 
obtain a new group of double the order by adding the elements — <7, 
where 0 is any element of H. The elements — 0 are all improper and 
the crystallographic group of the first kind is a subgroup of index two 
(hence invariant) of the “ extended ” group (H, — E). We may denote 
the elements H by (0, Ez) and the improper elements by (0, — -£^3) a^^d 
it is clear that the “ extended ” crystallographic group of the first kind 
is merely the direct product of the original crystallographic group of the 
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first kind by the cyclic two-group /= The lattices asso¬ 

ciated with these extended crystallographic groups are symmetric about 
the origin (the group containing the element —E^), If the crystallo¬ 
graphic group contains a rotation through tt: = y 

= — 2 /; 2 -> 2 ' = 2 the extended group will contain the product of this 

I' f; = = = the 

horizontal ’ plane 2 = 0 . We denote the extended group by adding 

the label h (= reflection in a plane perpendicular to the axis of rotation) 

to the symbol for the crystallographic group of the first kind: Thus 

Th, Ohy C.i,A, C'o.ft, The two groups C 3 and D 3 do 

not contain a rotation through tt about the vertical axis but D 3 contains 
a rotation through tt about a horizontal axis so that the group found by 
extending D 3 contains a reflection in a vertical plane i. e. a plane through 
the axis of the cyclic subgroup C 3 of D 3 . We denote, accordingly, the 
extended group by D 3 .V; the extended group of C 3 we denote simpl’y by 
C 3 so that C 3 is a cyclic group of order 6 generated by — L, {L^ = E 3 ). 

Thus we have the following eleven crystallographic groups containing 
the central reflection — E 3 : 


[Ejf Es] j (^ 2 .h,E 2 .h', ThyOhi C'3, C i_h, Ca^h -^3.1’) i^o.A- 


It is clear that the remaining crystallographic groups cannot contain 
the central reflection — E 3 . In fact if a crystallographic group is not 
of the first kind its proper elements constitute a subgroup of index two 
so that if it contains —E 3 it must be of the type (//, — //) just dis¬ 
cussed. Let us consider then a possible crystallograpliic group K which 
is not of the first kind, (hence, of even order), and which does not con¬ 
tain the central reflection — E 3 . Let {//} be its subgroup of index two 
formed by its proper elements (so that {H} is a crvstallographic group 
of the first kind). Then if 0 is in //, — 0 is not in K (for if it were 
0 0 ^ =. E 3 would be in K). If, then, A is any improper element 
of K, so that each improper element of K is of the form AO, 0 in 17 
— AO is a rotation which is not in H. The collection {//, — AH] con¬ 
stitutes accordingly, a crystallographic group of the first kind of the same 
(even) order as K; this crystallographic group being such that it has a 
subgroup of index 2. Conversely from any crystallographic group of 
even order and possessing a subgroup of index 2: {//, — AH] we obtain 
a crystallographic group {H,AI1} containing improper elements but not 
containing the central reflection — E 3 (since E 3 is not contained in the 
coset AH of H). If our crystallographic group of even order possesses 
several subgroups of index 2 we obtain several crystallographic groups 
from it in this way and we have to examine whether or not these are 
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distinct. From C'2 we obtain the group (£"3, S) where S is the reflection 
= x; 2 /—= 2-^ z' = — 2 in the horizontal plane 2 = 0. 

From C4 we obtain the cyclic group C2 of order 4 generated hy x~^ 3/ 
= y; y^y' = — x; z—> z" = — 2. From Cq we obtain Cs^ji for Cq 

contains the element x—*x^ — — x; y—^y'= y\ z ^ = z outside 
its cyclic subgroup and so our new group contains x^xf = x, y— 

2^2' = — 2 i. e. the reflection in the horizontal plane z = 0. 
Ca.A is a cyclic group of order 6 generated by the element x-^x' 
= i(—V' 3 y) ; i/^/ = i(V 32; + 2/) ; = —z. From £3 

we obtain C3.V since £3 contains x^xf = x-, y^y' = — y, 2->2'== 2 

so that our new group contains x^x" = — x\ y-^}f = y\ 2-^2' = 2. 
From 0 we obtain, similarly. Tv. The four-group has three subgroups 
of index 2 ; let us denote the four elements of Dz as follows: 


{x,y,z); {—x, — y,z); (x, —y, — 2 ); (—a:,y, — 2 ) 

where the symbol (—x, — y, 2 ), for example, denotes the rotation 

X x' = _ x; y —> y' = — y; z ^ z' = z. If we take (x, y, 2), 

(_ .x^ — y, 2 ) as our H our new crystallographic group is 

{x,y>z); (—a:, —y, 2 ); (—x,y, 2 ); (x, —y, 2 ) 

which is a Cz.v (the Cz around the 2 axis with the added reflection 
x^x' = — x; y—>y' = y; 2—>2^ = 2 in the yz plane). If we take 

(x, y, 2 ), (x, — y, — 2 ) as our JH we obtain 

(x,y,z); (x —y, — 2 ); (x,y, — 2 ); (x —y, 2 ) 

which is again a Cz.v (rotation through -n- about the x axis followed by a 
reflexion in the xy plane). Both groups are the same being trans¬ 
formable one into the other by the permutation matrix x -> x' = z, 

Similarly if we take the third Cz for 3 we 
obtain the same Cz.v. Thus Dz yields only one crystallographic group 
Co V. The remaining crystallographic groups of the first kind possessing 
subgroups of index 2 are and Each of them yields two new 

crystallographic groups. Let us first discuss D^. This dihedral group 
of order 8 has 5 irreducible representations one of dimension 2 and four 
of dimension 1 (p. 339). Let L denote the element of order 4 

the element of order 2 which generate Z >4 thus; C^= (£ 3 , £, ^ > 

= {(74, MC^} ; = £, 3^ = E. Then MLM = £^ ML^M = £ , 

ML^M = L and the five classes of £« are £ 3 ; (£?£“) J {M,MT )» 
(ML ML^). In addition to the cyclic subgroup of index 2 we have two 

other subgroups of index 2 ; (£3, L^, ilf, ML^)j (£3, £^, 3/£% ML). T e 
cyclic subgroup yields the crystallographic group C^,v since — ilf is tne 
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reflexion x-^x' = ~x; y^y'^y.^ z-^z'^z in a vertical plane 
ihe other two groups are 

(£■3, M, ML ^; ML\ — ML) 

and (£3, ML\ ML ;—L,~L\~ ML\ — M), 

These are simply isomorphic in the order written so that each is a repre¬ 
sentation of the other. Now Af, being a rotation through tt has the trace 
— 1 whilst ML, being the substitution ar—>a:' = — y; _2-. 

= — 2 has also the trace ~ 1 so that the characters of the two 
classes {M, ML^), {ML, ML^) of D^, in the representation of which 
IS furnished by itself are the same namely — 1. Hence the two 
groups just written down are equivalent (since, as representations of 
each other they have the same characters). This group yielded by £4 
(other than the € 4 ,^) is a In fact the substitutions L^, M, ML^; 
'-^y — L\ — ML\ — ML) are { 3 :,y,z), (—x, —y,z), (x — y,^z)[ 

(y, — x, — z), (—y,x, — 2 ), (—y^^x,z), (y,a:,z);the 
first four constitute a Dz and the last is a reflection in the vertical plane 
^ — y = 0. Dz,^ is a dihedral group of order 8 whose cyclic subgroup is 
generated by the element — L. Finally De, of order twelve, has two 
irreducible two-dimensional representations and four one-dimensional 
representations (p. 339). The six classes are 

£3, (L,L^), (L‘^,L*),L\ (M,ML^,ML*), {ML, ML\ ML^^), 

with characters 3, 2, 0, — 1, — 1, — 1 respectively. In addition to the 
cyclic subgroup of index 2 which leads to the new crystallographic group 
Ce,v we have the two subgroups of index 2: 

(£3, L*,M,ML\ ML*) 

(£3, L\ L*, ML, ML^, ML’^). 

We thus obtain the two groups 

(£3, £*, L*, M, ML^, ML*, — — ML, — ML\ — ML^) 

(£3, £*, L*, ML\ ML, ML^, — — L\ — L\ — M, — ML^, — ML*) 

which are simply isomorphic, in the order written. Each may be regarded 
as a representation of the other and since they have the same characters 
they are equivalent. They furnish a Z>3 .a; in fact the first six, say, 
{Ez, L^,L*,M,ML^,ML*) constitute a £3 whilst — L^ is the reflection 

a;—— x; y—^y' — y‘, z-^z' = — z 
in the horizontal plane z «*« 0. 

Resuming, then, there are in all 32 crystallographic groups. Of these 
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11 are of the first kind i. e. contain only rotations; 11 contain the central 
reflection —and 10 do not contain this central reflection but contain 
improper elements. 

3. The character tables of the 32 crystallographic groups. 

Although there are 33 distinct crystallographic groups this does not 
mean that there are 33 different character tables. Several of the 33 
groups may be simply isomorphic so that they all have the same char¬ 
acter table. The groups differ in the sense that they are different 
representations of the same abstract group. For convenience of reference 
we shall denote in this section the group {E-^y — E^), which consists of 
the identity and the central reflection, by the symbol I (= inversion) 
and the group which consists of the identity and a plane reflection by 
the symbol S. 

Of the 31 crystallographic groups other than the identity three, namely 
Cij I and S are all representations of the two-group (= group of permu¬ 
tations on two letters). This contains two classes and has two irreducible 
representations Fj, Fa each of dimension one. Fi the identity representa¬ 
tion, has the characters ( 1 , 1 ) and Fj, the alternating representation, 
has the characters (1, — 1). The characters of C 2 , /, 8 are, respectively 
(3, — 1), (3, —3), (3, 1) so that 

C 2 = Fi + SF.; / = ar^; 8 = 2Fi -f- F^. 

Of the remaining 38 crystallographic groups three, namely, C2M 
Cz.v are the four-group. This group has four irreducible representations 
all of dimension one and we have given its character table on p. 103; 
we rederive it here so as to prepare for the more complicated groups to 
follow. Denoting C 2 by {E,L)^ L- = E and setting M- = E, ML = LM 
the four-group is {E,L-j We obtain, by the method of p* 

338, the two-dimensional representation {E 2 , — E^; B ,— B) where 

5 ^J , The diagonal canonical form of B is ^ ^ ? since 

the characteristic numbers of B are ± 1. Hence the two-dimensional 
representation is the sura of the two one-dimensional representations 

F3= (1, —1,1, —1); r,= (1,-1, —1,1). 

These together with the identity representation Fi=(l, 1,1,1) and 
the alternating representation Fa = ( 1 , 1 , — 1 , — 1 ) constitute the four 
irreducible representations of the four-group. The characters of B 2 , 
Ca.ft, C2.V being, respectively, (3, — 1, — 1, — 1), (3, — 1,1, 3), 

(3, — 1,1,1) we have 
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^>2 — r. + r3 + ; c../, = r. 2ra; c^.v = 4- 


ra + r,. 


There is but one crystallographic group C, isomorphic to the cyclic 

group of order 3. This cyclic group has three irreducible representations 
fill of dimension one, their characters bein^ 

o 


Ti (1,1,1); Ts = (1, tt), 0,2) j Fa = (1, o,-, w) ; o, = 

Since the characters of are (3,0,0) we have 


^3 — Ti 4“ r2 + Fa. 

Of the remaining 24 groups two, namely, D^y Cg.u are simply isomorphic 
to the symmetric group on three letters; {EyL,L~; M,ML,ML-)y 

^ = E, M- = Ey ML = L-M. Each of these two groups has, therefore, 
three irreducible representations one of dimension 2 and two of dimen¬ 
sion 1 . Arranging the classes in the order E, {LyL-), {M,MLyML^) ; 
fi, the identity representation, has the characters ( 1 , 1 , 1 ); F^, the 
alternating representation, has the characters ( 1 , 1 , — 1 ); and Ta, the 
two-dimensional representation, has the characters ( 2 ,— 1 , 0 ). Since 
the characters of Ha, C^v are, respectively, (3, 0, — 1), (3, 0,1) we have 

^3 ^ r2 4 “ r’3 j O3.U = F] 4 “ Tg. 

Of the remaining 22 groups two, namely, C 4 and C-, are simply iso¬ 
morphic to the cyclic group of order 4. Each of these has, accordingly, 
four irreducible representations all of dimension 1 , their characters being 

r,= ( 1 , 1 , 1 , 1 ); r2=(i,i,~i,~t); 

r 3 = (1, —1,1, —1); F^d, —i, —1,0. 

The characters of C 4 and C 2 being (3, 1 , — 1 , 1 ) and ( 3 , — 1 , — 1 , — 1 ) 
respectively, we have 


O'* — Ti 4“ r2 4“ r**; O 2 = 4“ I's + r*. 

Of the remaining 20 groups three, namely D^y Ci,vj Dz.v are simply 
isomorphic to the dihedral group of order 8 . Each of these groups has, 
accordingly, 5 irreducible representations one of dimension 2 and four 
of dimension one. On denoting the dihedral group of order 8 by 
(C*; MC 4 ,) where = {Ey L, L^y L^)j L* = Ey = E and arranging 
the classes in the order Ey {LyL^)y L\ {MyML^)y {ML,MTJ) the char¬ 
acter table of the group is as follows (Fj = the identity representation, 
r 2 , the alternating representation. Fa, r 4 = the two one-dimensional 
representations into which one of the two-dimensional representations 
breaks down, and = the two-dimensional representation). 
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Character Table for the dihedral group of order 8 . 

(E) (L, U) (L^) (3/, ML^) {ML, ML^) 

Ti 
Ta 

r, 

r* 

The characters of D^, C 4 .V and D 2 .V are (3,1, — 1, —1> — ^)> (^>^> 
— 1 , 1 , 1 ) and ( 3 , — 1 ,- 1 , 1 ,- 1 ), respectively, so that 

X), = r 3 + r.; C... = r, + r«; D 2 .v = t, + v,. 

Of the remaining 17 groups three, namely Ce, Cs, Cs.h are simply 
isomorphic to the cyclic group of order 6 . Each of these groups has, 
accordingly six irreducible representations all of dimension 1 with the 

characters: 

v,= (1,1,1,1,1,1); r2= (1, ———< 0 ) 

Fa = (1, w*) Ij w, (0*) ; r4 = (1, 1, Ij Ij 1) 

Fa = (1, wS Wj 1) ") ; Te = (1, — — 1, w, — 

where w = The characters of 0^, € 3 , C/a.fc being (3, 2, 0, 1, 0, 2), 

( 3 , 0 , 0 , — 3 , 0 , 0 ) and ( 3 , — 2 , 0 , 1 , 0 , — 2 ) we have 

Ce = Fi -i- F 3 + r«; C 3 = + F 4 + Te; C 3 . 1 . = F 3 + ^4 + T,. 

Of the remaining 14 groups four, namely, D^, Ce.v, L>3.v and Ds.h are 
simply isomorphic to the dihedral group of order 12. They have ac¬ 
cordingly (p. 339 ) six irreducible representations of which 2 are two- 
dimensional and 4 one-dimensional. On denoting the dihedral group 
of order 12 by (Oe,il/C?a)> where Cc = {E, L, L^, L^, L\ L^), * 

^ 2 ^^ and writing the six-classes in the order E, (i,-L®), {L^,L ), 
{M,ML^,ML*), {ML,ML^,ML^) the character table is as follows 
(Fi denoting the identity representation, T 2 the alternating representa¬ 
tion Fa r* the two one-dimensional representations contained in the 
reducible 2 X 2 representation, and Fj, Fs the 2 two-dimensional irre¬ 
ducible representations) 
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r2 

r, 

r* 

Fs 

Fe 


THE CHARACTER TABLE FOR Dq 

Character table for the dihedral group of order 12 . 

^ (L,L^) iL\L*) L» {ML, ML*, ML’^) 



Since the characters of C^.v, D^.v, are ( 3 , 2 , 0 , — 1 , ~ 1 , 
3, 2, 0,-1, 1 , 1 ), (3, 0, 0, —3, —1, 1) and (3,-2, 0, 1, 1, 
respectively, we have 


1 ), 

1 ), 


F 2 -j- Fg j Ce.t) — Fi -f- Fg; -Oa.v —• r4 -(“ Fg J -Z?3 ,a — Fg -}- F®. 

Of the renaaining 10 groups one, namely T, is simply isomorphic to 
the alternating group on four letters. It has four irreducible repre¬ 
sentations of which one is of dimension 3 the other 3 being one¬ 
dimensional. We have given the character table on p. 175. T is itself 
irreducible being the three dimensional irreducible representation. 

Of the remaining 9 groups two, namely, 0 and Tv are simply iso¬ 
morphic to the symmetric group on 4 letters. Each of these two groups 
has, accordingly, 5 irreducible representations of which two are of 
dimension 3, one is of dimension 2 and 2 are of dimension 1. We have 
given the character table on p. 142; 0 is that three-dimensional irre¬ 
ducible representation whose characters are (3, — 1,0, — Ij 1) whilst 
Tv is the other three-dimensional irreducible representation whose 
characters are (3,1, 0, — 1, — 1). 

The remaining 7 groups are Z? 2 .a, Tk, Oa, Cb.a, Hi.a D^.k. Each is 
the direct product of the corresponding one of the crystallographic 
groups {D 2 , Ty Oy C^y Co, D^y Do) of the first kind by the two-group 
I ^ {E^y — .^s). Each has, accordingly, twice as many irreducible 
representations as the corresponding group of the first kind, the char¬ 
acters of these being obtained by the rule given on p. 101. Thus, for 
instance, if A denotes the 6 X 6 character table for Do given above then 

the 13 X 12 table for D,,„ is _ 4 ) • 
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4. The symmetrized Kronecker square of an irreducible representa¬ 
tion of a crystallographic group. 

The character tables for the various crystallographic groups are so 
simple (most of the irreducible representations being of dimension one) 
that it is a trivial matter to analyse the Kronecker product of any two 
(not necessarily distinct) irreducible representations of one of these 
crystallographic groups. E. g., from the character table of the group Dq, 
p. 349 we read 

Te X Ts = Ti + Ta + Ts = Te X Ts; Ts X Tfl = Ta + r4 4- Ts. 

The Kronecker square of an irreducible representation with real 
characters always contains the identity representation exactly once. In 
fact this is a general property of any irreducible representation with real 
characters of any finite group; for the irreducibility of T gives '2,^ = 9, 
the order of the group, and the reality of the characters forces = 9- 
But (l/^)2x“ is precisely the number of times that TXT contains the 

identity representation. 

It is important for some purposes to have the symmetrized Kronecker 
square [r]( 2 ) (see p. 72) of an irreducible representation of a crystal¬ 
lographic group. Denoting by the characters of r those of [r]( 2 ) 
are given (p. 90) by 

92(9) = i{sr + sz) 

where Si^ furnishes the characters of the ordinary Kronecker square 
r X r = [r] 2 * The quantities 52 (being the sum of the squares of the 
characteristic numbers of a typical matrix A of r) are the characters 
x(A2). Thus the analysis of [r], 2 ) is readily obtained. In the case of 
the dihedral group of order 8 (whose character table is given on p. 348) 
we have for Fg 

5,2 = (4, 0, 4, 0, 0) ; 52 = (2, — 2, 2, 2, 2) 
so that qzis) = (3, —1,3,1,1) implying 

[r5](2) = r,+ r3 + r4- 

Similarly for the dihedral group of order 12 whose character table is 
given on p. 349. For Fj we have 5i''= (4, 1,1, 4, 0, 0), 52 = (2, 

— 1, 2, 2, 2) so that qz{s) = (3, 0, 0, 3,1,1) implying 

[F5]<2) = Fi 4 Fe. 

For Ttt we have 5 i“ = (4, 1, 1, 4, 0, 0), 52 = (2, — 1, — 1, 2, 2, 2) so 
that [F 6 ]( 2 ) has the same analysis as [F5](2): 
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[Te] (2) = Fi -|- Fq. 

For the three-dimensional representation T of the tetrahedral group, 
whose character table has been given on p. 175, we have = ( 9 , 1 , 0 , 0 )', 
Sz = (3, 3, 0, 0) so that qz{s) = ( 6 , 2, 0, 0) implying 

[^](2) = Fi -|- F2 -|- F3 -|- T. 

For the two-dimensional representation Fj of the octahedral group, 
whose character table has been given on p. 142, we have 

(4,0, 1,4,0); 53 = (2,2,—1,2,2) 
so that 52 (-s) = (3, 1, 0, 3, 1) implying 

[F3](2> = Fi -[“ Fg. 

For the three-dimensional representation 0 we have = (9, 1 , 0 , 1,1 ); 
^2 == (3, 3, 0, 3, — 1) so that $ 2 ( 5 ) = ( 6 , 2, 0, 2, 0) implying 

* [^]( 2 ) = Fi F 3 -[- 0 . 

For the three-dimensional representation Tv we have the same analysis 

[^v]( 2 ) = Fi -|" F 3 -f- 0 . 



CHAPTER TWELVE 


THE LORENTZ GROUP 

We shall discuss in this chapter the Lorentz group and its representa¬ 
tions and shall see that, in contrast to the situation for the orthogonal 
group, the proper Lorentz group is not connected but consists of two 
separated connected pieces. 

1. The four-dimensional Lorentz group. 

The matrix of the quadratic form 



x'Fx = - 

- {xoy 

+ 

)^+ 

+ { x^y 

is 


^-1 

0 

0 

0^ 




F = 

0 

1 

0 

0 

/- 

-Er O' 

( 13 . 1 ) 

0 

0 

1 

0 


0 F3, 



L 0 

0 

0 





and we say that a real homogeneous linear transformation 


(12.2) x->y = Lx 

is a Lorentz transformation if it leaves the quadratic form x'Fx invariant; 
L is termed a Lorentz matrix. Since under (12. 2) x'Fx goes over into 
y'Fy = x'L'FLx the criterion for a Lorentz matrix is 

(12.3) L'FL = F. 

It is clear from the very definition that the collection {L} of Lorentz 
matrices constitute a group O', the unit element being E^, From (12. 3) 
we read (det L)* = 1 (since det L' = det L) and so det L = ± 1. Also 
F is a Lorentz matrix (since F' = F,F^ = E^) of determinant --1 
so that, if M is a Lorentz matrix of determinant —1, L = FM is a 
Lorentz matrix of determinant + 1 and M = FL. The collection (L) 
of Lorentz matrices of determinant + 1 constitute a subgroup G of the 
full Lorentz group known as the proper Lorentz group (the Lorentz 
matrix L being termed proper when its determinant = + 1 ) ; (? is of 
index 2 in G' and is, accordingly, an invariant subgroup. 

On writing (12.3) in the form V = FL-^F we see, from the group 
property of Lorentz matrices, that V is, with L, a Lorentz matrix. On 
equating the elements in the first row and column of both sides of (12. 3) 
we find 

( 12 . 4 ) = ^ 
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80 that ^ 1 or, equivalently, j Zi' | ^ 1. Hence there are two 

types of Lorentz matrices, namely, those for which > 1 and those for 
which — 1. If we have two matrices L, E of the first type so also 
is their product LK ; in fact the element in the first row and column of 
LK = -I- + U^k^* and {Wk^ + h^k^ + 

^ (V)^+ {h^V]{{kxn^-\- (V)^+ From (13.4) 

we have (h^)^ + (^ 3 ^)“ + (^ 4 ')^ < and on writing this relation 

(which is valid for any Lorentz matrix L) for the Lorentz matrix E' we 

have(fci2)2+ (V)2+ (A;,^)2< (A:,i)2 g^, \ UJkrhVh^k,* \ 

< proving that the element in the first row and column of LE > 0 
(a result which implies that it is also ^1). It is clear that —Et is a 
Lorentz matrix and if L is a Lorentz matrix for which ^1, — L is 
a Lorentz matrix for which < — 1. Hence the subgroup G\ of the 
full Lorentz group G' which consists of all those Lorentz matrices for 
which >1 is of index two (and hence is an invariant subgroup). 
Similarly the subgroup G*. of the proper Lorentz group G which consists 
of all those proper Lorentz matrices for which > 1 is of index two 
(and hence is an invariant subgroup). The two cosets of G\ in G\ or 
of G+ in G, are quite disconnected; in fact if L is any member of G\ 
and M is any element of (?' which is not in G\ the element in the first 
row and column of L — 3/^3 so that \L — 3/| ^ 2 (the equality 
holding, for example, when L = £' 4 , M = F). We shall see in the next 
section that each element of G^ may be connected with by a continuous 
curve lying entirely in (?♦; and this implies, on taking the negatives of 
the matrices involved, that the coset of G^ in G is connected each ele¬ 
ment being connectible with — by means of a continuous curve lying 
in this coset. Thus G splits up into two disjoint connected pieces; and 
as (?+ is separated from its coset in G\ (simply because the determinant 
of a matrix is a continuous function of its elements) it follows that G' 
breaks up into 4 separated pieces 

1) G^'y every element connected with E^ 

2) The coset — G^ of G* in (?; every element connected with — E 4 

3) FG^'y every element connected with F 

4) — FG^'y every element connected with — F. 


2. The two-valued two-dimensional unimodular representation of G^, 
Let H be the 2X2 Hermitian matrix 







x^y x^y x^y x^ real 


23 
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and let A be any unimodular 2X2 matrix. On writing K — AHA* 
it is clear that K is Hermitian and that det K = det H so that if 


K 


= (y° 

\y^ 


iy 

— iy^ 


3,0 _ : y”’ y"> y"’ y" 


the transformation HK = AHA* induces a real homogeneous linear 
transformation x y = Lx which has the property that 


— {ifVA-iy^VA- iy^V (= —detz) 

= — {x^r (= 

We write 


deti/) 


/ii = + x\ = 


x^ — ix^, h 


X- -}- ix^, h* 


— x^ 


1 . e. 


)i = Tx ; X = T~^h 


where 




fl 

1 

0 

0^ 


^1 

0 

0 

r 

0 

0 

1 

- 1 


1 

0 

0 - 

_ 1 

0 

0 

1 

X 

0 

1 

1 

0 

u ■ 

1 

0 

0^ 


0 

t 

—t 

0 


so that h k ~ Ty ^ TLx = TLT~^h. 

But the transformation H —* K = AHA* implies h —>k = (A X A)h 
so that 

TLT-^ = A X -4 ; L = r-*(A X A)T. 

The 4X4 matrix A X A is 

r 


(12. 5) 


A X A 


ai*d/ 

ai*d2' 

«2'd,‘ 

a2‘«2^ 





Ci-di’ 





^1^52" 

a2*ai' 



and a simple calculation shows that the element in the first row and 
column of Z/^ r"^(A X A)7' is A--j- 02 ^ 02 '-h ^ 2 "'^ 2 *)- 

Since this > 0 it must be ^ 1 and we see that all Lorentz matrices which 
furnish, by means of the equation 

(13.6) L = r-(A X A)r 

a representation of the 2 X 2 unimodular group {A} belong to the sub¬ 
group Q\ of the full real Lorentz group G\ Furthermore 

det (A X A) = det (A X -^ 2 ) ■ (£^2 X A) 

= det (^^2 X A) • det (E 2 X A) 
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(since A X ^2 is transformable, by means of a permutation matrix into 
E^'KA) 

= (det X (det = 1. 

Hence the matrices L = T~'^{A A) T belong to the subgroup G+ of the 
proper Lorentz group G. It remains to show that they exhaust this sub¬ 
group G+, i. e. that G furnishes a representation of the 2X2 unimodular 
group {yl}, and that, conversely, the 2X2 unimodular group {/!) 
furnishes a two-valued representation (L—of the subgroup (?* 
of the proper Lorentz group G. 

Before doing this we shall show that every Lorentz matrix which is of 
the type L = X A)T may be put in the form L — e^^ where S 

is a skew-symmetric real matrix; and, conversely, that every matrix of 
the type e^^ is a Lorentz matrix of the type T~^{A'yA)T. This 
theorem together with the theorem that G^ is exhausted by the matrices 
L = T~^{A y A)T imply that G^ is connected. In fact L = e^^ is con¬ 
nected with by the elements L(0 = 0 ^ ^ 1, of G^. We first 

observe that any 2X2 unimodular matrix A may be written in the form 

A «= e®. In fact if A can be reduced to diagonal form : PAP~^ — 

log A 0 
0 — log A 

sented in diagonal form its characteristic numbers must be equal (and 
hence both + 1 or — 1) ; if they are both + 1 we can find a P so that 

PAP~^ = and then it suffices to set PBP-'^ ^ (o 0 

square of this is the zero matrix so that = E 2 PBP~^ = PAP~^ 

implying = i4. Finally if both characteristic numbers of — — 1 
we deal with — A obtaining = — A which implies e® = A where 
B = C + imEz. Since ± A yield the same L we may choose the sign 
which gives Tr B — 0 and we shall suppose this agreed on. 

On setting, then, A => we observe that this implies 

A = B’2XA-=e^»x^ 


we haye merely to set PBP~^ = f 


^ . If A cannot be pre- 



(for (B X Ei) (B X E^) = (B^ X E^) etc.). Hence 

(A X A) = (A X E.) {E. X ^) == 

_ g(SXEa) + (£^»XR) 


(since the matrices B y E^ and B2 X ^ commute) so that 


L —r-»(A yA)T 


gr-U(BXEi) + (^*XB>JT^ 
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An elementary computation yields 
(12.7) T-^(B^E2)T 



bi^ -f- 1 > 2 ^ 

—V 

^2' “h bp 


bP — b 2 ^ 


b^^^bP 

t(6a' + 6i“) 

W + 

—V 

hP -|- 62^ 



-r(&2^ + 6i^) 

i(bP — b 2 ^) 



T-^(E 2 X E)T = conjugate complex of T~^{E 2 X B)T. 
Since + 62 ^ = 0 it follows that 

L = e^^ 

where S is the skew symmetric real matrix 



p = R P (=real part of) 61 * — 62 *; 9 = i? + & 2 ^) 

r^l'P (= imaginary part of) hp — 62 ^; l = I P{hi^ — ^ 2 ^) 
m = n = RP- — 

(Observe that the i2 • P and 7 ■ P of a complex number are both real, the 
/■ P being the coefficient of i). Conversely given S we have 

61 ^ — 6,2 = p + il; 62 ' + 

62 ^ — = n — ir and 61 ' + = 0 

so that 

v = i(p + a); b2^ = -i(p + ii) 

6^1 = ^{g + n + iCm —r)}; 6,='= i{? —n + t(m + »•)}. 

Hence every is an element of G+ of the type 

eSF = L = X A)T 

and every element of 0* of the type L = 7^^(A X A)T may be written 
in the form 

We have now to prove the result that is exhausted by the elements 
L of the type L = T-^{A X A)T. This is done by means of a factori¬ 
sation of an arbitrary element L of G+ into a product of plane 
Lorentz matrices which is essentially the same as the factorisation (10.2) 
of a proper orthogonal matrix. We denote by Li($), j= 1,2,3, the 
“ plane ” element of O*: 
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a:'© = cosh ^ ar© + sinh ^ a:^ , 

a:'j = sinh e lo + cosh e xy ’ *’• = *’• (»-^0 ,r^;). 

If L is any element of G+ the element in the first row and second column 
of LLi{ 0 ') is sinh 6 ^ 2 ^ cosh $ and since >■ we can determine 

a real ^(=^i) so that this is zero. Proceeding in this way we can 
determine Ox, $ 2 , 63 , all real, so that iXi( 0 ,)i 2 (^ 2 )-Z^ 3 (^ 3 ) has all its 
elements in the first row, save the first, zero. Since this product is an 
element of G+ the element in the first row and column must be + 1 
so that 

Since O 3 can be factored into a product of three plane rotations (which 
are also plane Lorentz matrices) we see that 

(13.9) ^ = (0 03)^3(— 03)i=(— Si) 



may be written as the product of six plane Lorentz matrices. To a plane 
Lorentz matrix of the type Li{ 6 ) corresponds a 2 X 2 unimodular 
matrix Ai : 



whilst to a plane Lorentz matrix of the type L 2 (B) corresponds the 
2 X 2 unimodular matrix 




cosh $/2 
sinh 6/2 


sinh 6/’2\ 
cosh 0 / 2 ) 


and to a plane Lorentz matrix of the type ^ 3 ( 0 ) corresponds the 2X2 
unimodular matrix 




cosh 6/2 
{ sinh 6/2 


— i sinh 6/2\ 
cosh 6/2 ) 


(all of which statements are readily verifiable by means of (12. 5) and 

(12. 6 ).) To each of the three “ plane ” factors of ^ ^ corresponds 

a 2 X 2 unimodular unitary matrix V (cf. the derivation of (10.2)) 
and so to L corresponds an namely, 


A ^3)42(— 62 ) Ax (— 6 x) 


(for the matrices L of (?+ which correspond, by means of (12. 6 ), to the 
2X2 unimodular matrices {A) constitute a representation of the 2X2 
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unimodular group Hence every element of G+ is of the type 

(12.6) or, equivalently, every element of G+ is of the type and 
conversely. 

3. The theory of semi-vectors. 

It follows from (12. 6) that 

TLT-^ (AXE.JiE.XA) = (E^ X X E^) 

so that L = MN = NM where 


( 12 . 10 ) 


3/ = X E.)T; N = T-''^(E2 X A)T. 


The collection of matrices (jV) constitute a group which is simply iso¬ 
morphic to the group (A) of 2 X 2 unimodular matrices; in fact {3/} 
can be presented by a proper choice of basis in the form 


( 12 . 11 ) 


M ^E^X A. 


:)■ 


Similarly N can be presented by a proper choice of basis in the form 


N ^EtX A 


- (■: a ■ 


Now the transformation x—^y = Mx implies HK — AH and since 
det A = 1 it follows that 3/ is a complex Lorentz matrix, i. e. a matrix 
with complex elements for which M*FM = F. Similarly IV is a complex 
Lorentz matrix. The collections {3/} and {IV} constitute subgroups of 
the complex Lorentz group (for (A X E^) {B X Ez) = (AB X Eo) etc.) 
and each element of (3/) is commutative with each element of (IV) for 

(A X E 2 ) (E 2 XB) = {AXB) = {E 2 XB){AX E 2 ). 

A vector x in the common carrier space of {3f} and (IV) has been called 
(by Einstein and Mayer) a semi-vector for the following reason: if 
x—^y^Nx and y—^z~My (where3/ andIV are furnished by (12.10)) 
then a; —> 2 = MNx = Lx where L is a proper real Lorentz matrix for 
which ^1; and all real Lorentz matrices of this type are obtainable 
in this way. To get the proper Lorentz matrices for which Zi' — t 
it is evidently sufficient to follow the transformation 3/ by the trans¬ 
formation — IV. It is clear that zt M yield the same L and that the 
theory of semi-vectors is merely a description of the two-valued repre¬ 
sentation of by the 2X2 unimodular group (cf. (12.11)). It may 
be observed that if we follow x y = Mx by any element of the other 
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group we obtain x 2 = Lx where L is now a complex Lorentz matrix. 
Indeed 

L = T-HA X B)T 

and this implies 

H-^K = AnB* 

so that det K = det H. 

The matrix M of ( 12 . 10 ) may be written in the form where 
SyF = T~^{B E 2 )T is given by (12.7). It is important to observe 
the special nature of SiF: it is of the type 


( 12 . 12 ) 



il 

0 

— n 
m 


im 

n 



in'! 



I 

0 




where Z = t(& 2 * — ; m = — 1 ( 62 'H-^r) ; n = bi‘- — 61 *. 


An easy calculation yields SiFSiF = — {I- -|- m- + n^)E 2 so that if we 
write A- 


gSiF _ COS 6 Ei (sin $/ 6 )SiF = cos $ E 2 sin 0 I 


where I = SiF/d, /* «= — Ez. Similarly each matrix N can be written 
in the form N = where now SzF is again special in the sense that 
SzFSzF => — (p* r^)E 2 = — 4 >^E 2 so that = cos<f>E 2 

H- sin (f>Jj = — Ez but 


(12.13) 




Since 81 FS 2 F 


+ t(ng — mr) i(lr — np) i{mp — Iq) 

— i(nq — mr) Ip — mq — nr {Iq A-^P) (lr’j~np) 

— t(lr — np) lq-\-^P — lpmr-\-nq 

^ — i(mp — Iq) lr-\-^P mr-^nq nr—Ip — mq 


BxF and 8 .iF commute: S 1 F 82 F = SzFSiF (for an interchange of 8 xF 
and 82 F is equivalent to an interchange of {If m, n) and (p, r) coupled 
with a change of t to —t); this fact merely reflects the commutativity 
of M and N, 
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4. The derivation of irreducible representations of the Lorentz group 
from irreducible representations of the attached orthogonal 

group. 

On denoting by B the 4 X 4 symmetric, unitary matrix 


(13.14) 5 = (; "j 

it is clear that F = B-= B'" so that the relation (12. 3) may be written 
in the form • B'^LB = or, equivalently, O'O = B 4 where 


(12. 15) 


0 = B-^BB. 


Hence as L runs over the full (real) Lorentz group G', 0 runs over a 
subgroup of the full (complex) 4X4 orthogonal group. We have seen 
(cf. the derivation of (12.9)) that any element of G' may be factored 

in the form 

Z, = (-J 


where L,, Lo, B 3 are plane Lorentz matrices and <^ 2 , <#>3 
being a, proper or improper^ 3X3 real orthogonal matrix. 

to <^ 1 , 4 > 2 , 4>3 pure imaginary values <f>i = upi, <^2 = ^ 2 , = 

real, Li, L^, are no longer Lorentz matrices but they 
matrices. Thus, for instance, 


Bi(^i) = Ei{uj/i) — ?7i(</'i) — 


cos V'l 
i sin ipi 




0 

0 


i sin tpi 
cos xj/i 
0 
0 


0 

0 

1 

0 


are real; O 3 
If we assign 

^ 1 , ^ 2 , "As 
are unitary 

o"i 

0 

0 ■ 

1 


Since B is unitary it follows that the 0 of (12. 15) is unitary when the 
parameters (<Ai, <^ 2 , <#> 3 ) rrhich occur in the specification of L are assigned 
purely imaginary values. Since 0 is orthogonal it must be real (for 
Q* ^ O' implies 6 = 0). Hence we obtain a real orthogonal group by 
assigning purely imaginary values to the parameters 4 * 2 , <f>3 of L (the 
remaining three of the six parameters of L being assigned real values). 
Conversely if 0 is any element of the 4 X 4 real orthogonal group with 
parameters (V^i, <^ 2 , -Aa, <#> 4 , <#>»> 4>^) and we assign to the parameters 
{'Pu 4 ^ 2 , V'a) purely imaginary values, the remaining three being kept 
real, we obtain, from (12.15) an element L of the real Lorentz group- 
The correspondence between 0 and L is evidently not one to one; when 
any one of the three parameters lAi, 4 ^ 2 , "As is increased by an integra 
multiple of 2tt we obtain the same element 0 but when one of the three 
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parameters <#> 2 , <^ 3 ) of L is increased by an integral multiple of gir 
we do not obtain the same value of L. 

Let now V= {D{xl/)) be any representation of the 4X4 real ortho¬ 
gonal group. Then by assigning to purely imaginary values 

we obtain a representation T of G'. The basic result we need here is 
that if T is irreducible so also is V. The reason for this is clear: The 
(assumed) reducibility of f finds its expression in the vanishing of 
certain analytic functions of the six parameters (<^i, • • •, <^e) of a typical 
element L of G'. But if these analytic functions vanish when the six 


parameters are assigned arbitrary real values they must vanish identi¬ 
cally; i. e. they must vanish when the six parameters are assigned arbitrary 
complex values. In particular they vanish when (<^i, <^> 2 , <^ 3 ) are assigned 
pure imaginary values the remaining three being kept real. But this 
would imply the reducibility of F. Hence we obtain from any irreducible 
representation of the 4 X 4 real orthogonal group an irreducible repre¬ 
sentation of the full Lorentz group by the mere formal process of assign¬ 
ing purely imaginary values to the first three parameters xpx, xp>, «/' 3 « The 
same argument shows that the representations of G' obtained in this way 
from reducible representations of the 4X4 real orthogonal group are 
reducible and completely reducible (simply because any reducible repre¬ 
sentation of the real orthogonal group is completely reducible). Tlie 
same argument yields the orthogonality relations; the equivalence of 
representations having the same characters and so on. 

It is important to realise the somewhat striking nature of these results. 
The parametric region for the Lorentz group extends to infinity: 
— 00 < <^^ < 00 , y= 1,2, 3 and so the concept of group-integration is 
not available (the total “volume” of the group being infinite). We 
express this fact by the statement that the Lorentz group is not compact. 
However we are able to obtain the results stated by placing the burden 


on a closely related group, namely, the 4X4 real orthogonal group. Fhc 
closeness of the relationship being simply that we obtain one group by 
assigning real values to certain parameters whil.st we obtain the related 
group by assigning purely imaginary valjUes to these same paiametcrs. 
This closely related group is compact (in fact unitary) and we are able 
to invoke the results flowing from the powerful method of group in¬ 
tegration. The device applied here is termed by Weyl the “ unitary 
trick.” Whilst realising its importance we must also be aware of its 
limitations. Just because the trigonometric functions are periodic (which 


is merely another way of saying “ just because the real orthogonal group 
is compact”) we obtain only very special representations of the Lorentz 
group from the known representations of the orthogonal group; namely 
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those which arise from periodic functions of the parameters ^ 2 > V's* 
This point will be made clear by considering the 2X2 proper Lorentz 

group. A typical element L is of the type —co^h 

and the associated element 0 of the proper 2X2 real orthogonal group 

is zt ^ cos sin )//\ irreducible representations of this latter 

\— sin if/ cos ip / 

group are all one-dimensional and of the type 

D = e^TTimsi' 


where m is an integer, positive, negative or zero. From these we obtain 
the one-dimensional representations 


D(<p) m an integer, 

of the Lorentz group but w’e fail to secure the representations where m 
is any complex number other than an integer. Nor have we proven the 
complete reducibility of any reducible representation of the Lorentz 
group. For example 



a an arbitrary complex number; 


is a reducible two-dimensional representation of the two-dimensional 
Lorentz group which is not completely reducible. 
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unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity Is induced in 
flexible, fluid bodies by rapid motions; why gyrostat falls, top rises; nature, effect of 

internal fluidity on rotating bodies; etc. Appendixes describe practical use of gyroscopes 
in ships, compasses, monorail transportation. 62 figures. 128pp. 5 % x 8. 

T416 Paperbound 51-00 

FOUNDATIONS OF PHYSICS, R. B. Lindsay, H. Margenau. Excellent bridge between semi- 
popular and technical writings. Discussion of methods of physical description, construction 
of theory; valuable to physicist vyith elementary calculus. Gives meaning to data, tools of 
modern physics. Contents: symbolism, mathematical equations; space and time; foundations 
of mechanics; probability: physics, continua; electron theory; relativity; quantum mechanics; 
causality; etc. Thorough and yet not overdetailed. Unreservedly recommended," Nature. 
Unabridged corrected edition. 35 illustrations, xi + 537pp. 5% x 8. S377 Paperbound 52.45 

FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Formerly entitled "In the 
Nam8 of Scionco, tho standard account of various cults, quack systems, delusions which 
have masqueraded as science: hollow earth fanatics, orgone sex energy, dianetics, Atlantis, 
Forteanism, flying saucers, medical fallacies like zone therapy, etc, New chapter on Bridey 
psionics, other recent manifestations. A fair reasoned appraisal of eccentric theory 
which provides excellent innoculation, ''Should be read by everyone, scientist or non* 
scientist ahke,” R. T. Birge. Prof. Emeritus of Physics, Univ. of Calif; Former Pres., 
Amer. Physical Soc. x + 365pp. 5H x 8. T394 Paperbound 51.50 

ON MATHEMATICS AND MATHEMATICIANS, R. E. Moriti. A 10 year labor of love by discerning, 
discriminating Prof. Moritz, this collection conveys the full sense of mathematics and 

mathematicians. Anecdotes, aphorisms, reminiscences, philosophies, 
definitions, speculations, biographical insights, etc. by great mathematicians, writers: Des¬ 
cartes, Mill, Locke, Kant, Coleridge, Whitehead, etc. Glimpses into lives of great mathema¬ 
ticians, f^rom Archimedes to Euler, Gauss, Weierstrass. To mathematicians, a superb 
browsing-book. To laymen, exciting revelation of fullness of mathematics. Extensive cross 
index. 410pp. 5% x 8. T 4 g 9 Paperbound 51.95 

GUIDE TO THE LITERATURE OF MATHEMATICS AND PHYSICS. N. G. Parke III. Over 5000 
entries under approximately ^0 major subject headings, of selected most important books, 
monographs, periodicals, articles in English, plus important works in German, French, 
Italien, Spanish, Russian, (many recently available works). Covers every branch of physics, 
math, related engineering, includes author, title, edition, publisher, place, date, number 
of volumes, number of pages. 40 page introduction on basic problems of research, study 
provides useful information on organi 2 ation. use of libraries, psychology of learning, etc. 
Will save you hours of time. 2nd revised edition. Indices of authors, subjects. 464pp. 
5% X 8. S447 Paperbound 52.49 

THE STRANGE STORY OF THE QUANTUM. An Account for the General Reader of the Growth 
of Ideas Underlying Our Present Atomic Knowledge, B. Hoffmann. Presents lucidly, expertly, 
with barest amount of mathematics, problems and theories which led to modern quantum 
physics. Begins with late 1800’s when discrepancies were noticed; with illuminating anal¬ 
ogies, examples, goes through concepts of Planck, Einstein, Pauli, Schroedlnger, Dirac, 
Sommerfield, Feynman, etc. New postscript through 1958. "Of the books attempting an 
account of the history and contents of modern atomic physics which have come to my 
attention, this is the best," H. Margenau. Yale U., in Amer. J. of Physics. 2nd edition. 32 
tables, illustrations. 275pp. 5% x 8. T518 Paperbound 51.45 
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HISTORY OF SCIENCE 

AND PHILOSOPHY OF SCIENCE 


THE VALUE OF SCIENCE, Henri Poincer6. Many of most mature ideas of "last scientific 
unyersalist for both beginning, advanced workers. Nature of scientific truth whether 
order is innate in universe or imposed by man. logical thought vs. intuition (relating to 
weierstrass. Lie, Riemann, etc), time and space (relativity, psychological time, simultaneity) 
Herz s concept of force, values within disciplines of Maxwell, Carnot, Mayer, Newton 
Lorentz, etc. iii + 147pp. 5% x 8. S469 Paperbound 51.35 

PHILOSOPHY AND THE PHYSICISTS, L. S. Stebbing. Philosophical aspects of modern science 
examined in terrns of lively critical attack on ideas of Jeans. Eddington. Tasks of science, 
causality, determinism, probability, relation of world physics to that of everyday experience, 
philosophical significance of Planck-Bohr concept of discontinuous energy levels, inferences 
to be drawn from Uncertainty Principle, implications of "becoming” involved in 2nd law 
Of thermodynamics, other problems posed by discarding of Laplacean determinism 285pp. 

T480 Paperbound 51.65 

THE PRINCIPLES OF SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, W. S. 
ievons. Milestone in development of symbolic logic remains stimulating contribution to in¬ 
vestigation of inferential validity in sciences. Treats inductive, deductive logic, theory of 

number, probability, limits of scientific method; significantly advances Boole's logic, con¬ 
tains detailed introduction to nature and methods of probability in physics, astronomy, 
evei 7 day affairs, etc. In Introduction, Ernest Nagel of Columbia U. says, “[Jevonsj continues 
2^ interest as an attempt to articulate the logic of scientific inquiry.” iiii + 786pp. 
5% X 8. S446 Paperbound 52.98 

A HISTORY OF ASTRONOMY FROM THALES TO KEPLER. J. 1. E. Oreyer. Only work in English 
to give complete history of cosmological views from prehistoric times to Kepler. Partial 
contents: Near Eastern astronomical systems. Early Greeks, Homocentric spheres of 
Euxodus, Epicycles, Ptolemaic system. Medieval cosmology, Copernicus, Kepler, much more. 

, tsp^ecially useful to teachers and students of the history of science . . . unsurpassed in 
Its field.” Isis. Formerly “A History of Planetary Systems from Thales to Kepler. ' Revised 
foreword by W. H. Stahl, xvii + 430pp. 5^ x 8. S79 Paperbound 51.98 

A CONCISE HISTORY OF MATHEMATICS, 0. Struik. Lucid study of development of ideas, 

techniques, from Ancient Near East, Greece, Islamic science. Middle Ages. Renaissance, 

^ Ihiportant mathematicians described in detail. Treatment not anecdotal, but 

analytical development of ideas. Non-technical—no math training needed. '“Rich m con- 
tent, th^oughtful in interpretations,” U.S. Quarterly Booklist. 60 illustrations including 

Egyptian manuscripts, portraits of 31 mathematicians. 2nd edition, xix -i- 299pp. 
* 8- S255 Paperbound 51-75 

THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. A carefully balanced 
expositon of Peirce’s complete system, written by Peirce himself. It covers such matters 
as scientific method, pure chance vs. law. symbolic logic, theory of signs, pragmatism, 
®*P®[ifhent. and other topics. "Excellent selection . . . gives more than adequate evidence 
of the range and greatness,” Personalist. Formerly entitled "The Philosophy of Peirce.” 
xvl -f 368pp. T217 Paperbound 51-95 


SCIENCE AND METHOD, Henri Polneart. Procedure of scientific discovery, methodology, ex- 
perimenf idea-germination—processes by which discoveries come into being. Most signifi- 
interesting aspects of development, application of ideas. Chapters cover selection 
Of facts, chance, mathematical reasoning, mathematics and logic; Whitehead, Russell, 
cantor, the new mechanics, etc. 288pp. SH x 8. S222 Paperbound 51.35 

SCIENCE AND HYPOTHESIS, Henri PoincarA. Creative psychology in science. How such con- 
as number, magnitude, space, force, classical mechanics developed, how modern 
scientist uses them In his thought. Hypothesis in physics, theories of modern physics, 
introduction by Sir James Larmor. “Few mathematicians have had the breadth of vision 
Of Poincare, and none is his superior in the gift of clear exposition,” E. T. Bell. 272pp. 
5% X 8. S221 Paperbound 51.35 

fN.EXPERIMENTAL LOGIC, John Dewey. Stimulating series of essays by one of most 
ITirf minds in American philosophy presents some of his most mature thoughts on 

/®nge of subjects. Partial contents: Relationship between inquiry and experience; 
oependence of knowledge upon thought; character logic; judgments of practice, data, and 
meanings; stimuli of thought, etc. viii + 444pp. 5% x 8. T73 Paperbound 51.95 

)!1***J-.*? science. Norman Campbell. Excellent Introduction explains scientific method, role 
1 ^P®* 0 ^ scientific laws. Contents: 2 aspects of science, science and 

nature, laws of chance, discovery of laws, explanation of laws, measurement and numerical 
laws, applications of science. i92pp. 5% x 8. S43 Paperbound 51.25 
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FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD. Sir 
Edmund Whittaker. Foremost British scientist traces development of theories of natural phi¬ 
losophy from western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 5 major 
divisions: Space. Time and Movement; Concepts of Classical Physics; Concepts of Quantum 
Mechanics; Eddington Universe. Contrasts inadequacy of classical physics to understand 
physical world with present day attempts of relativity, non-Euclidean geometry, space 
curvature, etc. 212pp. 5% x 8. T491 Paperbound $1.35 

THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses accord with the new 
physics? This volume covers such topics as logical analysis of physics, prerelativity 
physics, causality, scientific inference, physics and perception, special and general rela¬ 
tivity. Weyl’s theory, tensors, invariants and their physical interpretation, periodicity and 
qualitative series. "The most thorough treatment of the subject that has yet been pub¬ 
lished," The Nation. Introduction by L. E. Oenonn. 422pp. 5% x 8. T231 Paperbound $1.95 

LANGUAGE, TRUTH, AND LOGIC, A. Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. Specific tests to evaluate validity of ideas, etc. Contents: 
function of philosophy, elimination of metaphysics, nature of analysis, a priori, truth and 
probability, etc. 10th printing. "1 should like to have written it myself." Bertrand Russell. 
160pp. 5^ X 8. TIO Paperbound $1.25 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD. J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincare, 
Galton, Riemann? How can these techniques be applied by others? One of the world's 
leading mathematicians discusses these and other questions, xiii -f 14Spp. 5% x 8. 

T107 Paperbound $1.25 

GUIDE TO PHILOSOPHY, C. E. M. load. By one of the ablest expositors of all time, this is 
not simply a history or a typological survey, but an examination of central problems in 
terms of answers afforded by the greatest thinkers: Plato, Aristotle. Scholastics. Leibniz, 
Kant, Whitehead. Russell, and many others. Especially valuable to persons in the physical 
sciences: over 100 pages devoted to Jeans, Eddington, and others, the philosophy of 
modern physics, scientific materialism, pragmatism, etc. Classified bibliography. 592pp. 
5% X 8. T50 Paperbound $2.00 

SUBSTANCE AND FUNCTION, and EINSTEIN’S THEORY OF RELATIVIH, Ernst Cassirer. Two 
books bound as one. Cassirer establishes a philosophy of the exact sciences that takes into 
consideration new developments in mathematics, shows historical connections. Partial 
contents: Aristotelian logic, Mill’s analysis, Helmholtz and Kronecker, Russell and cardinal 
numbers. Euclidean vs. non-Euclidean geometry, Einstein's relativity. Bibliography. Index, 
xxi + 464pp. 5% X 8. T50 Paperbound $2.00 

FOUNDATIONS OF GEOMETRY, Bertrand Russell. Nobel laureate analyzes basic problems In 
the overlap area between mathematics and philosophy: the nature of geometrical knowledge, 
the nature of geometry, and the applications of geometry to space. Covers history of non- 
Euclidean geometry, philosophic interpretations of geometry, especially Kant, projective 
and metrical geometry. Most interesting as the solution offered in 1897 by a great mind 
to a problem still current. New introduction by Prof. Morris Kline, N.Y. University. "Ad¬ 
mirably clear, precise, and elegantly reasoned analysis," International Math. News, xii + 
201pp. 5^ X 8. S233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. How modern physics looks to a highly 
unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, demon¬ 
strating inadequacies of various physical theories, weighs and analyzes contributions of 
Einstein. Bohr, Heisenberg, many others. A non-technical consideration of correlation of 
science and reality, xi -I- 138pp. 5% x 8. S33 Paperbound $1.25 

EXPERIMENT AND THEORY IN PHYSICS, Mai Bom. A Nobel laureate examines the nature 
and value of the counterclaims of experiment and theory in physics. Synthetic versus 
analytical scientific advances are analyzed in works of Einstein, Bohr, Heisenberg. Planck, 
Eddington, Milne, others, by a fellow scientist. 44pp. 5% x 8. S308 Paperbound 60G 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY. Charles 
Singer. Corrected edition of "The Evolution of Anatomy.” Classic traces anatomy, phys¬ 
iology from prescientific times through Greek, Roman periods, dark ages. Renaissance, to 
beginning of modern concepts. Centers on individuals, movements, that definitely advanced 
anatomical knowledge. Plato. Diodes, Erasistratus, Galen, da Vinci, etc. Special section 
on Vesalius. 20 plates. 270 extremely interesting illustrations of ancient, Medieval, Renais¬ 
sance, Oriental origin, xii -I- 209pp. 5% x 6. T389 Paperbound $1.75 

SPACE-TIME*MATTER, Hermann Weyl. "The standard treatise on the general theory of 
relativity,” (Nature), by world renowned scientist. Deep, clear discussion of logical coher¬ 
ence of general theory, introducing all needed tools: Maxwell, analytical geometry. non- 
Euclidean geometry, tensor calculus, etc. Basis is classical space-time, before absorption 
of relativity. Contents: Euclidean space, mathematical form, metrical continuum, general 
theory, etc. 15 diagrams, xviii -f- 330pp. 5% x 8. S267 Paperbound $1.75 
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ticles pfocSe^^Vradualty"’” begins with simple par- 

properties of centre of mass of material «v^Lm °L analysis^ motion, force 

^'^rity. Notes bV ^7/r‘mo^''''n'ra'grIms. 

S188 Pdperbound $1 25 

standfnVS;“he^o'm^7o? stroclurirasplcts orscienc;'*tXng“’ f 

Hertz’s ^thought and the logic of'science'. 13 pa^e inuidSo'n ^ HermhouV ' 

5316 Clothbound 53.50 

5317 Paperbound 51.75 

from Roman*^Empire*^lhIlfiig’h *i^^V^^s^a^ce*7nc*ud\7^Der*h^ examines aspects of science 

penetrating physiological Interpretation of ' The Visio?? f berbals, 

examines Arabian. Galenic influences- Pvfharn,a«‘^ Hiidegarde of Bingen. " Also 

science under Leonardo da Vinc!"^vVsalius- ^lorfra ?h> d“V ^^^‘^^’‘ening of 

T390 Paperbound 52,00 

rnathematics n^as technroue bu^^^^ abstraction. Gives a sense of 

5509 Paperbound 52.00 

T‘=hT.rU''=I„“"'pr3,e^"'=s"S“'*,.°i ,.«a3u.3c,„r,„g 3„. ,he 

Sciences, des Arts el des MatfoV.-' n^-i L Encyclopfedie ou Dictionnaire Baisonne des 

modern selection of plates^fVom hieh n^^?ni '®*^ ^ Gillisoie, First 

of technological information to hiffiffn o' 18th century French engraving. Storehouse 
485 full page elates moo «? Th!!^ f science. Over 2,000 illustrations on 

era in soch^great dltai^ that moJp,n rJJ:?'"®. *1'®’ show trades, industries of fascinating 
with men. wornen children P'^'^s teerS 

operations, closeuDs details operations: show sequence, general 

industries as sli^ng harvIst^L hppCf^^^^ Illustrates such important, interesting trades, 
mining, smelting casting ton processing, f.shmg. arts ol war. 

shoeing horses *tanninJ"*naoprmai,®il*^*'w 'bercury, making gunpowder, cannons, bells. 
Gillispie of P?i’nceton fuDofiet ®'',®''. categories. Professor 

processes, et Ma^2rj!P'^?i'®nJPloif2 ®"r®'^ ®'L operations, tools, 

studying history of PIPS ®^ fashion. Of great interest to all 

j K isiory or science, technology. Heavy library cloth. 920pp. 9 x 12. 

T421 2 volume set 518.50 

wL ^first^to^us*'!!if,7 magnetism, founded new science. Gilbert 

effect of hea“ on mJffnAtir hnd-^; recogni 2 e mass as distinct from weight, to discover 
electricity and rnaeneti.Lm roPJL ’J"''f'’*®t>.®" electroscope, differentiated between static 
experimeXtal .ripofu?*'*'^' « ."’^gnet, This lively work, by first great 


- fiA -r ooopp. * e. b470 Paperbound $2.00 

in**EngNsh ^olscuss«*n'5p®.i' Smith. Most comprehensive, non technical history of math 

notes giving technical InfLmo?- 9j ®,;fe^ e thousand major, minor figures, with foot- 

Vol. I: A chSoISLi ^p.TmVn^ book’s scheme, and indicating disputed matters. 

Greece, the Orffi *RoL fh^ concepts through Egypt. Babylonia, 

development of idM* Ta®’R enaissance, and to 1900. Vol. II: The 
“Marks an epoch * win ^mA^'r problems, up through elementary calculus. 

Sarton. 2 voiJmes' totar a# ®."''^® of the history of science,” George 

container I®!®' 510 illustrations. 1355pp. 5^% x 8. Set boxed in attractive 

T429. 430 Paperbound, the set 55.00 

ment*o*/^empir?c'ist'*confPnfi »**' *l®i®f’«®l>4ch. An important landmark in develop- 

consequences of ® i ®®''e'’'®g foundations of geometry, time theory, 

coordinate *definitioni*® between theory and observations; 

psychological C®*4V®bf between topological and metrical properties of space 

importan? to modern^scVar^c® non-Euclidean structures; many more topics 

if»termediate° math* philosophy. Majority of ideas require only knowledge of 

R. Carna^AS fiiLs « li*i® '®t^oducl.on by 

K -ra Tigures. xvili + 296pp. 5H X 8. $443 Paperbound 52.00 
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FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT. N. Campbell. 

A critique of the most fundamental concepts of science, particularly physics. Examines why 
certain propositions are accepted without question, demarcates science from philosophy, 
etc. Part I analyzes presuppositions of scientific thought: existence of material world, 
nature of laws, probability, etc; part 2 covers nature of experiment and applications of 
mathematics: conditions for measurement, relations between numerical laws and theories, 
error, etc. An appendix covers problems arising from relativity, force, motion, space, 
time. A classic in its field. "A real grasp of what science is,” Higher Educational Journal. 
Xiii + 565pp. 5Ve x 83 /b. S372 Paperbound $2.95 

THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE. 
G. Sarton. Excellent introductions, orientation, for beginning or mature worker. Describes 
duty of mathematical historian, incessant efforts and genius of previous generations. Ex¬ 
plains how today's discipline differs from previous methods. 200 item bibliography with 
critical evaluations, best available biographies of modern mathematicians, best treatises 
on historical methods is especially valuable. 10 illustrations. 2 volumes bound as one. 
113pp. + 75pp. 5% X 8. T240 Paperbound $1.25 


MATHEMATICAL PUZZLES 

MATHEMATICAL PUZZLES OF SAM LOYD, selected and edited by Martin Gardner. 117 choice 
puzzles by greatest American puzzle creator and innovator, from his famous “Cyclopedia 
of Puzzles.” All unique style, historical flavor of originals. Based on arithmetic, algebra, 
probability, game theory, route tracing, topology, sliding block, operations research, geo¬ 
metrical dissection. Includes famous “14-15” puzzle which was national craze, “Horse of 
a Different Color" which sold millions of copies. 120 line drawings, diagrams. Solutions. 
XX + 167pp. 5% X 8. T498 Paperbound $1.00 

SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. “Symbolic Logic” is not concerned 
with modern syrnbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic method of 
drawing conclusions. In “The Game of Logic” Carroll's whimsical Imagination devises a 
logical game played with 2 diagrams and counters (included) to manipulate hundreds of 
tricky syllogisms. The final section. “Hit or Miss” is a lagniappe of 101 additional puzzles 
in the delightful Carroll manner. Until this reprint edition, both of these books were rarities 
costing up to $15 each. Symbolic Logic: Index, xxxi + 199pp. The Game of Logic: 96pp. 

2 vols. bound as one. S^s x 8. T492 Paperbound $1.90 

PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll's 
works, “Pillow Problems" contains 72 original math puzzles, all typically ingenious. Particu¬ 
larly fascinating are Carroll's answers which remain exactly as he thought them out, 
reflecting his actual mental process. The problems in “A Tangled Tale” are in story form, 
originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses answers sent in by readers to discuss wrong approaches and misleading paths, and 
grades them for insight. Both of these books were rarities until this edition, “Pillow 
Problems" costing up to $25, and “A Tangled Tale" $15. Pillow Problems: Preface and 
Introduction by Lewis Carroll, xx + 109pp. A Tangled Tale: 6 illustrations. I52pp. Two vols. 
bound as one. 5^ x 8. T493 Paperbound $1.50 

NEW WORD PUZZLES, G. L. Kaufman. 100 brand new challenging puzzles on words, com¬ 
binations, never before published. Most are new types invented by author, for beginners 
and experts both. Squares of letters follow chess moves to build words; symmetrical 
designs made of synonyms; rhymed crostics; double word squares; syllable puzzles where 
you fill in missing syllables instead of missing letter; many other types, all new. Solutions. 
“Excellent," Recreation. 100 puzzles. 196 figures, vi + 122pp. 5^ x 8. 

T344 Paperbound $1.00 

MATHEMATICAL EXCURSIONS, H. A. Merrill. Fun, recreation, insights into elementary prob¬ 
lem solving. Math expert guides you on by-paths not generally travelled in elementary math 
courses—divide by inspection, Russian peasant multiplication; memory systems for pi; odd. 
even magic squares; dyadic systems; square roots by geometry; Tchebichev's machine; 
dozens more. Solutions to more difficult ones. “Brain stirring stuff ... a classic," Genie. 
50 illustrations. 14Spp. 5% x 8. T356 Paperbound $1.00 

THE BOOK OF MODERN PUZZLES, G. L. Kaufman. Over 150 puzzles, absolutely all new mate¬ 
rial based on same appeal as crosswords, deduction puzzles, but with different principles, 

techniques. 2-minute teasers, word labyrinths, design, pattern, logic, observation puzzles, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. 
Solutions. 116 illustrations. 192pp. 5% x 8. T143 Paperbound $1.00 

MATHEMA61C, MAGIC PUZZLES, AND GAMES WITH NUMBERS. R. V. Heath. Over 60 puzzles, 
stunts, on properties of numbers. Easy techniques for multiplying large numbers mentally, 
identifying unknown numbers, finding date of any day in any year. Includes The Lost Digit, 

3 Acrobats, Psychic Bridge, magic squares, triangles, cubes, others not easily found else¬ 

where. Edited by J. S. Meyer. 76 illustrations. 128pp. 5% x 8. TllO Paperbound $1.00 
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SI ““e'Sfe'cilIeT'calpen.er; S'-Bomb "iff'' 

grams. Solutions. Revised, enlarged edition of -F?m Ti. n?- testers, puns, ana- 

puzzles. stunts, tricks. 256pp 5% x 8 ° Fur>.To-Oo. Over loO illustrations. 238 

T337 Paperbound SI .00 

st^muK^ot'^fog^T^P^LlS^^^t^^o^ challenge, 

entirely new, range from relatively easy to f/r Knowledge, Problems 

Detective puzzles, find the lyinrfishefman how ^ himrt ma. e^te^ta-nment. 

more. Easy-to-understand introduction to log^^ ^^^ny 

method. 128pp. 5% x 8 *ogic or pu 22 le solvmg and general scientiffc 

T367 Paperbound $1,00 

ilatSs ;a^~ “e'.li: 

codes. Ne« to thlf''fditlo^:“io"t,ins*r'c'„del"*l'r\"%prsTTsa-^ 

T97 Paperbound S1.95 

%'47'v°ap'irr,f£ 

115 if,is.,i^sifs.'’i:f'’;‘V747p:%'.s'';'i'."'"'"' ■ • ■ '»3r5'i.x7i„nro'd 

Jtwayf^^itw Foremost British originator of math puzzles. 

430 ^Du^zlir ninhiamf' '0 ff*'S classic. One of largest collections. More than 

unicurwl other problems on number manipulations, 

chessboards*^ ioin/r°c“ ®/T««^ ® *' on measuring, weighing, packing, age. kinship, 

tb^l^S'-lfl'uSi. '.;?,“i"'25'8pV.' 5^"^ “77'r PoVe'b'rd 

sW^^fo^rrn ^ AK*S^ ^'’^ucer's pilgrims set one another problems in 

the VonE’ J Ri52l.®.^ln®^K®' y'® Club, the Strange Escape of the King’s Jester, 

oriffina? ffie Squires Christmas Puzzle Party, others. All puzzles are 

branches ^of h* /'8ures, arithmetic, algebra, elementary calculus, other 

tricacv” purely logical ingenuity. "The limit of ingenuity and in- 

5% »^'n Observer. Over 110 puzzles, full solutions. 150 illustrations, viii + 225 pp 
^ **• T474 Paperbound $1.25 

titt^m^n^tll^JiiirfS".*-.^,^ beginners AND ENTHUSIASTS. G. Mott-Smith. 188 puzzles to 
prooeTttel ' a"®®’ '"‘erpretation. algebra, dissection of plane figures, geometry, 

probleilir Probability, all are in these delightful 

others Oetaui^rt Lin? Ellipse, Spider's Cousin, more than 180 

135 solutions. Appendix with square roots, triangular numbers, primes, etc. 

iJb Illustrations. 2nd revised edition. 248pp. 5% x 8. T198 Paperbound $1.00 

recrea^mn^'^ifh^^^*!^*^*^^*’ f^raltchik. Some 250 puzzles, problems, demonstrations of 
GrMk MprfiTfii "I®'k-® pJ. relativefy advanced level. Unusual historical problems from 
bers ’* Hindu sources; modern problems on "mathematics without num- 

Ferrnat /PPoloW- arithmetic, etc. Pastimes derived from figurative, Mersenne, 

into SDS‘^®fii;H.^®‘7 lafruncles: reversi; etc. Full solutions. Excellent insights 

liehtfir^tfili «« math. Strongly recommended to all who are interested in the 

ugnier side of mathematics.” Mathematical Gaz. 181 illustrations. 330pp. 5H x 8. 

T163 Paperbound $1.75 


fiction 


dimensional Lahh popular science-fiction classic about life in a 2 - 

moral ovarinnf/^. 4 ® 'fpP'Piefneht of higher dimensions. Political, satiric, humorous, 
gerous oia«« 2?*7 'PPd where women are straight lines and the lowest and most dan- 
many concanfe* Ai^® Isosceles triangles with 3 ® vertices conveys brilliantly a feeling for 
5% X 8 modern science. 7th edition. New introduction by Banesh Hoffmann. 128pp. 

* T1 Paperbound $1.00 
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SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. Complete texts, unabridged, of seven of 
Wells' greatest novels: The War of the Worlds, The Invisible Man, The Island of Dr. Moreau, 
The Food of the Gods, First Men in the Moon, In the Days of the Comet. The Time Machine. 
Still considered by many experts to be the best science-fiction ever written, they will offer 
amusements and instruction to the scientific minded reader. "The great master," Sky and 
Telescope. 1051pp. 5^8 x 8. T264 Clothbound $3.95 

28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full length novels—Men Like Gods, Star Begotten—plus 26 short stories of space, time, 
invention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, 
The Man Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 
20 others "A master ... not surpassed by . . . writers of today," The English Journal. 
915pp. 5^8 X 8. T265 Clothbound $3.95 

FIVE ADVENTURE NOVELS OF H. RIDER HAGGARD. All the mystery and adventure of darkest 
Africa captured accurately by a man who lived among Zulus for years, who knew African 
ethnology, folkways as did few of his contemporaries. They have been regarded as examples 
of the very best high adventure by such critics as Orwell, Andrew Lang, Kipling. Contents: 
She, King Solomon’s Mines. Allan Quatermain, Allan’s Wife, Maiwa’s Revenge. "Could spin 
a yarn so full of suspense and color that you couldn't put the story down." Sat. Review. 
621pp. 5^ X 6 . T108 Clothbound $3.95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Easiest, most instructive way to im¬ 
prove your game—play 10 games against such masters as Marshall, Znosko-Borovsky. Bron- 
stein, Najdorf, etc., with each move graded by easy system. Includes ratings for alternate 
moves possible. Games selected for interest, clarity, easily isolated principles. Covers 
Ruy Lopez, Dutch Defense, Vienna Game openings; subtle, intricate middle game variations; 
all-important end game. Full annotations. Formerly "Chess by Yourself." 91 diagrams, viii 
+ 144pp. 5^ X 8. T362 Paperbound $1.00 

REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine. 
Flohr, Tarrasch, Morphy, Capablanca, Rubinstein. Lasker. Reshevsky, other masters. Only 
1st rate book with extensive coverage of error—tell exactly what is wrong with each move 
you might have made. Centers around transitions from middle play to end play. King and 
pawn, minor pieces, queen endings; blockage, weak, passed pawns, etc. "Excellent ... a 
boon," Chess Life. Formerly "Practical End Play," 62 figures, vi + 177pp. 5% x 8. 

T417 Paperbound $1.25 

HYPERMODERN CHESS as developed in the games of its greatest exponent, ARON NIMZO- 
VICH, edited by Fred Reinfeld. An intensely original player, analyst, Nimzovich's approaches 
startled, often angered the chess world. This volume, designed for the average player, 
shows how his iconoclastic methods won him victories over Alekhine, Lasker, Marshall, 
Rubinstein, Spielmann. others, and infused new life into the game. Use his methods to 
startle opponents, invigorate play. "Annotations and introductions to each game ... are 
excellent," Times (London). 180 diagrams, viii + 220pp. 5^ x 8. T448 Paperbound $1.35 

THE ADVENTURE OF CHESS, Edward Lasker. Lively reader, by one of America's finest chess 
masters, including; history of chess, from ancient Indian 4-handed game of Chaturanga 
to great players of today; such delights and oddities as Maelzel's chess-playing automaton 
that beat Napoleon 3 times; etc. One of most valuable features is author's personal recollec¬ 
tions of men he has played against—Nimzovich, Emanuel Lasker. Capablanca, Alekhine, 
etc. Discussion of chess-playing machines (newly revised). 5 page chess primer. 11 illus¬ 
trations. 53 diagrams. 296pp. SVa x 8. SSIO Paperbound $1.45 

THE ART OF CHESS, James Mason. Unabridged reprinting of latest revised edition of most 
famous general study ever written. Mason, early 20th century master, teaches beginning, 
intermediate player over 90 openings; middle game, end game, to see more moves ahead, 
to plan purposefully, attack, sacrifice, defend, exchange, govern general strategy. "Classic 
. . . one of the clearest and best developed studies,” Publishers Weekly. Also included, a 
complete supplement by F. Reinfeld. "How Do You Play Chess?", invaluable to beginners 
for its lively question-and-answer method. 448 diagrams. 1947 Reinfeld-Bernstein text. 
Bibliography, xvi 340pp. 5% x 8. T463 Paperbound $1.85 

MORPHY'S GAMES OF CHESS, edited by P. W. Sergeant. Put boldness into your game by 
flowing brilliant, forceful moves of the greatest chess player of all time. 300 of Morphy's 
best games, carefully annotated to reveal principles. 54 classics against masters like 
Anderssen. Harrwitz, Bird, Paulsen, and others. 52 games at odds; 54 blindfold games; plus 
over 100 others. Follow his interpretation of Dutch Defense, Evans Gambit, Giuoco Piano. 
Ruy Lopez, many more. Unabridged reissue of latest revised edition. New introduction by 
F. Reinfeld. Annotations, introduction by Sergeant. 235 diagrams, x 352pp. 5^ x 8. 

T386 Paperbound $1.75 
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DOVER SCIENCE BOOKS 


WIN AT CHECKERS. M. Hopper. (Formerly ••Checkers.'') Former World's Unrestricted Checker 
Champion discusses principles of game. e*pert’s shots, traps, problems for beginner, stand¬ 
ard openings, locating best move, end game, opening ■■blitzkrieg " moves to draw when 
behind, etc. Over 100 detailed questions, answers anticipate problems. Appendix, 75 prob¬ 
lems with solutions, diagrams. 79 figures, xi + 107pp. 5^ x 8. T363 Paperbound Jl.OO 

HOW TO FORCE CHECKMATE, Fred Reinfeld. If you have trouble finishing off your opponent 
cf^*. 0* lightning strokes and combinations from actual tournament play' 

starts with l-move checkmates, works up to 3-move mates. Develops ability to lock ahead 
gain new insights into combinations, complex or deceptive positions: ways to estimate weak^ 
nesses, strengths of you and your opponent. "A good deal of amusement and instruction ” 
Times, (London). 300 diagrams. Solutions to all positions. Formerly •"Challenge to Chess 
Players.” lllpp. 5% x 8. T4I7 PapeFbound S1.25 

* OF CHESS LORE, edited by Fred Reinfeld. Delightful collection of anecdotes, 

short stories, aphorisms by, about masters; poems, accounts of games, tournaments photo¬ 
graphs; hundreds of humorous, pithy, satirical, wise, historical episodes, comments, word 
portraits. Fascinating •■must” for chess players; revealing and perhaps seductive to those 
who wonder what their friends see in game. 49 photographs (14 full page plates) 12 
diagrams, xi 4* 306pp. 5% x 8. T458 Paperbound 5t.75 

WIN AT CHESS, Fred Reinfeld. 300 practical chess situations, to sharpen your eye. test skill 
against masters. Start with simple examples, progress at own pace to complexities This 
selected series of crucial moments in chess will stimulate imagination, develop stronger, 
more versatile game. Simple grading system enables you to judge progress. "Extensive use 
of diagrams is a great attraction,” Chess. 300 diagrams. Notes, solutions to every situation 
Formerly "Chess Quiz." vi + I20pp. 5% x 8. T433 Paperbound $1.00 


MATHEMATICS: 

ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, H. Sticker. Tried and true method to help mathematics of 
everyday life. Awakens "number sense"—ability to see relationships between numbers as 
whole quantities. A serious course of over 9000 problems and their sblutions through 
techniques not taught in schools: left-to-right multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 
higher math, but dissatisfied with speed and accuracy in lower math. 256pp. 5 x 71/4. 

Paperbound $1.00 

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring the circle, trisect¬ 
ing angle, doubling cube, considered with full modern implications: transcendental num¬ 
bers, pi, etc. "A modern classic ... no knowledge of higher mathematics is required.” 
Scientia. Notes by R. Archibald. 16 figures, xi + 92pp. 5Va x 8. T298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUOENTS OF CHEMISTRY AND PHYSICS. J. W. Mellor. Practical, 
not abstract, building problems out of familiar laboratory material. Covers differential cal¬ 
culus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier's theorem probability, theory of errors, calculus 
of variations, determinants. "If the reader is not familiar with this book, it will repay 
ciT ‘b examine it,” Chem. and Engineering News. 800 problems. 189 figures, xxi -f 64ipp. 
5% X 8. S193 Paperbound $2.25 

J5'®®N0METRV REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
important aspects of plane* spherical trigonometry—particularly useful in clearing 
CAA? ft* ^ special areas. Part I: plane trig* angles* quadrants* functions* graphical repre* 

seniaiion* interpolation* equations* logs, solution of triangle, use of slide rule. etc. Next 
.<l*scuss applications to navigation, surveying, elasticity, architecture, other 
UAftifi spherical trig* applications to terrestrial, astronomical problems. 

time-saving, simplification of principal angles, make book most useful. 913 
1738 problems, answers to odd numbers. 494 figures. 24 pages of for- 
^nuias* functions, x -f 629pp. 5% x 8. T371 Paperbound $2.00 

refresher for technical MEN. A, A. Klaf. 756 questions examine most im- 
stan»r* Of integral, differentia) calculus. Part I: simple differential calculus, con- 

* 1 **• functions, increments, logs, curves, etc. Part 2: fundamental ideas of 
substitution, areas, volumes, mean value, double, triple integration, 
naiitirl?®I ®sP«ots stressed. 50 pages illustrate applications to specific problems of civil, 
*21*®*^*”*' ®lectrlcity. stress, strain, elasticity, similar fields. 756 questions 
514 - * p • problems, mostly answered. 36pp. of useful constants, formulas, v + 431pp. 

T370 Paperbound $2.00 
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CATALOGUE OF 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who have forgotten, or not gone beyond, high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of 
numbers, etc. Each monograph gives proofs of important results, and descriptions of lead¬ 
ing methods, to provide wide coverage. ‘Of high merit,” Scientific American. New intro¬ 
duction by Prof. M. Kline, N.Y. Univ. 100 diagrams, xvi -f 416pp. CVa x 9V4. 

S289 Paperbound $2.00 

MATHEMATICS IN ACTION, 0. 6. Sutton. Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics, theory of computing 
machines, waves, wave-like phenomena, theory of fluid flow, meteorological problems, 
statistics, flight, similar phenomena. No knowledge of advanced math required. Differential 
equations, Fourier series, group concepts. Eigenfunctions, Planck's constant, airfoil theory, 
and similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much of high-school math is forgotten. 2nd edition. 88 
figures, viii -f 236pp. 5% x 8. T450 Clothbound $3.50 

ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPDINT, Felix Klein. Classic text, 
an outgrowth of Klein's famous integration and survey course at Gottingen. Using one field 
to interpret, adjust another, it covers basic topics in each area, with extensive analysis. 
Especially valuable in areas of modern mathematics. "A great mathematician, inspiring 
teacher, . . . deep insight.” Bui., Amer. Math Soc. 

Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introduces concept of function immediately, en¬ 
livens discussion with graphical, geometric methods. Partial contents: natural numbers, 
special properties, complex numbers. Real equations with real unknowns, complex quan¬ 
tities. Logarithmic, exponential functions, infinitesimal calculus. Transcendence of e and pi, 
theory of assemblages. Index. 125 figures, ix -i- 274pp. 5% x 8. $151 Paperbound $1.75 

Vol. II. GEOMETRY. Comprehensive view, accompanies space perception inherent in geom¬ 
etry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifold; line segments, Grassman determinant principles, classication of con¬ 
figurations of space. Geometric transformations: affine, projective, higher point transforma¬ 
tions, theory of the imaginary. Systematic discussion of geometry and its foundations. 141 
illustrations, ix + 214pp. 5^ x 8. SlSl Paperbound $1.75 

A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
coverage, going beyond usual college level, one of few works covering advanced trig in 
full detail. By a great expositor with unerring anticipation of potentially difficult points. 
Includes circular functions; expansion of functions of multiple angle; trig tables; relations 
between sides, angles of triangles; complex numbers; etc. Many problems fully solved. 
"The best work on the subject," Nature. Formerly entitled "A Treatise on Plane Trigonom¬ 
etry.” 689 examples. 66 figures, xvi -f 383pp. 5% x 8. S353 Paperbound $1.95 

NON-EUCLiOEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom¬ 
etry. Examines from both a historical and mathematical point of view geometries which 
have arisen from a study of Euclid's Sth postulate on parallel lines. Also included are 
complete texts, translated, of Bolyai's "Theory of Absolute Space,” Lobachevsky's "Theory 
of Parallels.” 180 diagrams. 431pp. 5% x 8. S27 Paperbound $1.95 

GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro¬ 
duction. Treatment is synthetic, mostly Euclidean, though in hyperplanes and hyperspheres 
at infinity. non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimen¬ 
sional geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, 
order, motion; hyperpyramids, hypercones, hyperspneres; figures with parallel elements; 
volume, hypervolume in space; regular polyhedroids. Glossary. 78 figures, ix + 348pp. 
5% X 8. S182 Paperbound $1.95 


MATHEMATICS; INTERMEDIATE TO ADVANCED 

GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


THE GEOMETRY OF REN^ DESCARTES. With this book, Descartes founded analytical geometry. 
Original French text, with Descartes's own diagrams, and excellent Smith-Latham transla¬ 
tion. Contains: Problems the Construction of Which Requires only Straight Lines and Circles; 
On the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Dia¬ 
grams. 258pp. 5% X 8. S68 Paperbound $1.50 
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DOVER SCIENCE BOOKS 


THE WORKS OF ARCHIMEDES, edited by T. 1. Heath. All the hnowa works of the great Greek 
ma^ematician. Including the recently discovered Method of Archimedes. Contains On 
sphere and Cylinder. Measurement of a Circle, Spirals. Conoids. Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient world. 18$ page study by Heath dis¬ 
cusses Archimedes and history of Greek mathematics. 563pp. 5^8 x 8. S9 Paperbound $2.00 

COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complete 
text of 1892 "Werke" and the 1902 supplement, unabridged. 31 monographs. 3 complete 
lecture courses, 15 miscellaneous papers which have been of enormous importance m 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Dedehind, H. Weber, M. Noether. W. Wirtinger. German text; English introduction by 
Hans Lewy. 690pp. 5H x 8. S226 Paperbound $2.85 

THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics of Western world. Complete translation of Heiberg text, 
plus spurious Book XIV. 150 page introduction on Greek, Medieval mathematics. Euclid, 
texts, commentators, etc. Elaborate critical apparatus parallels text, analyzing each defmi- 

proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the fuli Euclid. Unabridged reproduction of Cambridge U. 2nd edition. 3 vol¬ 
umes. 995 figures. 1426pp. 5^ x 8. S88, 89, 90, 3 volume set. paperbound $6.00 

AN INTRODUCTION TO GEOMETRY OF N DIMENSIONS, 0. M. Y. Sommerville. Presupposes no 
previous knowledge of field. Only book in English devoted eiclusively to higher dimensional 
ge^etry. Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from proiectlve and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp. 5H x 8^ S494 Paperbound $1.50 

ELEMENTS OF N0N*EUCLI0EAN GEOMETRY, 0. M. V. Sommerville. Unique in proceeding step* 
oy*step. Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
JwnUry hyperbolic, elliptic, analytic non-Euclidean Geometries: space curvature and its 
implications; radical axes; homopethic centres and systems of circles; parataxy and paraltel- 
sm; Gauss proof of defect area theorem; much more, with exceptional clarity. 126 prob¬ 
lems at chapter ends. 133 figures, xvi + 274pp. x 8. S460 Paperbound $1.50 

JJE foundations OF EUCLIDEAN GEOMETRY. H. G. Forder. First connected, rigorous ac- 

count In light of modern analysis, establishing propositions without recourse to empiricism. 

Without multiplying hypotheses. Based on tools of 19th and 20th century mathematicians, 
wno made it possible to remedy gaps and complexities, recognize problems not earlier 

Begins with important relationship of number systems in geometrical figures. 

n..rf] r relations, linear order, natural numbers, axioms for magnitudes, groups, 

non-Archimedian systems, the axiom system (at length), particular axioms 
chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Listsi 
axioms employed, constructions, symbols in frequent use. 295pp. 5H x 8. 

S481 Paperbound $2.00 


CALCULUS. FUNCTION THEORY (REAL AND COMPLEX). 
FOURIER THEORY 


f'y.F VOLUME “THEORY OF FUNCTIONS” SET BY KONRAD KNOPP. Provides complete, readily 

of theory of functions. Proofs given concisely, yet without sacrifice of 
ompieieness or rigor. These volumes used as texts by such universities as M.I.T., Chicago, 

others. “Excellent introduction . . . remarkably readable, concise. 
«ar, rigorous, J, of the American Statistical Association. 

theory OF FUNCTIONS. Konrad Knopp. Provides background for further 
ou. O'" on similar level. Partial contents: Foundations, system of com- 

Gaussian plane of numbers, Riemann sphere of numbers, mapping by 
onil V. "ormal forms, the logarithm, cyclometric functions, binomial series. "Not 

student, but also for the student who knows all about what 'S m it. 
Mathematical Journal. 140pp. 5% x 8. S154 Paperbound $1.35 

functions, part I, Konrad Knopp. With volume II, provides coverage of basic 
variawi theorems. Partial contents: numbers and points, functions of a complex 

formuiai ^1,.* continuous function, Cauchy’s intergral theorem, Cauchy s integrai 

anaivHr *..’^**^ variable terms, expansion and analytic function in a power series. 

of slnaui^rVfVri'***?.'’ complete definition of analytic ‘-nctions. Laurent expansion, types 
O' singularities, vil + I46pp. 54^ x 8. S156 Paperbound $1.35 

lerffraT fart II, Konrad Knopp. Application and further development of 

functions- *P*£i** topics. Single valued functions, entire, Weierstrass. Meromorphic 

Algebraic Periodic functions. Multiple valued functions. Riemann surfaces, 

nigeoraic functions. Analytical configurations, Riemann surface, x + 150pp. 5H x 8 

S157 Paperbound $1.35 
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CATALOGUE OF 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS. VOLUME I. Konrad Knopp. Problems in ele¬ 
mentary theory, for use with Knopp's "Theory of Functions.” or any other text. Arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. 
Answers, v.n -f- 126pp. 538 x 8. S 158 Paperbound 51.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS. VOLUME II. Konrad Knopp. Advanced theory 
of functions, to be used with Knopp's "Theory of Functions,” or comparable text. Singular¬ 
ities. entire and meromorphic functions, periodic, analytic, continuation, multiple-valued 
functions, Riemann surfaces, conformal mapping. Includes section of elementary problems. 
"The difficult task of selecting . . . problems just within the reach of the beginner is 
here masterfully accomplished,” AM. MATH. SOC. Answers. 138pp. 5^^ x 8. 

S159 Paperbound 51.35 

ADVANCED CALCULUS, E. B. Wilson. Still recognized as one of most comprehensive, useful 
texts. Immense amount of well-represented, fundamental material, including chapters on 
vector functions, ordinary differential equations, special functions, calculus of variations, 
etc., which are excellent introductions to these areas. Requires only one year of calculus. 
Over 1300 exercises cover both pure math and applications to engineering and physical 
problems. Ideal reference, refresher. 54 page introductory review, ix + 566pp. SVs x 8. 

S504 Paperbound 52.45 

LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of only book in 
English with so extensive a coverage, especially of Abel, Jacobi, Legendre. Weierstrass, 
Hermite. Liouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
theory m discussing universe of elliptic integrals, originating in works of Abel and 
Jacobi. Use is made of Riemann to provide most general theory. 40-page table of formulas. 
76 figures, xxni + 498pp. 5^8 x 8. S483 Paperbound 52.55 

THEORY OF FUNCTIONALS AND OF INTEGRAL ANO INTEGRO-OIFFERENTIAL EQUATIONS, Vito 
Volterra. Unabridged republication of only English translation. General theory of functions 
depending on continuous set of values of another function. Based on author's concept of 
transition from finite number of variables to a continually infinite number. Includes much 
material on calculus of variations. Begins with fundamentals, examines generalization of 
analytic functions, functional derivative equations, applications, other directions of theory, 
etc. New introduction by G. C. Evans. Biography, criticism of Volterra’s work by E. Whit¬ 
taker. xxxx + 226pp. 5AiB x 8. S502 Paperbound 51.75 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION. Philip 
Franklin. Concentrates on essentials, gives broad view, suitable for most applications. Re¬ 
quires only knowledge of calculus. Covers complex qualities with methods of computing ele¬ 
mentary functions for complex values of argument and finding approximations by charts; 
Fourier series; harmonic anaylsis; much more. Methods are related to physical problems 
of heat flow, vibrations, electrical transmission, electromagnetic radiation, etc. 828 prob¬ 
lems, answers. Formerly entitled "Fourier Methods.” x + 289pp. 5H x 8. 

S452 Paperbound 51-75 

THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe¬ 
matical physics, has been used by generations of mathematicians and physicists interested 
in heat or application of Fourier integral. Covers cause and reflection of rays of heat, 
radiant heating, heating of closed spaces, use of trigonometric series m theory of heat. 
Fourier Integral, etc. Translated by Alexander Freeman. 20 figures, xxii + 466pp. 5^^^ x 8. 

S93 Paperbound 52.00 

ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations with 
cubics, quatrics under root sign, where elementary calculus methods are inadequate. Prac¬ 
tical solutions to problems in mathematics, engineering, physics; differential equations re¬ 
quiring integration of Lamp's, Briot’s. or Bouquet's equations; determination of arc of 
ellipse, hyperbola, lemiscate; solutions of problems in elastics; motion of a projectile under 
resistance varying as the cube of the velocity; pendulums; more. Exposition in accordance 
with Legendre-Jacobi theory. Rigorous discussion of Legendre transformations. 20 figures. 

5 place table. 104pp. 5% x 8. S484 Paperbound 51.25 

THE TAYLOR SERIES. AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 
VARIABLE. P. Dienes, uses Taylor series to approach theory of functions, using ordinary 
calculus only, except in last 2 chapters. Starts with introduction to real variable and com¬ 
plex algebra, derives properties of infinite series, complex differentiation, integration, etc. 
Covers biuniform mapping, overconvergence and gap theorems, Taylor series on its circle 
of convergence, etc. Unabridged corrected reissue of first edition. 186 examples, many 
fully worked out. 67 figures, xii + S55pp. 5H x 8. S39I Paperbound 52.75 

LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics. 
Includes: integral equation of 2nd kind by successive substitutions; Fredholm's equation 
as ratio of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt 
theory of symmetric kernels, application, etc. Neumann. Dirichlet, vibratory problems, 
ix + 253pp. 54% x 8. $175 Clothbound 53-50 

S176 Paperbound 51-60 
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DOVER SCIENCE BOOKS 

2"rSJ„"'t'oVes- "> 

for electrical engineers Joukowski geometrical forms and transformations 

formations for hydrodynamics Schwartz-Chr.stoffel trans- 

S172 Paperbound 51.25 

SS"!SnK"aS“7“,!“a 

5152 Clothbound $3.51) 

5153 Paperbound 51.75 

E*^ Mnh^Hn* FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES 
fnd Fn^!?nr% i"® introductions to set theory and various aspects of functions 

metric aJid desiriDtivr®nr«n*/rt°" ^ f background in calculus. Exhaustive ^overage of! 
functions of a VmI war?Ih?«f^»®h« ®D ^ points: transfmite numbers and order types; 
of numbers power^eifel unct^n. Lebesgue integrals; seijuences and series 

tions- tfieo’nomrtrira? ^ ° ^ representable by senes sequences of continuous func- 

more' ''Thf ^ functions by Fourier's senes; and much 

XV + 7ifinn^Vrtl -j •* ®® detailed examples, 10 figures Index 

XV 736pp. Vol. II: 117 detailed examples, 13 figures, x + 780pp 6vk x 9Va 

Vol. I: S387 Paperbound $3.00 

Vol. II: S366 Paperbound $3.00 

knowff^rnathima'hria*^^^^'®^^’and important summary by a well 
of JmoTt S C rn ‘’®*®" '^® development In Bohr'? theory 

oroofs- /o» functions: {!) as a generalization of pure periodicity, with results and 

XI + isoL^^saT J^^®"® Stepanof. Wiener. Weyl. and Bohr m generalizing the theory 
loupM. 0 ^ X 8. 5 jg Paperbound 51.75 

!eJis2rediS^°an^*lf 9^ FOURIER’S SERIES AND INTEGRALS. H. S. Carslaw. 3rd 

atioSal irraHor,*? courses at Cambridge. Historical introduction. 

defiSite intee ai sequences and series, functions of a single variable. 

analysis oerfodnara^m a®nai! •'® k"^ similar topics. Appendices discuss practical harmonic 
wiysis, penodogram analysis, Lebesgue’s theory. 84 examples, xiii + 368pp. 5^ x 8. 

S48 Paperbound 52.00 


SYMBOLIC LOGIC 

guage^^For^*imPthama»?.^J!^^^*^J^**‘ Rosenbloom. First publication in any lan- 

of fectures gfven aV luilrf un’^"^® c^®®9®^® Vi!.® '’S m symbolic logic. Development 

mental theo^lmf Sweden. 1948. Partial contents: Logic of classes, funda- 

sive Iangua°8er*’rft9?h nf» '®8'® propositions, of propositional functions, expres- 

doxes thSSs Sf W rnlrtl'i*^® rif®''®K®‘^'"^^ language, para- 

' ®ms Of Post, Goedel, Church, and similar topics, iv + 214pp. 53/8 x 8. 

S227 Paperbound $1.45 

APPLICATION. R. Carnap. Clear, comprehensive, 
Application? to math* master. Symbolic languages analyzed, one constructed. 

(Dedekind Car,tn, ?;«M^®"®"’ systems for set theory, real, natural numbers), topology 
sallty, space-time tSSiinol.? e*P*anations), physics (general analysis of determination, cau- 
Zentralblatt fOr system for basic concepts). "A masterpiece,” 

241pd 5 % v®a Mathematik und Ihre Grenzgebiete. Over 300 exercises. 5 figures, xvi + 

^ * ®- S453 Paperbound 51.85 

philosopher^ sVientisf^ LOGIC, Susanne K. Langer. Probably clearest book for the 

symbol^ goes on^to Jit* special knowledge of math required. Starts with simplest 

clearly, quickiv ®.- grasp of Boole-Schroeder. Russell-Whitehead systems. 

Classes Alsehra ^®'’"’s, Generalization, Classes. Deductive System of 

Theorems eV Assumptions of Principia Mathematica, Logistics, Proofs of 

should have no introduction ... the intelligent non-mathematician 

value tables nfiaorT GAZETTE. Revised, expanded 2nd edition. Truth- 

• .joopp. 3 .^ 8. Paperbound 51.75 
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CATALOGUE OF 

TRIGONOMETRICAL SERIES» Antoni Zygmund* On modern advanced level. Contains carefully 
organized analyses of trigonometric, orthogonal, Fourier systems of functions, with clear 
adeQuate descriptions of summability of Fourier series, proximation theory, conjugate series, 
convergence, divergence of Fourier series. Especially valuable for Russian, Eastern Euro¬ 
pean coverage. 329pp. 5% x 8. S290 Paperbound $1-S0 

THE LAWS OF THOUGHT, George Boole, This book founded symbolic logic some 100 years 
ago. It is the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs and laws, interpretations, eliminations, condi¬ 
tions of a perfect method, analysis, Aristotelian logic, probability, and similar topics, 
xvii + 424pp. 5% X 8. S28 Paperbound f2.00 

SYMBOLIC LOGIC, C. I. Lewis, C. H. Langford. 2nd revised edition of probably most cited 
book in symbolic logic. Wide coverage of entire field; one of fullest treatments of paradoxes; 
plus much material not available elsewhere. Basic to volume is distinction between logic 
of extensions and intensions. Considerable emphasis on converse substitution, while matrix 
system presents supposition of variety of non-Aristotelian logics. Especially valuable sec¬ 
tions on strict limitations, existence theorems. Partial contents: Boole-Schroeder algebra: 
truth value systems, the matrix method; implication and deductibility; general theory of 
propositions; etc. ‘‘Most valuable," Times, London. 506pp. 5% x 8. S170 Paperbound |2.00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC. 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Fell* Klein. Solution of puintics in terms of rotations of regular icosahedron around its 
axes of symmetry. A classic, indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliography, "Classical monograph . . . detailed, readable book," Math. Gazette 2nd edi¬ 
tion. xvi + 289pp. 5% X 8. $314 paperbound $1.85 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER. R. Carmichael. Examines 
fundamental theorems and their applications. Beginning with sets, systems, permutations, 
etc., progresses in easy stages through important types of groups: Abelian, prime power, 
permutation, etc. Except 1 chapter where matrices are desirable, no higher math is needed. 
783 exercises, problems, xvi + 447pp. 5H x 8. $299 Clothbound $3.95 

S300 Paperbound $2.00 

THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago. 
still one of clearest introductions. Partial contents; permutations, groups independent of 
representation, composition series of a group, isomorphism of a group with itself. Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitu¬ 
tion, graphical representation, etc. "Clear and detailed discussion . . . numerous problems 
which are instructive." Design News, xxiv + 5l2pp. 5% x 8. S38 Paperbound $2.4$ 

COMPUTATIONAL METHODS OF LINEAR ALGEBRA. V. N. Faddeeva. translated by C. D. Benster. 

1st English translation of unique, valuable work, only one in English presenting systematic 
exposition of most important methods of linear algebra—classical, contemporary. Details 
of deriving numerical solutions of problems in mathematical physics. Theory and practice. 
Includes survey of necessary background, most important methods of solution, /or exact, 
iterative groups. One of most valuable features is 23 tables, triple checked for accuracy, 
unavailable elsewhere. Translator's note, x + 252pp. 5^ x 8. S424 Paperbound $1.9$ 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER. E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed arialysis of ordered classes, 
discrete and dense series, continuous series, Cantor's trahsfinite numbers. "Admirable 
introduction to the rigorous theory of the continuum . . . reading easy,” Science Progress. 

2nd edition, viii + 82pp. 5% x 8. $129 Clothbound $2.75 

S130 Paperbound $1.00 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde¬ 
pendent study. Subdivisions of main theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents: rudiments of set theory, arbitrary sets, 
their cardinal numbers, ordered sets, their order types, well-ordered sets, their cardinal 
numbers, vii -f 144pp. 5^ x 8. S14i Paperbound $1.35 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS. Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are 
translated, with an 82-page introduction by P. E. 6. Jourdain dealing with Cantor, the 
background of his discoveries, their results, future possibilities, ix + 211pp. 5^ x 8. 

S45 Paperbound $1.25 
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DOVER SCIENCE BOOKS 


NUMERICAL AND GRAPHICAL METHODS, TABLES 

JACOBfAN ELLIPTIC FUNCTION TABLES. L. M. Milne-Thomson. Easy-to-follow practical not 
only useful numerical ^bles. but complete elementary sketch of application of elliptic 
functions. Covers description of principle properties; complete elliptic integrals Fourier 
series, expansions; periods, zeros, poles, residues, formulas for special values of arguS 

Graoh pendulum prob^ etc. Tables, graphs form body of book- 

Graph, 5 iiggre table of elliptic function sn (u m); cn (u m); dn (u m) 8 figure table nf 

4(u>. j figures. XI + 123pp. 5% x 8. S194 Paperbound S1.35 

WITH FORMULAE AND CURVES. E. lahnke. F. Emde. Most comprehensive 
collection of tables, formulae, curves of transcendent functions 4th 
fft section giving tables, formulae for elementary functions not 

contonts: Sine, cosine. logarithmic integral; error integral; 
o'n ^uncttons; Legendre, Bessel. Riemann, Mathieu. hypergeometrk 

rv!l^n°v*' functions for which we know no other source." Scientific 

Computing Service. Ltd. 212 figures. 400pp. SVe x a^'s. S133 Paperbound $2.00 

Covers in one volume almost every function of im- 
txhu? ft# 'fhft ♦£ mathematics, engineering, physical sciences. Three extremely fine 
louxfAc L K'f to 1000th of radian; natural, common logs; 

tftffrait 'ft# functions, inverses; (a^ -f b-) exp. v^a; complete elliptical In’ 

1®’ cosine integrals; exponential integrals; £i(x} and Ei(-x)- 

to 250; Surface zonal harmonics, first derivatives; Bernoulli^ 
Inftff logs to base of 10; Gamma function; normal probability integral; over 

functions; Riemann zeta function. Each table with formulae generally used, 
♦ft®/® tables, interpolation data, etc. Over half have columns of 

differences, to facilitate interpolation, viii + 231pp. 5H x 8. S445 Paperbound $1.75 

fi?5P\!f^rihftI!f‘■I^'*' and NUMERICAL METHODS. F. A. Willcrs. Immensely prac- 

entlltmn ^ft/?« ♦ *'®®t'’®; ”®” '® "'^e'’Polate, use various methods of numerical differ- 
eou^ioM ®^ ® Algebraic equation, system of linear 

cuts^ fo?*arril^n» at ^orfijulas, integrate differential equations, etc. Hundreds of short- 
by T W Simn<L®*T?a n®* solutions. Special section on American calculating machines, 
y I. w. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. 5% x 8. 

S273 Paperbound $2.00 

?oTec?ilPn*nf^m^“tVft°^^^^ DIFFERENTIAL EOUATIONS. H. Levy, E. A. Baggott. Comprehensive 
2 rMu JrmSntr solving ordinary differential equations of first and higher order, 

graohicaf infio^itiftS*^ ft^^^ m to grasp; rnore rapid than school methods. Partial contents: 
Nurnericli ^Intfft*™ differential equations, graphical methods for detailed solution. 

"shft^H L ?n *22'equations of 2nd and higher orders. 
21 Ji? i®'>^o®®'^®c?! ®'L research and applied mathematics, teaching.” Nature. 

41 figures, viii + 238pp. 5% x 8. S168 Paperbound $1.75 

Sbli^Sin'ftT^ft"”'®.^ DIFFERENTIAL EQUATIONS, Bennet. Milne. Bateman. Unabridged 
repuDiication of original prepared for National Research Council. New methods of integration 

A^ A ft®oft2l#*®’®.!5?^®u r^^® loterpolational Polynomial,” "Successive Approximation,” 

Diffprftnn^i ®Cft, ,,?*«P-t>y-step Methods of Integration." W. W. Milne. "Methods for Partial 
of di«2rlft#i«i 2!I*'®4"®’ Dateman. Methods for partial differential equations, solution 
Dhw<irie»< * *® non-integral values of a parameter will interest mathematicians, 

V®' footnotes, mostly bibliographical. 235 item classified bibliography. 108pp. 

^ S305 Paperbound $1.35 
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THE THEORY OF GROUP 

REPRESENTATIONS 

BY FRANCIS □. MURNAGHAN 


A distinguished contributor in the sphere of applied mathematics presents here a 
comprehensive Introduction to the theory of group representations, a T'rst-rate 
account of the field pioneered and developed chiefly* by Frobenius, Weyl. and Schur. 
The author devotes particular attention to those groups-^ainly the symmetric group 
and the rotation group—which have proved to be of fundamental significance for 
quantum mechanics (especially nuclear physics). Since the usual representations of 
groups are groups of matrices, this work Is also a valuable contribution to the 

literature on matrices. 

Emphasized are such topics as the theorlTof group integration (as developed by 
Schur and Weyl), the theory of two-valued or spin representations, the representations 
of the symmetric group and the analysis of their direct products, the crystallographic 
groups, the Lorentz group and the concept of semivectors (as advanced by Einstein 

and Mayer). 

Other sections coven Groups and Matrices (discussion of the group concept, linear 
metric spaces, canonical forms for matrices, etc.); Reducibillty (including Schur s 
Lemma, Burnside’s Theorem, and other matters); Group Characters (the Kronecker 
product, the orthogonality relations for a finite group, symmetric linear operators); 
The Alternating Group (classes and simple characteristics); Linear Groups (unimodular, 
real and full linear groups); and the Orthogonal Group. 

This authoritative exposition, completed when Professor Murnaghan was a guest 
member at the Institute for Advanced Study, Princeton, New Jersey, is of specific 
interest to teachers and graduate-level students of applied mathematics, physics, and 
higher algebra. 

Unabridged, corrected republication. Index. List of references, xl + 369pp. 
5H X ZVa. $1112 Paperbound $2.35 


A DOVER EDITION DESIGNED FOR YEARS OF USE! 

We have spared no pains to make this the best book possible. Our paper is opaque, 

with minimal show-through; it will not discolor or become brittle with age. Pages are 

sewn in signatures, in the method traditionally used for the best books. Books open 

flat for easy reference. Pages will not drop out, as often happens with paperbacks 

held together with glue. The binding will not crack and split. This Is a permanent 
book. I 



